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of non-linearity and bias

Abstract The state estimation problem in hydrodynamic
modelling is formulated. The three-dimensional hydrodynamic model MIKE 3 is extended to provide a stochastic state space description of the system and
observations are related to the state through the measurement equation. Two state estimators, the maximum a
posteriori (MAP) estimator and the best linear unbiased
estimator (BLUE), are derived and their diﬀerences
discussed. Combined with various schemes for state and
error covariance propagation diﬀerent sequential estimators, based on the Kalman ﬁlter, are formulated. In this
paper, the ensemble Kalman ﬁlter with either an ensemble
or central mean state propagation and the reduced rank
square root Kalman ﬁlter are implemented for assimilation of tidal gauge data. The eﬃcient data assimilation
algorithms are based on a number of assumptions to enable practical use in regional and coastal oceanic models.
Three measures of non-linearity and one bias measure
have been implemented to assess the validity of these
assumptions for a given model set-up. Two of these
measures further express the non-Gaussianity and thus
guide the proper statistical interpretation of the results.
The applicability of the measures is demonstrated in two
twin case experiments in an idealised set-up.
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1 Introduction
The state of coastal seas has an impact on a number of
socio-economic issues such as ﬁsheries, tourism and
ﬂood warning. Thus, estimating this state is of great
importance. One way of solving the state estimation
problem is by combining the theoretical knowledge
encapsulated in numerical models with available data at
or around the time of interest. Such an approach is
generally known as data assimilation.
One particular branch within data assimilation deals
with sequential state estimation based on a Kalman ﬁlter
approach. However, the optimality of the Kalman ﬁlter
can not be preserved without imposing linearisations
and constraints on the size of the state space, which are
severe for the application in a realistic set-up of a
hydrodynamic model. Thus, sub-optimal schemes have
been introduced that attempt to reduce computational
requirements by simplifying the model propagation
operator and/or reducing the degrees of freedom in the
model covariance estimation.
The use of a simpliﬁed process description was
investigated in (Dee 1991). Such an approach is case
dependent and relies on the validity of the rather strong
dynamical approximations. Alternatively, the error
covariance calculation can be performed on a coarser
grid (Fukumori and Melanotte-Rizzoli 1995). This implies an assumption about the main model variability to
be at larger scales than the model resolution. Finally, the
model operator can be represented with a reduced rank
approximation by applying e.g. a singular value
decomposition (Cohn and Todling 1996). The simpliﬁed
process description, the coarse grid approximation and
the model reduction approach are all examples of
applying a regularised model operator.
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A diﬀerent approach to speeding up a sub-optimal
Kalman ﬁlter is to work with a simpliﬁed error
covariance representation. One such approximation is to
assume that the error covariance is in steady state
(Heemink, 1986). This often works very well despite the
strong assumption and has the advantage of being
operational in many real time hydrodynamic forecast
systems, (Cañizares et al. 2001; Heemink et al. 1997). The
reduced rank square root Kalman ﬁlter (Verlaan and
Heemink 1997) obtains a time varying approximation of
the error covariance matrix. Based on the extended
Kalman ﬁlter, the covariance is continuously approximated by its leading eigen sets. This leads to a rather
smooth Kalman gain, but its application is limited when
very strong non-linearities are present and only few
measurements are available, (Verlaan and Heemink
2001). Alternatively the covariance can be calculated
using a Monte Carlo technique as introduced in (Evensen
1994). This approach handles even strong non-linearities
well, but at the price of rather noisy error covariance
estimations. A larger ensemble size reduces this problem,
but at the cost of an increased computational burden.
Finally, hybrids of regularised model operators and
approximate error covariance representations can be
formed. As an example, (Sørensen et al. 2002) successfully combined the ensemble Kalman ﬁlter with a depth
averaged model operator for generation of a steady
Kalman gain to be used in a 3D hydrodynamic model.
Each of the sub-optimal schemes is based on a set of
assumptions such as model linearity, a simpliﬁed
description of the error covariance and an unbiased
model operator. Often the assumptions are merely stated
or even implicit in order to focus on other important
issues. The schemes are typically validated by application in one or two test cases, where performance is
rather good. Means of assessing the general validity of
the underlying assumptions often lack and the ﬁlter
performance when they are violated are generally not
discussed for the diﬀerent schemes. We attempt to contribute to this matter. The main aim of this paper is to
highlight the assumptions of diﬀerent schemes and
analyse the validity of these assumptions under various
conditions. In order to perform this analysis, diﬀerent
performance measures are introduced.
In Verlaan and Heemink (2001) a non-linearity measure is introduced, which can be used to assess the validity
of the assumption of the model operating in a regime,
which is weakly non-linear at worst. In this paper a simpliﬁed version of the measure is implemented in a 3D
hydrodynamic model and the performance of two estimation schemes based on a central forecast is examined
with respect to variation of this non-linearity measure and
compared to an ensemble forecast. The Gaussianity of a
solution aﬀects the valid interpretation of the results and
thus two non-Gaussianity measures are introduced.
When the model noise is Gaussian, these simultaneously
provide alternative non-linearity measures. Finally, the
model bias is used to characterise the ﬁlter performance
under various error structure assumptions. It is very

important to understand the ﬁlter performance when actual errors are not well captured by the assumed error
structure. This aspect will be considered in the paper.
Section 2 introduces the considered coastal ocean
system, which is described by a stochastic hydrodynamic
model. Section 3 discusses state estimation with particular emphasis on issues of application to a hydrodynamic model. The propagation of model error
covariance is discussed in Sect. 4 along with a presentation of the ensemble Kalman ﬁlter, the central
ensemble Kalman ﬁlter and the reduced rank square
root Kalman ﬁlter. This section also describes the
characteristics of each ﬁlter. In Sect. 5 measures of nonlinearity, non-Gaussianity and bias, which will be applied to assess the validity of ﬁlter assumptions, are
introduced. The simulation study is described in Section
6 and a discussion of the results is given in Sect. 7.
Finally, Sect. 8 concludes the paper.

2 The stochastic state space model
The physical system under consideration consists of
hydrodynamic ﬂow in bays, estuaries, coastal regions
and shelf seas. The body of water evolves according to
the laws of internal dynamics of a ﬂuid and its interaction with the atmosphere and the solid earth through the
sea ﬂoor. Among the processes encompassed by this
system are tidal waves, wind induced coastal upwelling,
eddy formation and turbulence.
The continuity and Navier-Stokes equations state the
conservation of mass and momentum in a continuum
like the considered system. By developing mathematical,
physical and numerical approximations of the system
dynamics, the problem of estimating and predicting the
state of the coastal ocean can be solved. This theoretical
approach has lead to the advance of a range of numerical models, which are now routinely applied to solve a
number of scientiﬁc and engineering problems. One such
numerical modelling system is MIKE 3.
The MIKE 3 hydrodynamic model is part of a general ﬁnite diﬀerence modelling system and is designed to
simulate non-linear, unsteady three-dimensional ﬂows.
It is developed at DHI Water and Environment (DHI
2001) and has been successfully applied to various scientiﬁc and engineering applications in domains with
scales ranging from meters to thousands of kilometres
(Øresundskonsortiet 1998; Vested et al. 1998; Erichsen
and Rasch 2002).
MIKE 3 utilises a ﬁnite diﬀerence technique, and thus
provides the discrete time evolution of the model variables deﬁned on a mesh in the domain under consideration. Details of the ﬁnite diﬀerence scheme can be
found in the scientiﬁc reference manual (DHI 2001). For
the purpose of the problem at hand it is suﬃcient to
acknowledge that the entire state of the model is
uniquely determined by the variables fðtÞ; fðt  1=2Þ;
fðt  1Þ; mx ðtÞ; my ðt  1=2Þ; my ðt þ 1=2Þ and mz ðt  1=4Þ
when the density of the water is assumed constant. The
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variable f is the water level, (mx ; my ; mz ) are the three
velocity components and t is the time index.
With knowledge of the initial conditions, sources and
sinks as well as boundary conditions represented by
surface elevation at open boundaries and wind velocity
and pressure at the sea surface, MIKE 3 calculates a
solution to the ﬁnite diﬀerence equations. Thus, an
estimate of the state of the ﬂuid is given at discrete
temporal and spatial intervals and the state at time t þ 1
is completely determined by the state at time t and the
forcing terms embedded in the sources and sinks and
boundary conditions. Thus, let UD be the model operator representing the approximate ﬁnite diﬀerence equations, uD the forcing deﬁned at a snapshot in time
projected onto the mesh and xD ðtÞ the model state at
time t. The discrete deterministic model can then be
expressed as,
xD ðt þ 1Þ ¼ UD ðxD ðtÞ; uD ðtÞÞ

ð1Þ

The hydrodynamic model attempts to construct the best
possible estimate of the state of the system within the
constraints of the model structure imposed. However
this estimate is based on a model and forcing terms,
which we know are uncertain, but often we will have
some knowledge of the second order statistical properties of the errors, dðtÞ. Thus, the discrete model can be
extended to a stochastic model, propagating a state that
is now a stochastic variable characterised by its second
order statistical properties rather than the deterministic
estimate in Eq. (1).
For the hydrodynamic part of a continental shelf
ocean model, a main source of error comes from inaccurate meteorological and open boundary forcing.
Thus, in order to simplify the error description, it is
assumed that wind forcing and water level at open
boundaries are the sole sources of error. No initial
errors are assumed, but the model is allowed a spin-up
period to propagate the forcing induced error throughout the system.
To reduce the computational requirements, errors
can be deﬁned on a coarser grid, G2, than the forcing
grid, Gl, and thus an interpolation operator, K, is
introduced. In general any linear reduced rank representation can be expressed by K, e.g. refer to Heemink
(1986) and Cañizares et al. (2001) for this approach. If
the errors in the forcing terms can be assumed to be
uncorrelated in time, then MIKE 3 can be generalised to
a stochastic model operator, UM3 :
xM3 ðt þ 1Þ ¼ UM3 ðxM3 ðtÞ; uD ðtÞ þ KdðtÞÞ
where

1
fðtÞ
B fðt  1=2Þ C
C
B
B fðt  1Þ C
C
B
C
mx ðtÞ
xM3 ðtÞ ¼ B
C
B
B my ðt  1=2Þ C
C
B
@ my ðt þ 1=2Þ A
mz ðt  1=4Þ

ð2Þ

0

ð3Þ

The only diﬀerence between xM3 and xD is that the elements in xM3 are stochastic.
However, the errors in the forcing terms are usually
correlated in time. Thus it makes sense as a ﬁrst
approximation to construct an augmented state vector,
by including the error as modelled by a ﬁrst order
autoregressive model (AR(1)),
dðtÞ ¼ adðt  1Þ þ eu ðtÞ

ð4Þ

where eu ðtÞ is an NB -dimensional i.i.d. variable with zero
mean and known covariance, Qu ðtÞ. In the physical
system under consideration a ﬁrst order autoregressive
process typically explains 80–90% of the variance. If
necessary it is straightforward to formulate more general
correlation models still adhering to the state space
description.
Finally, by assuming the error to originate from the
forcing, using the augmented state vector with coloured
error description as expressed by Eq. (4) and allowing
for a noise to be deﬁned on a reduced space (e.g. a coarse
grid), the following stochastic ﬁnite diﬀerence model is
obtained:


xM3 ðt þ 1Þ
xðt þ 1Þ ¼
dðt þ 1Þ


UM3 ðxM3 ðtÞ; uD ðtÞ þ KdðtÞÞ
ð5Þ
¼
adðtÞ þ eu ðtÞ
or
xðt þ 1Þ ¼ UðxðtÞ; uD ðtÞÞ þ eðtÞ

ð6Þ

where U is the augmented model operator and
eðtÞ ¼ ð 0

eu ðtÞÞT

ð7Þ

is a N -dimensional i.i.d. variable with zero mean and
covariance QðtÞ. Equation (6) is called the system
equation and is the actual stochastic representation of
MIKE 3 that will be used subsequently. The dimension
of x is designated N . Note that the equation actually has
additive noise even though the error is deﬁned to enter
through the forcing terms, i.e. e enters linearly, but has a
non-linear eﬀect on xM3 .
Tidal gauge measurements provide an additional
source of information about the state of the system.
They are characterised by a high temporal resolution,
but the gauges are very sparsely distributed in space.
Tidal gauge sensors typically have a random instrumentation error with a standard deviation less than 1
centimetre. Let the number of measurements be designated Nm .
For the purpose of data assimilation, we need to relate the measurements to the state vector x. By doing
this, a model representation error is introduced. As an
example, if the model resolution is 9 nautical miles, then
the model variable that would typically represent the
observation is the water level averaged over the grid box
at the position of the gauge, which clearly may deviate
from the point measurement. Representation error is
typically the main error source that needs to be
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considered when using tidal gauge data for modelling
purposes, (Fukumori 1999). Let x be the stochastic
model state deﬁned by Eq. (6). It is assumed that the
observation can be expressed as a linear combination
represented by the Nm  N matrix CðtÞ of the state
variables, and an additive zero mean Gaussian distributed observational error, nðtÞ, with covariance RðtÞ.

The value xa of x that maximises f ðxjzÞ is the maximum a
posteriori (MAP) estimate of x. It is common to work
with the logarithmic transformation of Eq. (10) in order
to ease the arithmetic expressions.

zðtÞ ¼ CðtÞxðtÞ þ nðtÞ

log f ðxjzÞ ¼ log f ðzjxÞ þ log f ðxÞ  log B

ð8Þ

This is called the measurement equation. The rows of
CðtÞ will in many cases consist of zeroes and a single one.
It is assumed that the separate tidal gauge stations have
both spatially and temporally uncorrelated errors. Thus
the measurement error covariance can be expressed as
1
0 2
r1 0 . . . 0
B
.. C
B 0 ... ...
. C
C
B
ð9Þ
RðtÞ ¼ B . .
C
.
C
B .
.. ..
@ .
0 A
0

...

0

r2Nm

Tide gauge observations are performed by independent
instruments and hence the instrumental errors are
independent. However, their main error source is probably representation error, (Fukumori 1995 and
Søerensen et al. 2002) and may depend on the system
state and thus be correlated. This eﬀect is not present in
ideal scenarios as considered herein.

3 State estimation
In the previous section, stochastic descriptions of both
model and measurements have been presented. The
description of the system is provided by the system
Eq. (6), while the measurements are described by the
measurement Eq. (8). Now we will pay attention to how
the best estimate of the true oceanic state can be
obtained based on the available information from these
two sources of information. The model gives a state
estimate with high temporal and spatial resolution, but
the values are hampered by the accumulation of errors.
Measurements give an alternative estimate that is usually more certain when and where an observation is
made, but they are sparsely distributed in space and
time. The two sources of information are complimentary
and both ought to be included in the state estimate.
At a given point in time consider the stochastic state,
x, derived from the model, and an observation z. Note
that by restricting ourselves to a single time step, the
propagation and the estimation problems are separated.
First, we deal with estimation. One approach is to use
the information about the oceanic state provided by the
model probability density function (pdf) to give e.g. a
maximum likelihood (ML) estimate. However, including
the information provided by available measurements
will improve the estimate. By using a Bayesian approach
the resulting pdf of the estimate can be calculated as the
conditional probability of x given the data, z,

f ðxjzÞ ¼

f ðzjxÞf ðxÞ
f ðzjxÞf ðxÞ
¼R
f ðzÞ
f ðzjxÞf ðxÞdx

ð10Þ

ð11Þ

In Eq. (11) B is an abbreviation for the denominator of
Eq. (10). This last term does not aﬀect the behaviour of
extreme values because it only depends on the data.
Thus, if the distributions f ðxÞ and f ðzjxÞ are known,
then the optimum can be found. However, these distributions are in general unknown and further assumptions
must be imposed in order to progress.
It will now be assumed that the distributions f ðxÞ and
f ðzjxÞ are Gaussian with means xf and Cx and known
covariance matrices P f and R respectively. Thus,
f ðxÞ ¼

1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2pÞ
det ðP f Þ

h
T  f 1 
i 
P
x  xf
 exp 1=2 x  xf

ð12Þ

1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2pÞ
det ðRÞ

h
i
 exp 1=2 ðz  CxÞT ðRÞ1 ðz  CxÞ

ð13Þ

f ðzjxÞ ¼

N =2

Nm =2

where N and Nm are the sizes of P f and R respectively.
By substituting Eqs. (12) and (13) into Eq. (11) and
diﬀerentiating with respect to x the maximum can be
found. This provides the same solution as the minimisation in a least squares approach. For further elaboration on the least square solution refer to Wunsch
(1996) and Jazwinski (1970).
The MAP estimator now reduces to,
xa ¼ xf þ Kðz  Cxf Þ; P a ¼ P f  KCP f

1
K ¼ P f C T CP f C T þ R
a

ð14Þ
ð15Þ

The matrix P is the error covariance of the estimated
state, xa . Since the estimator can alternatively be derived
from the least square approach as the best linear unbiased estimator (BLUE) it will always supply the minimum variance estimate under the assumption of a linear
and unbiased estimate for any distribution. In the
remainder of this paper we will refer to Eqs. (14) and
(15) as the BLUE estimator. Note that the problem of
ﬁnding the probability density of the state variables has
been reduced to estimating its a posteriori mean and
covariance.
The assumption about Gaussianity is certainly more
an operational assumption than a justiﬁed one. Particularly, model error sources are generally far from being
Gaussian. However, assimilation schemes are traditionally based on the BLUE, which is only a minimal variance estimator under the Gaussian assumption. We
believe an improved estimation technique is essential in
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the further development of assimilation techniques. An
operational Bayesian approach as discussed in Christakos (2002) could provide an interesting alternative.
The discussion above has focused on the estimate
when a prior model estimate is available at the time step
of a new measurement. We will now extend the discussion to encompass available information up until the
time of the latest observation. In general the approach
can be extended to a sequential estimator with each
estimate having a similar MAP or BLUE interpretation
based on all past and present measurements (Maybeck
1979). If the BLUE estimator is used with a linear model
for propagation of the mean and the error covariance
matrix in between updates and all variables are Gaussian
distributed, then the classical Kalman ﬁlter is obtained.
The Kalman ﬁlter has in many cases been the starting
point in the literature and necessary generalisations have
subsequently been imposed, (e.g. Verlaan and Heemink
1997). Here, we present the general problem and impose
certain simpliﬁcations that allow a solution to be found
on available computational resources.
So far the origins of the mean and error covariance
estimates of model (system error) and measurement
variables (measurement error) were avoided in order to
pay attention to the estimator. However, their construction is one of the major diﬃculties in sequential
data assimilation. For tidal gauge data the measurements at separate stations can be assumed to have no
error correlation and RðtÞ becomes diagonal as expressed
by Eq. (9). This allows for an eﬃcient sequential
updating of data from diﬀerent tidal gauge stations
within the same time step (Madsen and Cañizares 1999).
The values of the diagonal elements are set, based on
reﬂections on the error sources discussed in Sect. 2.
Estimates of xf ðtÞ are typically based on the composite
hydrodynamic and the AR(1) model in Eq. (6). The
error covariance matrix, P f ðtÞ, on the other hand, has
been estimated by a number of diﬀerent approaches in
the literature. These range from solving the Riccati difference equation (Fukumori et al. 1993) to geometric or
physical assumptions (Fox et al. 2000), and transient
propagation of P f ðtÞ by the hydrodynamic equations
(Verlaan and Heemink 1997; Evensen. 1994). The latter
approach is pursued in this work and is treated further in
the next section. Among its strengths it accommodates
the calculation of non-linearity measures.
Anyone of the approaches above requires a proper
deﬁnition of system noise, QðtÞ. The error in open
boundary water level or wind velocity will typically be
correlated in space. The spatial error correlation patterns are here assumed to be isotropic for each error
source and can thus be described by a standard deviation and a spatial correlation scale corresponding to the
distance at which the correlation is 0.5. Further, because
of the noise deﬁnition in Eq. (7) only the lower right
NB  NB portion of QðtÞ is non-zero. The speciﬁcation of
QðtÞ poses quite a problem in real applications. Dee
(1995) suggested a maximum likelihood approach for
estimating the system noise from measurements.

However, this is quite costly and requires 2–3 orders of
magnitude of data more than the number of error
parameters to be estimated. An alternative solution to
the problem should be adaptive in nature, because of the
generally time-varying and state dependent errors. This
could be very interesting to test in ideal scenarios like the
one discussed in the present paper, but they probably
would be too computationally demanding for real
applications.
It makes ﬁltering seem less complex if we remind our
selves that no matter what approach is taken, the procedure basically consists of two elements: Updating and
propagation of model state estimates and its error
covariance. We can pick and choose among various
estimators for the updating and various propagation
schemes, but in all cases we propagate model information in between measurement times and update the state
instantaneously whenever a new measurement becomes
available. The resulting updated state estimate can then
be propagated onwards.

4 Error covariance propagation
This section will describe various ways of propagating
the model mean and error covariance in time. The
general approach for time evolution in stochastic differential equations is based on dynamic stochastic prediction (Evensen, 1994). The starting point there is a
stochastic diﬀerential equation with additive noise generated by a Wiener process. The general solution is given
by the Fokker-Planck equation and consists of the full
probability density function of the state. In our
approach, the stochastic extension was introduced in
Eq. (6) at the level of the actual numerical implementation in order to make clear the physical, mathematical
and numerical assumptions that we ideally attempt to
capture. For both approaches, the ﬁnal aim is to provide
accurate estimates of the state by propagating information about the probability density in time when called
for by the estimator. In both ensemble based ﬁlters
presented in Sect. 4.1 and 4.2 the pdf is approximated
by a ﬁnite ensemble. However, for the reduced rank
square root kalman ﬁlter presented in Sect. 4.3, the
propagation is restricted to ﬁrst and second order statistics.
The treatment will be restricted to expressing the
various moments of the state vector.
Assuming the noise sequence, eðtÞ, to be a zero mean
i.i.d. random variable, cf. Eq. (6), then the expectation
of xðt þ 1Þ is:
Efxðt þ 1Þg ¼ EfUðxðtÞ; uD ðtÞÞg

ð16Þ

Even this ﬁrst order moment is impossible to evaluate
exactly for a non-linear forecast model, such as MIKE 3.
Calculation of the second order moment demands even
more resources for a good approximation and so forth.
However, various approximate methods can be
imposed, which makes the error covariance propagation

233

manageable. In the following two diﬀerent ways of
approximation, which are both implemented in MIKE 3
are presented. The Ensemble Kalman Filter (Evensen
1994) is based on Monte Carlo theory, while the reduced
rank square root Kalman ﬁlter (Verlaan and Heemink
1997) uses a truncated Taylor series and a square root
error covariance representation.
4.1 Ensemble Kalman ﬁlter
In the Ensemble Kalman ﬁlter, (EnKF), an ensemble of
possible states represents the statistical properties of the
state vector. Each of these vectors is propagated
according to the dynamical system subjected to model
errors, and the resulting ensemble then provides estimates of the forecast state vector and the error covariance matrix. In the measurement update, the Kalman
gain matrix obtained from Eq. (15) is applied for each of
the forecast state vectors. To account for measurement
errors, the measurements are represented by an ensemble of possible measurements (Burgers et al. 1998). The
resulting updated sample provides estimates of the
updated state vector and the associated error covariance
matrix. The following subsections provide the mathematical detail of the scheme.

4.1.1 Forecast
Each member of the ensemble of M state vectors is
propagated forward in time according to the dynamics
of the augmented system in Eq. (6) and the speciﬁed
model error, i.e.
xfi;t ¼ Uðxai;t1 ; uD;t Þ þ ei;t ; i ¼ 1; 2; . . . ; M

ð17Þ

where the model error ei;t is randomly drawn from a
Gaussian distribution with zero mean and N  N
covariance matrix Qt which represents the system noise.
The time step index t has now become a subscript to
shorten notation. An estimate of the state vector (forecast) is calculated as the average of the ensemble members, i.e.
xft ¼ xft ¼

M
1X
xf
M i¼1 i;t

ð18Þ

The error covariance matrix of the forecast is estimated
from the ensemble as
Ptf ¼ Stf ðStf ÞT ;

1
sfi;t ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ðxfi;t  xft Þ
M 1

zi;t ¼ zt þ ni;t ; i ¼ 1; 2; . . . ; M

ð20Þ

where zt is the actual measurement vector, and ni;t is the
measurement error that is randomly generated from a
Gaussian distribution with zero mean and covariance
matrix Rt .
Each ensemble member is updated according to the
updating scheme in Eq. (14). The updated state vector
and error covariance matrix are derived from Eq. (18)
and (19). When the data assimilation is based on in-situ
measurements that are sparsely represented in space, the
full error covariance matrix in Eq. (19) does not need to
be calculated. In this case, the measurement matrix Ct
only has a few non-zero elements and only the columns
in Ptf that correspond to these non-zero elements in Ct
have to be calculated. Furthermore, since it is assumed
that measurement errors are uncorrelated, a sequential
updating algorithm that processes one measurement at a
time can be implemented and the matrix inversion in
Eq. (15) can be avoided.
The sequential updating algorithm reads (Chui and
Chen 1991),


xat;j ¼ xat;j1 þ kt;j zt;j  ct;j xat;j1 ;
j ¼ 1; . . . ; Nm ;

xat;0 ¼ xft

ð21Þ

where Nm is the number of measurements, ct;j is the jth
row in the measurement matrix Ct , ct;j xat;j1 is the element in the state vector that corresponds to the measurement zt;j , (i.e. zt;j  ct;j xat;j1 ) is the model deviation
from measurement j), and kt;j is a Kalman gain vector
corresponding to measurement j. The Kalman gain
vector is given by
kt;j ¼

a
St;j1
ht;j

hTt;j ht;j þ r2j

;

a
a
ht;j ¼ ðSt;j1
ÞT cTt;j ; St;0
¼ Stf

ð22Þ

where the numerator is the covariance between the
measurement j and the state vector and the denominator
is the sum of the variance of measurement j and the
predictive variance of the measurement. In the EnKF
the sequential updating scheme is applied for each
ensemble member, and after each measurement update
a
St;j
is calculated from the ensemble cf. Equation (19).
Remember that the scheme encompasses both the
MIKE 3 part and the auto regressive augmented part of
the state vector. For an inﬁnite number of ensembles
(1-EnKF) and correct error description this scheme will
provide an optimal estimate and is in this sense
asymptotically optimal.

ð19Þ

where sfi;t is the ith column in Stf .
4.1.2 Update
An ensemble of size M of possible measurements is
generated

4.2 Central ensemble Kalman ﬁlter
A second version of the EnKF that uses a central forecast instead of the ensemble average forecast for xft has
also been implemented for the purpose of calculation of
the non-linearity measures discussed in Sect. 5. This ﬁlter is referred to as the Central Ensemble Kalman Filter
(CEnKF). A new central state vector, xct , is introduced.
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At initial time t0 it is set equal to the mean estimate of xat
and subsequently it is propagated and updated like any
other of the ensemble members, i.e:
a
xc;a
0 ¼ x0

ð23Þ

c;a
xc;f
t ¼ Uðxt1 ; uD;t Þ

ð24Þ

The error covariance propagation is still centred at the
ensemble forecast and hence the Kalman gain is exactly
the same as in the EnKF - only the state estimate is
diﬀerent. The computational requirements are similar to
those of the EnKF, requiring only one more model
execution.

hence keep the rank of the error covariance matrix
constant throughout the simulation, a lower rank
approximation of Stf is applied by keeping only the M
leading eigenvectors of the error covariance matrix. The
reduction is achieved by an eigenvalue decomposition of
the matrix (Stf ÞT Stf . For full details refer to (Cañizares
1999). For a proper reduction Stf must be normalised
prior to the eigenvalue decomposition. Basically the
normalisation is chosen to ensure that the potential
energy expressed by the surface elevation and the kinetic
energy expressed by the velocity get similar total weight
in (Stf ÞT Stf before the leading eigenvalues are found. The
augmented forcing correction part of the state vector is
similarly given an equal total weight.

4.3 Reduced rank square root Kalman ﬁlter
The reduced rank square root Kalman ﬁlter (RRSQRT)
is based on the extended Kalman ﬁlter formulation in
which the error propagation is calculated using a statistical linearisation of the model equation based on a
ﬁrst order Taylor series expansion.
4.3.1 Forecast
In the case of a coloured system noise process as
assumed in Eq. (6), the forecast step is given by
xft ¼ Uðxat1 ; uD;t Þ

ð25Þ

a
FtT þ Qt
Ptf ¼ Ft Pt1

ð26Þ

Ft ¼

oU
ox

ð27Þ

4.3.2 Update
Based on the square root approximation of rank M; Stf ,
the error covariance matrix can be calculated as
Ptf ¼ Stf ðStf ÞT , and subsequently used for the Kalman
ﬁlter update. However, by using the sequential updating
algorithm described for the EnKF it is not necessary to
calculate the forecast error covariance matrix and the
sequential updating can be performed using Stf directly.
In this case the state vector is updated using Eq. (21),
and the updated square root covariance matrix is given
by (Cañizares 1999),
kt;j hTt;j
a
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ; St;0
¼ Stf

a
a
St;j
¼ St;j1


1þ

r2j
hTt;j ht;j þr2j

ð30Þ

where kt;j and ht;j are deﬁned in Eq. (22).

x¼xft

The RRSQRT approximation of the extended Kalman
ﬁlter uses a square root algorithm as well as a lower rank
approximation of the error covariance matrix. Denote
a
by St1
the approximation of rank M of the square root
a
of the error covariance matrix Pt1
. The propagation of
the error covariance matrix is then given by
h
i
1=2
a
Stf ¼ Ft St1
Qt
ð28Þ
1=2

where Qt is the N  NB -dimensional square root of Qt .
a
The matrix St1
has M columns where M is chosen much
smaller than the dimension of the state vector. To calculate the derivatives in Ft a ﬁnite diﬀerence approximation of UðÞ is adopted as follows,
a
a
Þi ¼ ½Uðxat1 þ Si;t1
; uD;t Þ
ðFt St1

 Uðxat1 ; uD;t Þ; i ¼ 1; . . . ; M

ð29Þ

a
where sai;t1 , is the ith column of St1
. Thus, the propagation of the error covariance matrix requires M model
integrations.
The propagation step in Eq. (28) increases the number of columns in the error covariance matrix from M to
M þ NB . In order to reduce the number of columns and

4.4 Filter characteristics
In the previous subsections three speciﬁc Kalman ﬁlter
schemes have been presented. In the present subsection
we will discuss some of their properties in greater detail.
All the schemes attempt to provide time-eﬃcient estimates of the predicted ﬁrst and second order moments of
the state vector. They diﬀer primarily in the way they
approximate these moments. The ensemble approach
tries to make an exact propagation at the cost of an
estimate that may be signiﬁcantly inﬂuenced by stochastic errors due to slow convergence
of the ensemble
pﬃﬃﬃﬃﬃ
estimate (proportional to 1= M ). On the other hand,
the RRSQRT KF deliberately introduces a bias in both
the ﬁrst and second order moments, but eliminates the
stochastic error.
In the EnKF stochastic errors are introduced in both
ﬁrst and second order moments, but when all assumptions are valid it provides an unbiased and asymptotically eﬃcient estimate. The CEnKF maintains the
stochastic error in the error covariance propagation. The
state estimate inherits this stochastic error component
through the update, but on top it has a bias from its ﬁrst
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order approximation of the dynamics provided by the
central forecast.
The state and its associated covariance estimate are
biased in the RRSQRT KF because of the ﬁrst order
Taylor series truncation. A second order truncation
would introduce an additional term in the estimate of
the mean state, but not otherwise aﬀect the error
covariance estimate, Verlaan and Heemink (2001).
Furthermore, the error covariance has a truncation error
originating from the eigenvalue decomposition and
reduction. Generally, the RRSQRT will underestimate
the model error covariance for correctly speciﬁed QðtÞ
and thus provide a state estimate closer to the model
solution than the optimal estimate. However, there is no
stochastic error in this scheme.
The various Kalman ﬁlter algorithms generally
attempts to minimise the variance assuming no bias, Dee
(1998). However, a bias, b, can enter the state estimate
either through a bias in the system error or through nonlinearities in the model operator in schemes using central
forecasts such as RRSQRT KF and CEnKF. In this case
the optimal estimator in a minimal prediction error
sense must be calculated by using P f þ bbT instead of P f
in the BLUE estimator, Eqs. (14) and (15), and thus the
error covariance estimate provided by the 1-EnKF is
no longer optimal. Alternatively, the ﬁlter can estimate
the bias by augmenting the state with the bias terms. The
bias is propagated by a persistence model or a long
memory auto regressive model. For a proper value of
a in Eq. (4) this is exactly what the AR(1) noise
description does under the assumption of all bias coming
from the forcing term (Ignagni, 1990). Thus all ﬁlters
accommodate bias correction in the forcing.
The reaction time of the bias correction is determined
by the relative sizes of the elements in Rt and Qt . If Qt is
comparatively large, the state will be updated to ﬁt the
measurements rather closely where available and
simultaneously update all other state variables according
to the assumed correlation structure of the model error
and its subsequent propagation throughout the model
domain. Thus the imposed error structure in Qt is of
prime importance. If the correlation between data rich
and data sparse regions are poorly estimated, signiﬁcant
errors can be introduced into data sparse regions. For a
comparatively small Qt there will be more trust in the
model and the state estimate will move slowly towards
the measurements.
However, a potential structural error will still be
introduced into data sparse regions albeit at a slower
speed.

5 Measures of non-linearity, Gaussianity and bias
It is important to note that all schemes are imposing a
number of approximations in order to make the data
assimilation problem manageable. The validity of these
assumptions will be case dependent for a set-up of a
model like MIKE 3. Thus, before blindly relying on the

schemes, the correctness of the underlying assumptions
ought to be tested. In the following we will discuss a
number of ways to estimate the non-linearity, Gaussianity and bias of a data assimilation algorithm.
According to Verlaan and Heemink (2001), the general aim of a non-linearity measure of a data assimilation system is, without the artiﬁcial twin experiment, to
assess the accuracy of the data assimilation algorithm
associated with the non-linearity of a particular application. In pursuing this goal, they developed a measure
that is based on the Taylor series second order contribution to the propagation of the state estimate.
Here we would like to add that the accuracy of a ﬁlter
is associated with other aspects than the expected bias
accumulation induced by non-linearity, all though this is
an important factor in highly non-linear applications.
The applicability of the BLUE estimator as being optimal in a prediction error sense and the MAP interpretation builds on the assumption of an unbiased and
Gaussian distributed state. A non-linear model propagator inherently violates the latter of these assumptions
and bias is only avoided in the EnKF and when using
unbiased forcing.
Verlaan and Heemink (2001) demonstrate the performance of their measure in the Burgers equation and
in the Lorenz-system. Depending on the set-up, MIKE 3
possesses dynamics that can stretch over both these
domains of non-linearity. Thus, it is of great interest to
examine the non-linearity of a given model application
in order to provide guidance in selecting the correct ﬁlter
and to obtain an indication of ﬁlter performance and the
accuracy of the provided error estimates. Along with
validating the underlying assumptions, non-linearity
measures also help the modeller conﬁguring a data
assimilation approach and obtaining a better understanding of the dynamics in the particular model domain
under consideration.
Three non-linearity measures are used in the present
investigation. Verlaan and Heemink’s NL-measure V2 ,
and two measures based on skewness and kurtosis
respectively, s2 and k2 . The ﬁrst of these gives information about the accumulation of bias introduced by the
non-linearity, while the latter two measure the instantaneous deviation from Gaussianity. Gaussianity and
linearity are closely related. In general Gaussianity
implies linearity whereas the opposite is only true in the
case of Gaussian distributions of the error sources and
the initial ﬁeld. All three measures are time varying
spatial L2 -norms. Based on the derivation in Verlaan
and Heemink (2001), the V2 measure can be written as:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u N 
u 1 X bi ðtÞ2
ð31Þ
V2 ðtÞ ¼ t
N i¼1 ci ðtÞ
bi ðtÞ ¼ xci ðtÞ  xi ðtÞ

ð32Þ

Here, N is the number of elements in the state vector and
ci ðtÞ is the standard deviation of the state estimate derived as the square root of the diagonal elements of

236

P a ðtÞ. The bias, bi ðtÞ is simply estimated as the diﬀerence
between the central ensemble estimate and the average
ensemble estimate. In the update step the EnKF scheme
is used to estimate the error covariance for both state
estimates. Thus, the measure includes eﬀects from the
stochastic estimate of the error covariance and average
state estimate as well as the error introduced by the nonlinear dynamics. For a proper assessment of non-linearity, it must be assumed that the latter is dominating,
i.e. that the ensemble size is suﬃciently large. The V2 measure diﬀers from the V -measure suggested in (Verlaan and Heemink 2001),
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
V ðtÞ ¼ bT P 1 b; b ¼ ½b1 ; . . . ; bN T
ð33Þ
While V2 measures the bias compared to the variance, i.e.
the trace of the error covariance matrix, the V -measure
compares the bias to the full matrix taking correlations
into account.
With M still being the ensemble size, the s2 -measure is
simply the spatial L2 -norm of the skewness, si ðtÞ:
3
P 
M M
xðtÞ
j¼1 xj ðtÞ  
si ðtÞ ¼
ð34Þ
ðM  1ÞðM  2Þc3i ðtÞ
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u N
u1 X
ð35Þ
ðsi ðtÞÞ2
s2 ðtÞ ¼ t
N i¼1
A positive skewness expresses that the distribution
has a longer tail towards larger values and vice versa for
a negative value. Likewise the k2 -measure is the spatial
L2 -norm of the kurtosis, ki ðtÞ:
P
MðM þ 1Þ M
xðtÞÞ4
3ðM  1Þ2
j¼1 ðxj ðtÞ  
ki ðtÞ ¼

ðM  1ÞðM  2ÞðM  3Þc4i ðtÞ ðM  2ÞðM  3Þ

ensemble size. Further, the larger the ensemble size the
smaller variance of the measures.
The V2 measure corresponds to a 2nd order Taylor
series expansion in the error covariance propagation.
Thus, it can provide information about the validity of
the extended Kalman ﬁlter (EKF) and its size can be
used to measure the linear deviation from this EKF
validity regime as long as third and higher order moments can be neglected. The s2 and the k2 measures will
provide measures of non-linearity that exceeds the
point at which the V2 measure levels out. However,
their interpretation as measures of non-linearity
depends on having Gaussian system errors. Further,
measures based on higher order moments could be
introduced to measure higher order non-linearity. E.g.
the deviation between the EKF and the EnKF error
covariance estimates could be applied in an appropriate
way.
Finally, a bias measure is introduced, which compares the updated model to observations where available. The measurements should include validation
stations not assimilated, since assimilation might actually increase bias in validation stations. For every measurement, j, the bias measure, bj , is deﬁned as,
bj ¼

T
zt;j  ct;j xa
1X
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T t¼1 c P a cT þ r2
t;j t

t:j

ð38Þ

j

T is the number of time steps. The b-measure is applicable to any run in which a model standard deviation
is estimated. Taking the L2 -norm over all available
measurements, possibly divided into assimilated and
non-assimilated stations can aggregate the information
of the measure further.

ð36Þ
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u N
u1 X
k2 ðtÞ ¼ t
ðki ðtÞÞ2
N i¼1

6 Simulation study
ð37Þ

A positive or negative kurtosis respectively expresses
that the distribution is peaked or ﬂat relative to the
Gaussian distribution.
The two latter measures are introduced in order to
measure the point by point non-Gaussianity of the
ensemble distribution. Having a Gaussian initial distribution and Gaussian error sources, the non-Gaussianity is an expression of the eﬀect of accumulated
non-linearity in the modelled state. However, the
measures have both a bias and a variance due to a
limited ensemble size. Keep in mind that the forcing
function is part of the model operator when employing
the augmented state description. Thus, the squared
dependence between wind velocity and surface
momentum transfer will introduce a skewness into the
velocity components. An important operational issue is
the robustness of these measures to the ensemble size.
All three measures have an oﬀ-set that vary with

A twin test in an idealised set-up is used to demonstrate
the application of the non-linearity measures in MIKE
3. The study also investigates the model performance in
a set-up with biased forcing using diﬀerent error correlation structures to estimate the state both with and
without a long memory AR(1) error assumption. Both
investigations have been designed in order to assess the
validity of ﬁlter assumptions and the performance when
they are violated. However, ﬁrst attention must be paid
to the performance measures used.
Only water level is used in the performance measures,
which are as such diﬀerent from the cost function that
the scheme attempts to minimise. However water level is
considered the most important forecast variable, and it
is the variable that has the largest correlations with the
tidal gauge measurements and therefore most clearly
shows the strengths and weaknesses of the various
approaches. Practically all results transfer to the velocity
part of the state vector, albeit with a smaller amplitude.
Similarly, the non-linearity, non-Gaussianity and bias
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measures deﬁned in Section 5 are restricted to include
only water levels as well.
A standard performance measure of data assimilation
schemes is the root mean square error (RMSE) between
the true (true) and assimilating or perturbed solutions
(pert) in a twin experiment (Verlaan and Heemink 2001;
Madsen and Cañizares 1999). It can be expressed in a
way that collapses either the temporal or the spatial
dimension. In the present paper, the following deﬁnition
is used,
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u T
n u X
1X
2
t1
RMSE ¼
ð39Þ
ðftrue ðiÞ  fpert
t ðiÞÞ
n i¼1 T t¼1 t
where n is the number of water level grid points, T is the
number of time steps included in the estimate and f the
water level. Similarly bias and standard deviation can be
deﬁned as,
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
#2ﬃ
u n " T
u1 X 1 X

pert
Bias ¼ t
ð40Þ
ftrue
t ðiÞ  ft ðiÞ
n i¼1 T t¼1
1
St. dev.¼
n
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u
n u X
T 
X
  pert
2
t1
true
pert
ftrue

t ðiÞ ft ðiÞ  ft ðiÞ ft ðiÞ
T
i¼1
t¼1
ð41Þ
The ﬁlter theory is based on ensemble statistics, but in
order to estimate the ﬁlter performance time sampled
statistics must be used. This requires ergodicity and a
suﬃciently long time period for the statistics to have
acceptable accuracy.
For ergodicity to apply a basin with constant wind
forcing and constant open boundary elevation provides
the basis of the test case. The basin contains a simple horse
shoe island and the initial state has a constant surface
elevation at 0 m and is at rest. The spatial resolution is
10 km and the time step is 15 min. The northern open
boundary has surface elevation 1.0 m and the eastern has
surface elevation 0.0 m. The bathymetry, which is shown
in Fig. 1, was chosen to mimic a typical application of
MIKE 3 in shelf seas, while remaining simple enough for
fairly fast execution and ease of interpretation. In the nonlinearity twin test, NL, the false run uses a steady 20 m/s
westerly wind, while the true run is forced by the same
wind ﬁeld with a realisation of two similar AR(1) processes added to the
x- and y-components of the wind
velocity, respectively. Each AR(1) process has a time
constant of one hour and 25 min and is forced with a
Gaussian distributed white noise with a standard deviation of 5 m/s. In the error structure twin test case, ES, the
false run is similar, but the true run uses a steady 19.8 m/s
south-westerly wind corresponding to x and y wind
velocity components equal to 14 m/s.
The model was run for 16 days and statistics were
calculated during the last 15 days. The realised wind

Fig. 1 Test case bathymetry [m]. The black dots indicate
measurement positions (10, 160 km), (60, 80 km), (80, 10 km)
and (200, 30 km)

errors (the two AR(1) processes) added to the 20 m/s
westerly wind in the true NL run had spatially averaged
standard deviations of 9.0 m/s and 9.3 m/s in the x and y
directions respectively, and maximum norms of the
mean of 0.5 m/s and 0.3 m/s with spatial averages of
minus 0.01 and 0.03. This is taken to provide a suﬃciently good representation of the assumed error statistics of zero mean and standard deviation of 9.2 m/s.
Thus, any bias introduced in the system in the NL false
run must be due to non-linearity.
Note here that it is not suﬃcient to work with a
period much longer than the time constant of the noise
itself, since the model operator potentially ﬁlters the
input and thus transforms the characteristic time scales.
This is clearly seen when an auto-regressive noise is used,
but even in the case of direct Gaussian wind stress perturbation, the model operator performs a ﬁltering. In
order to make sure that the time statistics are reliable,
the time average of the model output from an execution
with the assumed true run should compare well with the
result of a 1-EnKF of the false run. For the NL true
run this was successfully validated against a 1000 EnKF
run without assimilation.
Measurements were extracted from four points in
each of the true runs to be assimilated into the false runs.
The positions shown in Fig. 1 were chosen at boundaries, as is typically the case for tidal gauge stations. The
asymmetry of the positions suggests a similar asymmetry
in the standard deviation of the state estimate to be
provided by the assimilation schemes. The measurement
positions are also chosen to investigate the ﬁlter performance in data sparse regions as compared to data
rich regions for various error structure assumptions.
The NL-experiments were designed to provide a
comparison between the various non-linearity measures
and relate these to the ﬁlter performance of the three
ﬁlters presented in Section 4. The design enables the
1-EnKF to provide the optimal estimate since care has
been taken not to have signiﬁcant reminiscent bias in the
system apart from that introduced by the non-linearity
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in the schemes based on a central forecast. Thus the
relation between bias and non-linearity should stand
clear. The non-linearity is expected to increase with
increasing update time intervals, (Verlaan & Heemink
2001). Therefore, update interval (ui) is chosen as a
control parameter of non-linearity. The update interval
is given in time steps and thus the ui12 run updates the
state every 12th time step or equivalently every 3 h.
Update intervals equal to 1,4, 8, 12, 24 and 48 are chosen
and compared to a simulation without updating.
The ES-experiments are meant to expose the
importance of using the augmented AR(1) error
description in the presence of bias. More generally they
highlight the performance of the Kalman ﬁlter using
true and false descriptions of the error structure and
how insight can be obtained from the bias measure.
The ES false run has a clearly biased wind forcing
having a direction, which is turned 45 degrees. The
EnKF is used to assimilate the true results under the
assumptions of biased and unbiased wind, i.e. time
constants of 0 and 106 seconds equivalent to an AR(1)
parameter a equal to 0.0 and 0.9994 respectively. This
is done in combination with four diﬀerent spatial correlation scales of 0, 100, 495 and 10,000 km for the
wind error.

7 Results and discussion
7.1 Non-linearity (NL) experiments
7.1.1 Solution without data assimilation
In order to give an impression of the general solution of
the NL true and false run and central and ensemble
forecast without assimilation, Fig. 2 shows a time series
of water level at the measurement point (60, 80 km) for
each case. The ensemble run is based on 1000 ensembles.
All variability in the true run is due to a changing wind
ﬁeld. A rather large variation has been imposed and the
shortcomings of the false runs are obvious. Further, the
Fig. 2 Water levels extracted
at (60, 80 km). Grey: True
run. Black dot-dashed: Central forecast false run. Black:
Ensemble forecast false run

bias introduced by the central forecast stands out
clearly.
An alternative view of the false run is provided by
Fig. 3, which shows the bias and standard deviation
over the last 15 days for the central forecast false run.
The spatial distribution of the bias reﬂects the non-linearity from the squared dependence of wind speed in the
momentum transfer. The distribution of the standard
deviation arises from the coloured wind error showing
its peak values close to the closed boundaries. Similar
statistics are shown for a 1000 ensemble forecast in
Fig. 4. Note the reduction in bias, while the standard
deviation remains literally unaltered.
7.1.2 General ﬁlter performance
The assimilation schemes all improve the rather poor
false solution signiﬁcantly. Figures 5 and 6 show the
bias and standard deviation for the RRSQRT with 40
leading eigenvalues and EnKF based on 1000 ensembles,
respectively, and should be compared to Figs. 3 and 4.
In both cases the state was updated at every time step,
i.e. ui ¼ 1. An obvious error reduction is seen in either
case, which proves the eﬃciency of the assimilation
schemes. Figure 7 shows the standard deviation estimated by the EnKF averaged over the last 15 days.
Ensuringly, the structure of this estimate is seen to
correspond closely to the actual standard deviation in
Fig. 6. Neither of the schemes have a signiﬁcant bias.
Note that ui ¼ 1 is the most linear of the NL model runs.
The good estimation of standard deviation generalises to
all assimilation runs.
Table 1 sums up the performance of the schemes as
estimated by the RMSE between the true run and
each run with false forcing with assimilation and
varying update interval and a run without assimilation. The good ﬁlter performance already demonstrated in the ﬁgures generalises to all cases. The
larger the update interval the worse performance, as
expected when longer periods of time with possible
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Fig. 3 Top: Central forecast NL false run water level bias [m].
Bottom: Central forecast NL false run water level standard
deviation [m]

Fig. 4 Top: 1000 ensemble forecast NL false run water level
bias [m]. Bottom: 1000 ensemble forecast NL false run water
level standard deviation [m]

drift away from the true state is allowed. An EnKF
with 100 ensembles is also included in the present
study and has approximately the same execution time
as the RRSQRT KF with 40 leading eigenvalues.
These numbers have been shown by Madsen and
Cañizares (1999) to be suﬃcient in the kind of system
under consideration. In order to assess the stochastic
variation of the EnKF, ﬁve realisations of the 100
EnKF have been calculated. Only one of these is included in Table 1, but the variability of the RMSE is
generally less than 0.005.

and CEnKF, whereas the ensemble forecast has a negligible bias.
This behaviour is well captured by the non-linearity
measure, V2 , deﬁned in Section 5. As can be seen in
Table 3 the eﬀect of changing the update interval is
consistently to increase V2 . This is a consequence of the
bias demonstrated in Table 2. As assumed, the nonlinearities in the model operator introduces progressively
more bias in the system as the update interval (ui) is
increased. However even when no assimilation is used at
all, the V2 non-linearity measures remain small. The
main source of non-linearity in the model is the conversion of wind velocity to wind stress in the interplay
between the augmented and the model part of the state
vector. Thus, the present set-up is not highly non-linear,
but on the other hand non-linearities are not negligible
either.
The s2 and k2 measures in Table 3 show a similar
dependence on update interval and thus provide interesting complimentary measures. While describing the
non-linearity they simultaneously provide an indicator
of non-Gaussianity and thus the reliability of interpreting the results as MAP-estimates. For s2 and k2 the
variability with update interval is somewhat diﬀerent
from V2 . They increase rather steadily with update

7.1.3 Assessment of non-linearity and non-Gaussianity
Consider the bias in the central forecast provided by the
CEnKF versus the EnKF based forecast with no
assimilation. Figures 3 and 4 show maps of their time
averaged bias for 1000 ensembles in the extreme case of
no updates. Table 2 shows the spatial L2 -norm of the
time averaged bias for the range of diﬀerent runs with
false forcing and using the various schemes and update
intervals. It is clear how the non-linear model equation
introduces a model bias as the update interval increases
in the schemes relying on central forecasts, RRSQRT
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Fig. 5 Top: Forecast NL false run water level bias [m] using
the RRSQRT. Bottom: Forecast NL false run water level
standard deviation [m] using RRSQRT

interval for the chosen intervals and even in the most
linear case (ui ¼ 1) the solution seems to be nonGaussian. Therefore, even the 1000 ensemble estimate
does not give the state with the maximum a-posteriori
probability, but rather the state estimate with the lowest
mean square error using linear and unbiased estimators.
All three measures are merely stochastic realisation
and their variability should be assessed. First of all, the
measures obviously vary with ensemble size. This is to
be expected since they rely on sample estimates of
second and higher order moments. However, for a
given ensemble size there might still be a stochastic
variability, due to limited ensemble size. Five realisations of 100 EnKF have been used to assess this variability. In all cases, the maximum diﬀerence is less than
0.02 in the RMSE estimate, 0.02 in V2 , 0.03 in s2 and
0.06 in k2 . Thus the single run estimates can be considered suﬃciently accurate to indicate the relative nonlinearity and Gaussianity of various data assimilating
set-ups.
Bias has been introduced as a product and measure of
non-linearity, but simultaneously it is the source of
trouble for schemes based on the extended Kalman ﬁlter, such as the RRSQRT, in strongly non-linear applications. In Segers et al. (2000) a second order RRSQRT

Fig. 6 Top: Forecast NL false run water level bias [m] using
the 1000 EnKF. Bottom: Forecast NL false run water level
standard deviation [m] using 1000 EnKF

Fig. 7 Estimated water level standard deviation [m] by the
1000 EnKF

ﬁlter was introduced, which handles signiﬁcantly more
non-linear situations. However, the only enhancement
as compared to the regular RRSQRT ﬁlter is to
estimate and correct the bias introduced in the state
estimate by non-linearities. The forcing induced bias,
which can have a similar impact on the ﬁlter performance, is most often not considered in literature, but
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Table 1 Root mean square error (RMSE) in the NL assimilation runs for varying update interval (ui) and assimilation scheme. Runs with
no update are denoted ui-1
RMSE

ui1

ui4

ui8

ui12

ui24

ui48

ui-1

1000 EnKF
100 EnKF
40 RRSQRT
1000 CEnKF
100 CEnKF
No assim.

0.10
0.10
0.12
0.10
0.10
0.36

0.12
0.12
0.13
0.12
0.13
0.36

0.17
0.17
0.19
0.17
0.18
0.36

0.22
0.22
0.24
0.22
0.23
0.36

0.27
0.27
0.30
0.28
0.29
0.36

0.31
0.32
0.34
0.33
0.33
0.36

0.34
0.34
0.36
0.36
0.36
0.36

Table 2 Spatial L2 -norm of the bias in the NL assimilation runs for varying update interval (ui) and assimilation scheme. Runs with no
update are denoted ui-1
Bias

ui1

ui4

ui8

1000 EnKF
100 EnKF
40 RRSQRT
1000 CEnKF
100 CEnKF
No assim.

0.01
0.02
0.01
0.01
0.01
0.13

0.01
0.01
0.01
0.01
0.02
0.13

0.01
0.01
0.02
0.03
0.02
0.13

ui12
0.01
0.02
0.04
0.04
0.04
0.13

ui24

ui48

ui-1

0.01
0.02
0.07
0.07
0.07
0.13

0.02
0.02
0.11
0.11
0.11
0.13

0.01
0.01
0.13
0.13
0.13
0.13

Table 3 Non-linearity measures for the NL assimilation runs for varying update interval (ui). Runs with no update are denoted ui-1
NL-measure

ui1

ui4

ui8

ui12

ui24

ui48

ui-1

V2
s2
k2

0.10
0.21
0.37

0.12
0.25
0.43

0.14
0.35
0.52

0.17
0.40
0.56

0.22
0.49
0.61

0.29
0.54
0.64

0.33
0.60
0.69

much more attention needs to be paid to this aspect for
operational use of Kalman ﬁltering techniques. The next
part of the discussion attempts to examine this bias
source and how the implemented schemes can handle it
in the case of true as well as false error structure
assumptions.

7.2 Error structure (ES) experiments

By running one of the data assimilation schemes with
no updates, the model standard deviation and thus the
b-measure can be estimated. Assuming the entire ﬁeld to
be known, the L2 -norm of b is 1.8 and if we restrict
ourselves to the measurement points the corresponding
value is also 1.8, but obviously a diﬀerent set of points
could yield a substantially diﬀerent value. Four validation points were selected: (10, 80 km), (160, 10 km), (130,
90 km) and (190, 190 km). Based on these the L2 -norm of
b is 2.1. In all cases the measure shows that the model-

7.2.1 Solution without data assimilation
Both the true and the false ES runs reach a steady state
rather fast and thus the false run error is essentially
determined by the bias, which is shown in Fig. 8. The
bias is created by a constant diﬀerence in wind direction throughout the domain. Thus, the error source is
known to be a bias in the wind velocity with inﬁnite
spatial correlation. The bias is evident and has an L2 norm of 0.27 m. However, the bias varies throughout
the domain. In real applications the bias can only be
estimated in measurement points. Thus, suﬃcient data
coverage is required for a proper assessment of bias.
The bias in Fig. 8 does not necessarily suggest a spatially constant bias to the untrained eye. Only with the
proper physical insight and suﬃcient sampling, this can
be anticipated.

Fig. 8 Forecast ES false run water level bias [m]
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measurement diﬀerence is signiﬁcantly larger than its
standard deviation. Knowing that the measurements are
unbiased in this idealised test case, we can conclude that
the model has a bias.
7.2.2 Solution with data assimilation
The biased error structure can be cast within the assimilation schemes presented in Section 4 and thus these
ought to give a very good estimation of the bias. This is
demonstrated in Fig. 9 showing the bias from the 100
EnKF scheme correctly assuming a biased error with a
very high spatial correlation of 10.000 km. Alternatively,
if the error is assumed to be white, a bias will always
remain as shown in Fig. 10, still assuming a spatial correlation of 10.000 km. The results are summarised in
Table 4, showing the L2 -norm of bias and b for varying
spatial correlation lengths with a white noise or bias
assumption corresponding to a time constant of zero and
106 s, respectively. The eﬀectiveness in bias correction is

seen to clearly depend on the validity of the imposed
error assumptions. The assimilation runs assuming coloured and spatially correlated noise leave a bias, which is
smaller than the estimated standard deviation of the
model-measurement diﬀerence. Since the model believes
it is correcting an error in all assimilation runs, this
standard deviation is rather quickly dominated by the
measurement standard deviation of 0.05 m. However, for
the assimilation runs assuming white noise the resulting
bias is only barely within the bounds of the uncertainty
even for the correct spatial correlation.
Applying a wrong spatial correlation scale can
potentially increase the bias in data sparse areas as
demonstrated in Fig. 11, which shows the bias for a
spatial correlation scale of 0 kilometres and a time
constant of 106 seconds. Compared to Fig. 8 there is an
evident bias increase in the data sparse bay of the horse
shoe island.
All together, these experiments show the importance
of treating the error structure correctly. Making false
assumptions can severely aﬀect the ﬁlter performance.
Both in the deterministic case and when employing an
assimilation scheme the bias in measurement points
ought to be examined. The b-measure can be used to
indicate whether the bias is within the range of uncertainty for every point of interest.

Table 4 Top: The L2 -norm of the bias. Bottom: The L2 -norm of b.
The time constant and the spatial correlation scale vary along the
vertical and horizontal axes respectively. All runs are based on the
100 EnKF scheme
Bias

0 km

100 km

495 km

10,000 km

0s
106 s

0.25 m
0.17 m

0.13 m
0.04 m

0.08 m
0.01 m

0.05 m
0.00 m

0s
106 s

4.13
3.03

1.63
0.64

1.12
0.21

0.84
0.06

Fig. 9 Forecast ES false run water level bias [m] using
100 EnkF with a time constant of 106 and a spatial correlation
scale of 10,000 km

b

Fig. 10 Forecast ES false run water level bias [m] using
100 EnkF with a time constant of zero and a spatial correlation
scale of 10,000 km

Fig. 11 Forecast ES false run water level bias [m] using 100
EnkF with a time constant of 106 and a spatial correlation scale
of 0 km
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8 Summary and conclusions
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approximately assessed. Hence work can proceed to
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sparse regions.
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