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SUMMARY
The Saint-Venant equation of mass balance is used here to derive a stochastic lumped model describing the
dynamics of the ¯ow in a river. The ¯ow dynamics are described by the evolution of the cross-sectional area of the
¯ow at two locations in the river. The unknown parameters of the model are estimated by combining the physical
equations with a set of data. This method is known as grey-box modelling. The data consist of water level
measurements, taken every minute at two locations in a river, over a period of nine days. The data are sub-sampled
to a sampling period of 15 minutes before further processing, and a maximum likelihood method is used to
estimate the parameters of the model.
Three different models were applied to the data set. All three are linear reservoir models with an estimate of the
dynamic lateral in¯ow as a function of precipitation. The ®rst model is a single reservoir model, which proved to
be too simple to adequately describe the effect of precipitation. The second model is also a single reservoir model,
but the data from the downstream station were translated forward in time, corresponding to a time delay in the
system (a retention time). This model responds in a physically reasonable manner to precipitation, capturing very
well the ¯ow peaks caused by rain events. The third model is based on two reservoirs, and like the second model, it
responds reasonably to precipitation. Its description of the dynamics seems quite good, though it does not capture
the ¯ow peaks quite as well as the second model. However, it is shown, that this model statistically provides the
best description of the system. Copyright # 2001 John Wiley & Sons, Ltd.
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1. INTRODUCTION
The water quality of a river is mainly affected by the chemical composition of the basin. Chemicals are
carried into the river either in dissolved or in particulate form and, in most cases, the chemical pro®le
of the in¯ow differs from that of the river itself, thus affecting the ¯ora of the river. An adequate
modelling of the impact of varying chemical composition on the ecology frequently requires a
hydraulic model, which permits estimates of the in¯ux into the system.
In the present work, three hydraulic models are applied and compared. We have used the grey-box
approach to establish the models, which are simple lumped models along with stochastic terms,
resulting in stochastic ordinary differential equations. The lateral in¯ow is described as a function of
precipitation, and by using Kalman ®ltering it is possible to perform an estimation of the in¯ow.
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The data were obtained from a slowly ¯owing creek, and the ultimate purpose of the data collection
was to model the water quality by considering the oxygen level. In order to set up such a model, the
hydraulics must be reasonably described. This is facilitated by the hydraulic models proposed in this
paper. The only measured variable related to water volume is the depth, and therefore our model is not
a true water ¯ow model as we do not know the water ¯ow nor the so-called Q±h relations. Instead, the
models describe the evolution of the cross-sectional area, because it is more related to ¯ow than the
depth.
Three linear reservoir models are tested. The ®rst one is a single reservoir model. The second one is
also a single reservoir model but with a time delay (the retention time), and the third model contains
two reservoirs. Whitehead and Young (1975) developed a grey-box model for stream ¯ow forecasting,
using a deterministic single reservoir model and a black-box rainfall runoff model for the remaining
variations. Young and Beck (1974) and Beck and Young (1975) used a linear reservoir model with one
reservoir and a transportation delay in a BOD-DO model. Furthermore, Jacobson et al. (1997)
modelled the water level using a stochastic lumped model with three reservoirs, formulated by
stochastic differential equations.
2. THE DATA
The data originate from a creek in North Zealand, approximately 25 km north of Copenhagen. Water
level measurements were obtained from two measuring stations which are about 2 km apart. The
upstream and downstream stations are referred to as U and D, respectively. There are two rainfall
runoffs near the upstream station, one located about 10 m further downstream and the other 2 m
upstream. The precipitation measuring station is located approximately 2.5 km upstream from station
U. Figure 1 shows a sketch of the area and the measuring stations. The data span a period of nine days
in August 1996, with a sampling period of one minute. The goal is to model the overall dynamics,
especially the increased water ¯ow during rain events. Data have been low-pass ®ltered and subsampled by averaging over 15-minute periods. The choice of this sampling period was made by
comparing the data with the phenomena of interest. The data indicate a retention time of approximately one hour between the two stations. To minimize the risk of information loss, a sampling period
of 15 minutes was chosen. The equations below are based on mass balance wherefore it was decided to
use the cross sectional areas rather than the water level in the modelling work. Figure 2 shows the
cross-sectional areas and the rain intensity.

Figure 1. Overview of the area
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Figure 2. The cross-sectional areas and the rain intensity

3. THE MATHEMATICAL MODEL
The conservation of mass is used to derive a stochastic lumped model describing variations in time of
the cross-sectional areas. Our goal is to develop a hydraulic model which can be used as a basis for a
water quality model, for example, a model for the oxygen concentration. The only data available
related to the hydraulics are water level measurements, so in order to develop a physical model, some
simpli®cations must be made. The ¯ow in a river can be described by the Saint-Venant equation
qA x; t qQ x; t

 q x; t
qt
qx

1

where A is the cross-sectional area (m2 ), Q is the ¯ow of water (m3 /min), q is the lateral in¯ow per unit
length ((m3 =min)/m) = (m2 /min), x is the location along the river (m), and t is the time (min).
Measurements of A are available at two locations in the creek. The ¯ow can be expressed as
Q x; t  v x; t A x; t, where v x; t is the average cross-sectional velocity. A constant retention time
is assumed. This assumption may be questionable, since an increased water level probably leads to an
increase in the average velocity, resulting in a shorter retention time. However, since a period of nine
days with relatively small rain events is considered, this simpli®cation is probably reasonable. The
velocity v x; t is set to be a constant average transportation velocity v  L=s, where L is the distance
between the two stations and s is the retention time. Equation (1) can thus be rewritten as
q
Lq
A x; t 
A x; t  q x; t
qt
s qx

2

q
The next step is to discretize the mass balance equation by qx
A x; t  Axx;t and setting x equal to
the location of the downstream station and let x be the distance L between the two stations. This
leads to

q
A xD ; t A xU ; t
A xD ; t 
 q xD ; t
qt
s
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where xD is the location of the downstream station and xU is the location of the upstream station. Using
the rule of total differential1 in Equation (3) and, since this is an Euler description, qtq can be replaced
with dtd , resulting in
d
A xD ; t  A xU ; t=s
dt

A xD ; t=s  q xD ; t

4

This equation can also be obtained by simplifying a linear reservoir model, as in Jacobson et al.
(1997), where a similar model was obtained using that approach. We shall therefore refer to Equation
(4) as the single reservoir model. Let the lateral in¯ow be a function of precipitation, described by a
®rst-order process,
d
q t  aq t  bP t  k
dt

5

where P t is the precipitation. In some situations it might be necessary to introduce a time delay in
Equation (5) between the rain event and the in¯ow by using P t . This is not the case here, since
the precipitation has an almost immediate impact on the lateral in¯ow through the rainfall runoffs.
Finally, a noise term is added to the equations and thereby a stochastic model is obtained. The resulting
single reservoir model is expressed in matrix notation as


 
dq t
a

dAD t
1

0
1=s





y t   0



q t
b
dt 
AD t
0


q t
1
 e t
AD t

2
3
 P t


dw1 t
0 k 6
7
4 AU t 5dt 
dw2 t
1=s 0
1

6
7

where the last equation is introduced to describe the fact that only the cross-sectional area is measured,
and the measurement y t is encountered with the measurement noise e t. In an abbreviated notation,
the equations are written as the following continuous discrete-time state space model,
dX t  AX tdt  BU tdt  dw t
Y t  CX t  e t

8
9

Equation (8) is known as the system equation which describes the dynamics of the physical system.
The vector X is the state vector and U is a vector of inputs. The matrix A characterizes the dynamic
behaviour of the system and the matrix B speci®es how the input signals enter the system. The noise
term dw t is the model error, and it is assumed to be a diagonal Wiener process, i.e., the increments
are mutually independent and Gaussian distributed. In our formulation, the cross-sectional area at the
downstream station and the lateral in¯ow are state variables, whereas the precipitation and the crosssectional area at the upstream station are inputs. Equation (9) is known as the measurement equation.
The vector Y t contains the measured variables and the matrix C speci®es which linear combination
1d

dt A

@
@
dt
xD ; t  @x
A xD ; t dx
dt  @t A xD ; t dt
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of the states actually are measured. The vector e contains the measurement errors which are assumed
to be mutually independent Gaussian distributed and independent of the model error dw.
Inspection of Equations (6)±(7) reveals that the parameter s has the unit minutes and is interpreted
as the retention time. The parameter b is independent of time, with the units m2 /mm. 1 mm of rain will
thus result immediately in b m2 of lateral in¯ow, while the extra in¯ow due to rain declines as
described by a/min.
4. PARAMETER ESTIMATION AND MODEL VALIDATION
In this section an outline of the estimation procedure is presented, and some validation methods are
described.
The unknown parameters are estimated using a maximum likelihood method. A test of signi®cance
of the estimated parameters can therefore be performed by using a t-test. It is well known that the
likelihood function for time series data becomes a product of conditional densities. Based on the fact
that the model in Equations (6)±(7) is linear, and the assumptions about the Gaussian nature of the error
components in Equations (8) and (9), it is easily shown that the conditional densities are Gaussian. The
Gaussian distribution is completely characterized by the conditional mean and the conditional
variance, which can be calculated recursively by the Kalman ®lter (see, for example, Harvey (1994)).
Because the data are given in discrete time, the stochastic differential equations have to be
integrated through the sampling interval in order to evaluate the likelihood function. Given the
constant sampling period , the solution to Equations (8) is

Z
X t    e
X t 

t

A

t

BU se

s tA

Z
ds 

t

t

e

s tA


dw s

10

(see Kloeden and Platen (1992) for a solution of stochastic differential equations in the form of
Equation (8)). Since the matrix B is a constant, the expression can be simpli®ed by moving B outside
the integral.
The input U s is measured only at discrete time points, t and t  . For all t, the input U inside the
interval t; t   is obtained by linear interpolation. Equation (10) can then be written as
X t    / X t  Bw U t  BC  U t  

U t  v t; 

11

r
dr


12

where
A

Z



r A

/   e ; w  
e
0
Z t
v t;  
e t sA dw s:

Z
dr; C  

0



e

r A

t

Equation (11) is the system equation of the discrete-discrete state space model originated from
the continuous-discrete time space model. The estimation procedure has been implemented in a
program called CTLSM (continuous time linear stochastic modelling). See Melgaard and Madsen
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(1993) for a description of the program, and Jacobsen and Madsen (1996) for a further description of
the method.
The main purpose of validating a model must be to verify whether or not the model describes the
physical phenomena, and in a statistical approach, whether the model describes the data. We
concentrate on the residuals, which are the one-step prediction errors. The assumptions on the error
terms previously mentioned should lead to white noise residuals. Hence, all the well-known tests for
white noise residuals from time series analysis can be used (see, e.g., Box and Jenkins (1976)).
5. RESULTS AND DISCUSSION
In this section the results corresponding to the suggested model Equations (6)±(7) are ®rst discussed.
These results point to some extensions of the model which are then introduced. The results of the
parameter estimation are shown in Table I. The results in the ®rst column correspond to the single
reservoir model given by Equations (6)±(7). The parameter b is estimated to be less than zero, which
means that the lateral in¯ow abates and actually becomes negative because of rain. Physical intuition
tells us that this cannot be true, and the conclusion is that Equations (6)±(7) are too simple to describe
the system. The model must therefore be modi®ed and this is done in two ways. The ®rst modi®cation
is as follows: instead of using the input (the cross-sectional area at the upstream station and the
precipitation) at time t, the input at time t s is considered where s is the retention time. The same
method is used by Young and Beck (1974) in a DO-BOD model. In the second modi®cation, an
unobserved state between the upstream station and the downstream station is introduced, i.e., the
reservoir model is extended to contain two reservoirs. Jacobsen et al. (1997) presented a grey-box
model with several reservoirs using the same data set. The main difference between the models here
and the models presented in Jacobsen et al. (1997) is that here we have the non-observed lateral in¯ow
as a state variable. Table I shows the parameter estimates for all the models. It is readily seen that all
the parameters are signi®cantly different from zero.
Each model will now be discussed. As mentioned before, using the single reservoir model
Equations (6)±(7), the `precipitation response' parameter b is estimated to be negative. The
explanation for this is as follows. From Equations (6)±(7) it is seen that the lateral in¯ow q t is a
function of precipitation, but it also depends on the value of AD t AU t. Figure 3 shows this
difference. It is seen that AD t AU t is negative at the beginning of the rain events. The reason
for this is that almost all the lateral in¯ow enters the system through the rainfall runoffs located
Table I. Maximum likelihood estimates of the unknown parameters, the numbers in parentheses are the standard
deviation of the parameter estimates. All the parameters are signi®cantly different from zero
Parameter
a
b
s
k

Single reservoir
(Equations (6)±(7))
0.0293
(0.0042)
0.0031
(0.0011)
66.603
(3.635)
3.5  10
(1.1  10

5
5

)
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Single reservoir with delay
(Equations (13)±(14))
0.0411
(0.0032)
0.0271
(0.0033)
22.769
(2.0992)
1.04  10
(1.78  10

4
5

)

Two reservoirs
(Equations (16)±(17))

Units

0.0115
(0.0026)
0.0044
(0.0011)
61.33
(1.72)
2.3  10
(7.3  10

(1/min)
(m2/mm)
(min)
5
6

)

(m2/mm)
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Figure 3. The cross-section difference. To the left is the actual difference AD t AU t and to the right is the delayed
difference, AD t AU t s, where the retention time s is set to one hour

near the upstream station, and it takes some time for this extra amount of water to reach the
downstream station. Hence, the model (6)±(7) obtains the best ®t to the data by a negative response to
rain.
Figure 4 shows the measured and simulated values of the cross-sectional area and the estimate of
the non-observed lateral in¯ow. Considering the single reservoir model de®ned by Equations (6)±(7),
it is seen that the simulation results are quite accurate under stationary conditions, but the peaks due to
rain are not adequately described. The estimated lateral in¯ow q t is far from being realistic. The
variations are too sharp and the peaks are too narrow compared with the peaks of the cross-sectional
area.
The single reservoir model with the time delay is considered next. In the previous model the
retention time was estimated to be 63 minutes. The data intervals are 15 minutes, and consequently the
delay is approximated by 4 time steps. Figure 3 shows the cross-sectional difference AD t
AU t 60. This difference does not reach as large negative values as the undelayed difference
AD t AU t. The model becomes:






dq t
a

dAD t
1

0
1=s





q t
b
dt 
AD t
0



q t
y t   0 1 
 e t
AD t

0
1=s

3
P t 60


dw1 t
k 6
7
4 AU t 60 5dt 
dw2 t
0
1


2

13
14

The parameter s can no longer be interpreted as a retention time. The `precipitation response'
parameter b is now estimated to be positive, i.e., the model responds to rain by a positive lateral in¯ow.
Figure 4 shows the measured and simulated values of the cross-sectional area, and the estimated lateral
in¯ow q t. The simulation captures the peaks very well, but still the lateral in¯ow does not behave as
intuitively expected. As in the previous model, the variations are too sharp. Note that the estimated
values of q t during rain periods are much higher than the in previous model. This is because q t
has a different interpretation. Here q t depends on the value of AD t AU t s and this value
actually represents the integrated lateral in¯ow during the retention time. This can be seen by solving
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Figure 4. To the left are measurements and simulations using the three models and to the right are the estimated lateral
in¯ows q t
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the Saint-Venant equation of mass balance along with all our simpli®cations (i.e., Equation (2)), which
gives the relation
Z
AD t  AU t

s 

t
t s

q d

15

Finally the single reservoir model Equations (6)±(7) is extended to a two reservoir model. This is
done by introducing a virtual station between the two measurement stations, denoted AF t. The
equations then become:
2

3 2
dq t
a
6
7 6
dA
t

4 F 5 41

32
3
2
0
q t
b
76
7
6
0 54 AF t 5dt  4 0
dAD t
AD t
0 2=s
2=s
0
2
3
q t
6
7
y t   0 0 1 4 AF t 5  e t
0
2=s

3
32
2
3
dw1 t
0 k
P t
7
76
6
7
2=s 0 54 AU t 5dt  4 dw2 t 5
1
dw3 t
0 0

16

17

AD t
We have chosen to let the lateral in¯ow q t affect only the ®rst reservoir, since it is known that
almost all the transient in¯ow between the two stations enters the river stretch close to the upstream
station. Notice that this is another way of dealing with the time delay. Figure 4 shows the measured
cross-sectional area along with the simulation and the estimated lateral in¯ow. The simulation is quite
good but it does not capture the peaks as well as the single reservoir model with time delay. However,
the lateral in¯ow q t seems realistic, since it varies around some value close to zero and then increases
when it rains. The duration of the extended in¯ow corresponds to the duration of the increased crosssectional area. The parameter b is estimated to be positive, which indicates that the system responds to
rain by a positive in¯ow.
For a comparison of the models, several model validation statistics where carried out, and these are
shown in Table II. The correlations in time of the single-step prediction errors are studied in the
frequency domain but are not shown in the table. A white noise error is equally distributed in the
frequency domain and by using a Kolmogorov±Smirnov test in the frequency domain, it was
concluded that none of the model errors are white noise processes, although the model with two
reservoirs is quite close. White noise test statistics have also been performed by using the Portmanteau
lack-of-®t test for white noise, see e.g., Box and Jenkins (1976), as shown in the bottom row of Table II.
Table II. The following model validation statistics are shown: the mean value of the one step prediction error and
its standard deviation, the mean value of the simulation error and the Portmanteau lack-of-®t test statistic
Single reservoir
Equations (6)±(7)
Mean of prediction error
Variance of prediction error.
Mean of simulation error
Portmanteau test statistic

0.0012
0.0012
0.0187
73.33
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Single reservoir
with delay
Equations (13)±(14)

Two reservoirs
Equations (16)±(17)

Units

0.0011
0.0014
0.0065
203

0.0006
0.0010
0.0066
67.45

(m2)
(m2)
(m2)
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The single reservoir model with a time delay is far from having a white noise prediction error,
whereas the simple single reservoir model is much closer. The mean of the prediction error is smallest
for the two reservoir model, and even though the simulation seemed to be best in the single reservoir
model with time delay, the mean value of the simulation error of the two reservoir model is almost the
same. From a statistical point of view, the two reservoir model is surely the best. This is also the case
from a physical point of view, since this model is the only one capable of estimating the lateral in¯ow
q t reasonably well. Even though there are some unexplained dynamics in the two reservoir model, it
is expected that for most practical purposes it is acceptable.
6. CONCLUSION
In this paper, three lumped parameter models describing the variation in the cross-sectional area in a
creek are established. These are a single reservoir model, a single reservoir model with a time delay
and a two reservoir model. All the models are based on the mass balance equation, and the main
simpli®cation is that the retention time is assumed to be constant. All the models provide a dynamic
estimate of the lateral in¯ow, which was not measured, this can be very useful in an environmental
context. A comparison of the models shows that the two reservoir model gives a better description than
the single reservoir models. The prediction error is close to white noise, which was not the case for the
other two models, and the mean value of the prediction error is lowest. The two reservoir model is the
only model which provides a physically consistent estimate of the lateral in¯ow. It is concluded that
for most practical purposes the two reservoir model describes the data reasonably well.
In this study it has been found advantageous to use the grey-box approach. Contrary to black-box
models, the parameters of a grey-box model have a physical meaning. In contrast to traditional
physical modelling, or white-box modelling, we have been able to estimate the coef®cients of the
differential equations. Furthermore, the stochastic approach makes it possible to provide uncertainty
bounds on predictions.
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