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A Kalman filter method is discussed for on-line estimation of radioactive release and atmospheric dispersion from a time series
of off-site radiation monitoring data. The method is based on a state space approach, where a stochastic system equation
describes the dynamics of the plume model parameters, and the observables are linked to the state variables through a static
measurement equation. The method is analysed for three simple state space models using experimental data obtained at a
nuclear research reactor. Compared to direct measurements of the atmospheric dispersion, the Kalman filter estimates are
found to agree well with the measured parameters, provided that the radiation measurements are spread out in the cross-wind
direction. For less optimal detector placement it proves difficult to distinguish variations in the source term and plume height;
yet the Kalman filter yields consistent parameter estimates with large associated uncertainties. Improved source term
assessment results, when independent estimates of the plume height can be used. Perspectives for using the method in the
context of nuclear emergency management are discussed, and possible extensions to the present modelling scheme are
outlined, to account for realistic accident scenarios.

INTRODUCTION

Recently, a Kalman filter method was proposed as a
means for on-line parameter estimation in the gaus-
sian plume model using off-site radiation monitoring
data(1). In the state space model formalism, the tem-
poral variations of the plume model parameters,
treated as state variables, are described by a stochas-
tic dynamic equation, while a static measurement
equation relates the state variables to the observa-
bles, for example, environmental gamma dose or
fluence rates. The Kalman filter is essentially a
sequential predictor–corrector algorithm, where the
model forecasts are recursively updated by weighting
the difference between the predicted model output
and the observations by an optimal gain factor, that
is, by exercising a sort of feedback control. The
embedded parameters of the state space model are
determined from the data by maximum likelihood
estimation, making the approach almost free of
external parameters.

Using simulated data, the proposed method was
found to provide stable and reliable estimates of the
plume model parameters and their associated uncer-
tainty as well as of the embedded parameters of the
state space model. Preliminary studies based on data
from an 41Ar atmospheric dispersion experiment
carried out at a nuclear research reactor in Mol,
Belgium(2) further indicate that the method could

be an efficient operational tool for source term
estimation following a nuclear accident.

In the present paper, we test the Kalman filter
method more thoroughly on the entire data set
from the 41Ar atmospheric dispersion experiment.
Three different state space models are examined,
differing in the number of unknown parameters.
For the two simplest models, the dynamics of a
subset of the gaussian plume model parameters
are governed by a random walk process, while the
remaining parameters are set externally. In the
third, more elaborate model, we allow for spatial
variation in the wind field to account for differences
between the plume advection direction and the
observed wind direction. The three different
models are compared with respect to their ability to
estimate the source term and plume geometry
observed in the experiment. Finally, possible exten-
sions to the simple state space models are discussed,
as well as the perspectives of using the method in
decision support systems for nuclear emergency
management.

METHOD

In the state space model the atmospheric dispersion
parameters, for example, the source term and plume
advection direction, are treated as stochastic state
variables. Denoting the m state variables at time t
by xi,t; i ¼ 1, . . . ,m, the time evolution of the
state XT

t ¼ x1;t, x2;t, . . . , xm;t

� �
is governed by the*Corresponding author: bent.lauritzen@risoe.dk
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stochastic system equation,

Xt ¼ f Xt�1, utð Þ þ wt, ð1Þ

while the physical observables, YT
t ¼ y1;t, y2;t, . . . ,

�
yn;tÞ, are linked to the state variables through the
static measurement equation,

Yt ¼ h Xtð Þ þ vt: ð2Þ

In the above equations, f describes the dynamics of
the state variables, where ut is an optional forcing
term, h is the atmospheric dispersion model relating
the observables (e.g. dose rate) to the state variables,
and wt and vt denote stochastic noise processes, the
latter accommodating both dispersion model uncer-
tainty and measurement error. Here, we will assume
wt and vt to be uncorrelated white noise gaussian
processes with zero mean and covariance matrices
Qt and Rt, respectively.

The estimator of the state at a time t, X̂Xtjs, given all
observations up to and including time s is
provided by the generalised discrete Kalman filter
equations(3–5), comprising a priori state estimates
(time updates, s ¼ t�1) and a posteriori state esti-
mates (measurement updates, s ¼ t), that is,

� Time update:

X̂Xtjt�1 ¼ f X̂Xt�1jt�1,ut
� �

, ð3Þ

�xx
tjt�1 ¼ At�

xx
t�1jt�1A

T
t þQt: ð4Þ

� Measurement update:

Kt ¼ �xx
tjt�1H

T
t Ht�

xx
tjt�1H

T
t þ Rt

� ��1

, ð5Þ

X̂Xtjt ¼ X̂Xtjt�1 þ Kt Yt � h X̂Xtjt�1

� �� �
, ð6Þ

�xx
tjt ¼ �xx

tjt�1 � KtHt�
xx
tjt�1, ð7Þ

were �xx
tjs � V XtjYs,Ys�1, . . . ,Y1�½ is the state error

covariance based on all observations up to and
including time s. The matrices At and Ht are the
partial derivatives of f and h with respect to the
state variables,

Atð Þij ¼
@fi
@xj

X̂Xt�1jt�1; ut
� �

, ð8Þ

Htð Þij ¼
@hi
@xj

X̂Xtjt�1

� �
, ð9Þ

resulting from linearising the system and measure-
ment equations around the current state estimate. To
initialise the Kalman filter one must define the initial
state estimates (X̂X0j0,�xx

0j0). These parameters along
with other embedded parameters of the state space
model, for example, the system and measurement
error covariance matrices Qt and Rt, may be set
externally or estimated from the observations.
Finally, it is assumed that the state space
model is observable(5), that is, that an estimate
of the state vector Xt can be obtained from
the measurements Yt.

The precision of the state estimates is determined
by the system and measurement error covariance
matrices, Qt and Rt, embedded in the state space
model. Rather than relying on subjectively selected
parameters, the set of unknown state space para-
meters b ¼ fQt,Rt,X̂X0j0,�xx

0j0, . . . g may be deter-
mined by maximum likelihood estimation(1).
Based on N observations of the measurement vector,
�N ¼ {YN, . . . ,Y1}, the log-likelihood function is
given by

lnL b;�Nð Þ ¼ � 1

2

XN
t¼1

ln det�yy
tjt�1

n

þ eT
t �yy

tjt�1

� ��1

et
o
þ const: ð10Þ

The term et ¼ Yt � h X̂Xtjt�1

� �
is the innovation,

which is provided by the Kalman filter along
with the associated covariance �yy

tjt�1
¼ Ht�

xx
tjt�1

HT
t þ Rt, cf. Equations 5 and 6. The maximisation

of the log-likelihood function (10) must, in
general, be carried out using non-linear numerical
optimisation(6,7).

The observables Yt consist of simultaneous
measurements of the radiation field, for example,
environmental dose rates or as in the present
study primary photon fluence rates, j, along with
observations of the wind direction, yw, from a
weather mast. Hence, the model for the observables,
Yt ¼ h(Xt)þ vt, is given by

hT ¼ j1, . . . ,jn�1,ywð Þ: ð11Þ

The fluence rate at a detector position, ~rrk, is calcu-
lated from the general expression,

j ~rrkð Þ ¼ 1

4p

Z
d3~rr

wð~rrÞexp �mj~rr � ~rrkjð Þ
~rr � ~rrkð Þ2

yg, ð12Þ

where w ~rrð Þ is the radionuclide activity concentration,
m is the linear attenuation coefficient and the photon
yield yg is the number of photons per disintegration.
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In the gaussian plume model the activity concentra-
tion is written as

w ~rrð Þ ¼ y xð Þ _QQ
2pusy xð Þsz xð Þ exp � y2

2s2
y xð Þ

 !

� exp � z � hð Þ2

2s2
z xð Þ

 !
þ exp � zþ hð Þ2

2s2
z xð Þ

 !)
,

(

ð13Þ

where, x denotes the downwind distance from the
release point along the plume advection direction y
(the plume centreline), y is the cross-wind distance
and z the height above the ground. _QQ is the radio-
nuclide emission rate, u the wind speed and h is the
effective plume height, while sy(x) and sz(x) are the
horizontal and vertical plume dispersion parameters
in the y- and z-direction, respectively. The term y(x)
denotes the Heaviside unit function, restricting the
activity concentration to the region x> 0. The model
prediction for the wind direction is obtained by
equating the observed wind direction to the plume
advection direction, ywt ¼ yt.

In the present study, we restrict ourselves to a
linear stochastic system equation, that is,

Xt ¼ AXt�1 þ ut þ wt: ð14Þ

The state variables XT
t ¼ _QQ=u, h, y, sy, sz

� �
t

are the
parameters of the gaussian plume model. Since in the
model we cannot distinguish variations in the emis-
sion rate from variations in the wind speed without
independent measurements of either of these quan-
tities, we will, henceforth, refer to the ratio _QQ=u as
the source term. Furthermore, the unknown system
and measurement error covariance matrices Qt and
Rt embedded in the state space model (1) and (2)
are assumed to be constant and diagonal. To
account for missing observations, however, the cor-
responding matrix elements of Rt are assigned infi-
nite values. In the evaluation of Equations 12 and
13, we use a numerically efficient implementation
based on an approximate one-dimensional integral
solution(1,8).

EXPERIMENTAL DATA

The Kalman filter method is applied to a set of radia-
tion monitoring data, which were obtained during 3–5
October 2001 at the BR1 research reactor at the
Belgium Nuclear Research Center (SCK•CEN) in
Mol(2,9). The experiment was carried out as part
of the Nordic Nuclear Research project NKS/
BOK-1(10) and in collaboration with SCK•CEN.

Using an array of gamma detectors, ground level
measurements of the radiation field owing to
gamma decay of 41Ar (Eg ¼ 1293.6 keV, yg ¼
0.992) released from the 60-m emission stack were
performed over a period of 3 d along with measure-
ments of all the essential meteorological parameters
(e.g. wind direction and speed) from the on-site
weather mast. Continuous measurements of the
source term were obtained by extracting air samples
from the emission stack and measuring the activity
concentration using a plastic scintillator. During the
experiment, the reactor thermal power was kept con-
stant at 700 kW and the atmospheric air from the
air-cooled reactor ventilated at a rate of �9.4 m3 s�1,
giving rise to a relatively constant 41Ar emission rate.
Direct measurements of the plume geometry were
performed by injecting a white aerosol tracer into
the cooling air stream from the reactor, which was
subsequently scanned using a Lidar technique based
on a pulsed laser beam(11,12). From the Lidar scans,
plume aerosol cross-section profiles were obtained in
addition to the horizontal and vertical plume centre-
line position.

During the experiment, four gamma detectors
labelled A–D were set up to span the plume based
on 6-h forecasts for the wind direction, taking into
account the terrain requirements. The four detectors
are identical, thermally insulated NaI(Tl) detectors
and provide 512-channel spectra every 30 s from
which background corrected measurements of the
primary photon fluence rate are obtained. For the
purpose of this study, the spectral counts are binned
in synchronised 1-min intervals. Four time series
were recorded during the experiment. Schematical
drawings of the detector positions and the mean
wind direction are shown in Figure 1; the cor-
responding time series are summarised in Table 1.
Since the weather mast was located several hundred
metres away from the gamma detectors, measure-
ments of the wind direction may deviate from the
main plume advection direction.

Note that the data from 4 October, which was
obtained over a full day of reactor operation, is
split into two separate data sets of roughly equal
length (Series 2 and 3). Since the detectors were
occasionally recalibrated to account for thermal
drift in the recorded energy spectra, missing meas-
urements occur in all time series for one or more of
the detectors.

NUMERICAL RESULTS

Initially, we consider two different state space mod-
els, differing only in the treatment of the plume
height. In Model I, the unknown plume parameters
are the source term, the plume height and the main
advection direction, that is, XT

t ¼ _QQ=u, h, y
� �

t
, while

in Model II the state vector is XT
t ¼ _QQ=u, y

� �
t
, cf.
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Table 2. In case of an accidental airborne release,
little or no information may be available on the
plume height, which is an important parameter,
especially for long-distance transport. This is
accounted for in Model I, where the plume
height is a free parameter to be determined through
the Kalman filter. In Model II, the availability of
independent and reliable estimates of the plume
height is assumed. The plume height is here set

externally as a forcing term ht ¼ hut , based on the
theoretical formulae for buoyant plume rise by
Briggs(13). Similarly, in both models sy and sz are set
externally using a site-specific parameterisation of the
dispersion parameters(14), for example, sy;t ¼ suy;t,
that depends on the distance from the source and
the atmospheric stability according to the Pasquill–
Gifford scheme(15). A simple random walk process is
used to govern the temporal variations of the remain-
ing (free) state variables, cf. Equation 14,

xi;t ¼ xi;t�1 þ wi;t: ð15Þ

The observables Yt are the gamma fluence rates
recorded by the four detectors and the instantaneous
wind direction measured from the weather mast.

Figure 2 shows the Kalman filter predictions
ŶYtjt�1 ¼ h X̂Xtjt�1

� �
for Model I and Series 1. The

Kalman filter is seen to provide a smooth fit to the
experimental data. The fluence rate predictions sys-
tematically lag one time-step behind the measure-
ments as would be expected from the current model
and Equation 3, while the measured wind direction
display more irregular deviations from the prediction.
This is expected since the plume advection direction is
an average over the transit from source to the detec-
tors. Similar results were obtained for the other three
time series. From the Kalman filter, estimates of

Table 2. State space models.

Free parameters External parameters

Model I _QQ=u, h, y sy, sz
Model II _QQ=u, y h, sy, sz

Series 1 Series 2

Series 3 Series 4

Figure 1. The detector set-up (A–D) of the four time series, cf. Table 1. ‘S’ is the emission stack and the mean wind
direction is shown for each of the time series. The Lidar scanning directions are indicated by dotted lines.

Table 1. Data sets.

Data set # measurements
(min)

Period

Series 1 90 3 Oct. at 15.36–17.05
Series 2 166 4 Oct. at 11.43–14.28
Series 3 175 4 Oct. at 14.29–17.23
Series 4 123 5 Oct. at 09.53–11.55
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the unobserved fluence rates are obtained based on
the remaining available information, for example, for
detector A in the interval 34–44 min (top panel).

Figures 3–6 show the a posteriori Kalman filter
estimates of the plume model parameters, X̂Xtjt, and
the associated standard errors obtained from the

covariance matrix �xx
tjt for Models I and II for all

the time series. Also shown are the direct observa-
tions of the source term, plume height and wind
direction, as well as the theoretical height including
plume rise.

For Series 1 (Figure 3), Model I predicts a source
term that is up to four times larger than the meas-
ured value and a plume height that is up to twice that
of the theoretical predictions. Since the Lidar in this
experiment was placed far away from the detector
line (Figure 1), yielding only an inaccurate estim-
ate of the height, no direct measurements of the
plume height are available for this data set. The
seeming overestimation of both source term and
plume height is most probably caused by the strong
correlation between the source term and the plume
height, giving rise to a state identification problem.
To resolve the variations in these parameters using
ground level radiation measurements only, the detec-
tors must be spread out sufficiently in the cross-wind
direction(1). For Series 1 the estimated horizontal
plume dispersion parameter, sy, is of the order of
100 m at the location of the detectors. The width of
the plume is thus comparable to the region covered
by the detectors (Figure 1), and the spatial separa-
tion of the detectors is not sufficient to resolve varia-
tions in the plume height and source term.

For Series 2 and 3 the detectors are placed almost
parallel to the mean wind direction and close to the
plume centreline (Figure 1). For Series 2 (Figure 4),
Model I wrongly indicates a near ground-level plume
with the estimated standard deviation being of the
same order of magnitude as the predicted height,
while Lidar measurements as well as the theoretical
plume height is close to or exceeding the height of
the emission stack. Slightly better results for the
plume height are obtained for Series 3 (Figure 5).
The estimated plume height is here seen to coincide
better with the measurements but to exhibit fast
fluctuations, suggesting numerical instability. The
fluctuations are mirrored in the estimated standard
deviations. In both cases, Model I estimates the
source term to exceed the measurements by up to a
factor of two.

For Series 4 (Figure 6) the detectors are placed
perpendicular to the plume centreline, and the estim-
ated plume height agrees well with the measured
height. Likewise, the source term estimates agree
well with the measurements, in particular during the
first 50 min of the time series. Thus the Kalman filter
seems to be able to resolve the variations in source
term and plume height correctly. The peaks observed
in the estimated standard deviations at 90 min are
caused by all the gamma detectors simultaneously
being off-line and hence no radiation data being avail-
able to correct the Kalman filter predictions. As new
measurementsbecomeavailable, thevarianceestimates
for all parameters quickly drops to a lower value.

Figure 2. Kalman filter predictions ŶYtjt�1 ¼ h X̂Xtjt�1

� �
for

Model I and Series 1 (dashed lines). The full lines are the
measured values, Yt.
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Figure 3. Model parameters and associated standard deviations for Series 1. The dashed and dotted curves are the
a posteriori parameter estimates using Models I and II, respectively, while the solid curves are the experimental data. The
solid grey line in the middle left panel is the theoretical plume height calculated according to Briggs(13). The wind direction
measurements shown in the lower left panel have been exponentially smoothened (smoothing constant ¼ 0.2)(4) to reduce

rapid fluctuations associated with the frequent measurements.

Figure 4. As Figure 3, results for Series 2. Solid horizontal lines in the h and y plots (middle and lower left panels) show
the plume Lidar scanning measurements.
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Figure 5. As Figure 4, results for Series 3.

Figure 6. As Figure 4, results for Series 4.
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The estimated parameter correlations are shown in
Figure 7. The strong correlation between the source
term and the plume height is clearly recognised by
the Kalman filter for three of the four time series.
The small correlation found for Series 2 is linked
to the poor estimate of the plume height, cf. Figure 4.
The strong correlation between the source term and
plume advection direction for all time series is due to
the four detectors being placed on the same side of
the plume centreline, cf. Figure 1; simulations, how-
ever, have shown this correlation to decrease when
the detectors cover both sides of the plume(1). Except
for Series 1, where a moderate correlation is found,
the Kalman filter estimates suggest little correlation
between the height and the main advection direction.

More accurate source term estimates are expected
from Model II. In this model, the free height para-
meter is replaced by the theoretical height. Overall,
the theoretical plume height shown in Figures 4–6
appear to be a more accurate approximation to the
Lidar measured height than the plume height derived
from Model I. With the plume height given as an
external forcing term (Model II), the estimated
source term in the four time series is consistently
found to exceed the measurements by approximately
a factor of two. Similar estimates of the plume
advection direction are obtained in the two models.

Figures 8 and 9 show the source term estimates
_QQ=u provided by the Kalman filter versus the

measured values for the two models, respectively.
The straight lines are constrained linear regressions,
y ¼ ax, assuming no bias in the measurements of the
release rate and the wind speed. Both models yield a
ratio of estimated to measured source term of �1.8,
however, with a significantly smaller spread in the
case of Model II. Also, the data sets for the four time
series have a larger overlap in Model II. This sug-
gests that Model II gives a more accurate and robust
estimate of the source term, provided a reliable value
of the plume height is available.

Embedded parameters

In the proposed Kalman filter method, the embedded
parameters of the state space model are determined
by maximum likelihood estimation. The embedded
parameters include the measurement error covari-
ance R and the system error covariance Q.

Figure 10 shows the measurement error divided by
the mean of the fluence rate for each of the four
detectors,

ffiffiffiffiffiffi
Rii

p
=<ji>, as a function of the down-

wind and cross-wind distances. The values are cal-
culated independently for each of the four time series
for both models. The measurement errors are seen to
cluster around

ffiffiffiffiffiffi
Rii

p
=<ji>� 0:2, with no clear trend

observed as a function of x0 or y0. Preliminary stu-
dies indicate that the performance of the Kalman
filter is not very sensitive to the values of the

Figure 7. A posteriori parameter correlations obtained from �xx
tjt . The dashed and dotted curves show the Kalman filter

estimates obtained using Models I and II, respectively.
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Figure 8. Scatterplot showing the estimated source term versus the measured source term using Model I. The straight line
shows the constrained linear regression, y ¼ ax. The least-squares estimate is âa ¼ 1:81 (R2 ¼ 0.84).

Figure 9. As Figure 8 using Model II. The straight line shows the constrained linear regression, y ¼ ax. The least-squares
estimate is âa ¼ 1:83 (R2 ¼ 0.91).

Figure 10. The estimated standard error
ffiffiffiffiffiffi
Rii

p
for the fluence rate measurements divided by the mean fluence rate <ji>

for each detector as a function of the down-wind (x0) and cross wind (y0) distances. When the difference between the
results of the two models is less than a few percent, the points are indistinguishable.
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measurement error covariance. This suggests that it
could be favourable in an operational context to
exchange the maximum likelihood estimates

ffiffiffiffiffiffi
Rii

p

by c�jji, where �jji is an average over a few measure-
ments and c is a constant factor (c � 0.2).

The diagonal elements of the Q matrix are shown
in Figure 11. Qhh is found to be almost zero for
Series 2 in accordance with the height estimate
shown in Figure 4 (middle left panel), which erro-
neously goes to zero. Likewise, the strong fluctua-
tions exhibited by the plume height in Series 3
(Figure 5) is explained by Qhh being substantially
larger than in the other three cases.

WIND DIRECTION

The wind direction is measured from a local weather
mast located at the SCK•CEN site and is in the
preceding calculations included in the measurement
vector. Owing to space–time variations in the local
wind field, the measured wind could differ from the
main plume advection direction. On the other hand,

the Kalman filter is expected to compensate for such
differences by assigning a large measurement error
to these observed wind directions, thus relying more
on the radiation measurements.

In the following, we extend the state space model
to allow explicitly for a difference y0 between the
observed wind direction and the plume advection
direction. In the extended model, Model III, the
state variables are XT

t ¼ _QQ=u, h, y, y0
� �

t
while the

observables are the same as in Models I and II.
Unlike the first three state variables, the time evolu-
tion of y0 is assumed to be described by an auto-
regressive process of first order, that is, where the
matrix A from Equation 14 is given by

A ¼

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 a

0
BBB@

1
CCCA: ð16Þ

The unknown parameter a is determined through the
maximum likelihood procedure. The model predic-
tion for the observed wind direction is

yw
t ¼ yt þ y0t: ð17Þ

Note that when y0 is equal to zero, the extended
model reduces to Model I.

The Kalman filter results for Series 1 and 4
using Model III are shown in Figures 12–14.
The parameter a for the two time series is estimated
as 0.87	 0.14 and 1.01	 0.01, respectively. Thus,
for both time series, the estimated value is
consistent with a ¼ 1, indicating a systematic
deviation between the plume advection direction
and the measured wind direction. Series 2 and 3 are
not considered, as the detectors here are placed
almost parallel to the plume advection direction,
and hence the plume advection direction cannot
accurately be determined from the fluence rate
measurements alone.

The parameter estimates derived for Series 1 are
shown in Figure 13. The Kalman filter estimate of y0

tends to zero, implying that the main plume advec-
tion direction is along the measured wind direction,
cf. Equation 17, and that the parameter estimates
of _QQ=u, h, and y are similar to those obtained
previously (Figure 3). The results for Series 4
(Figure 14) indicate a larger deviation between the
main plume advection direction and the measured
wind direction. This implies that including the
observed wind direction in the measurement vector
of the previous models may have introduced a bias.
We therefore in Figures 13 and 14 also show the
results of a modified version of Model I, in which
the wind direction has been omitted from the meas-
urement vector, that is, hT ¼ (j1,j2,j3,j4). Gener-
ally, the parameter estimates in Model III are found

Figure 11. Square root of the diagonal elements of the
system covariance matrix,

ffiffiffiffiffiffi
Qii

p
, for the source term

(i ¼ 1), plume height (i ¼ 2) and plume advection
direction (i ¼ 3). The solid and open circles show the

results for Models I and II, respectively.
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Figure 12. Kalman filter predictions for the observed wind direction, ŷy
w

tjt�1 ¼ ŷytjt�1 þ ŷy
0
tjt�1

, for Series 1 and 4 when using
Model III (dashed curves). The solid curves show the measured values.

Figure 13. Filtered model parameters and associated standard deviations for Series 1. The dashed and dotted curves are
the a posteriori Kalman filter estimates from Model III and the modified version of Model I, respectively, where the wind

direction in the latter model is not included as an observable. Also shown is the measured source term (solid line).
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to agree with the results obtained from this modified
version of Model I.

This also follows from Figure 15, where the mod-
els are seen to yield similar results for y0. For Series 1,
the measured wind direction agrees with the plume
advection direction. For Series 4 on the other hand,
the Kalman filter finds a non-vanishing and time-
varying y0, which peaks at (minus) 7–8
. Taking
into account this effect, the source term estimates
(Figure 14) are reduced compared to those of
Model I (Figure 6), while the plume height remains
unchanged.

Likelihood ratio test

Model III is effectively an extension of Model I,
where the number of unknown, embedded para-
meters, dim(b), is increased from 14 to 18. When
the extra parameters are set to zero, Model III
reduces to Model I. To test whether or not these

additional degrees of freedom may be statistically
justified in terms of explaining the data, we use a
likelihood ratio test(16). Consider the hypothesis
H0: b2B0 (corresponding to Model I) against
H1: b2B\B0 (corresponding to Model III), where
B0 is a subspace of the complete parameter space
B. The likelihood ratio l is defined by

ln l¼ ln
L b̂b 0

� �
L b̂b
� �

0
@

1
A¼ ln L b̂b 0

� �
� ln L b̂b

� �
, ð18Þ

where Lð b̂b 0
Þ and L b̂b

� �
are the maximum likelihood

values corresponding to the optimal estimates of the
parameters in Models I and III, respectively. Given
the null hypothesis H0 is true then

�2ln l 2 w2 dim bð Þ � dim b0ð Þð Þ, ð19Þ

Figure 14. As Figure 13 for Series 4. Solid horizontal lines have been added in the h and y plots that show direct plume
measurements obtained from Lidar scanning.
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that is �2ln l belongs to a w2-distribution with
degrees of freedom given by the difference in the
number of unknown parameters. A small value
(�1) of the inverse w2 implies that we must reject
the null hypothesis H0.

Table 3 shows the results of comparing Models I
and III using the likelihood ratio test. For Series 4 the
extension of Model I seems to be justified, since
the inverse w2 � 0, but not for Series 1,
where the inverse w2 � 0.24. This is in accordance
with the Kalman filter results, where the parameter
estimates from the two models are seen to change
noticeably for Series 4 but not for Series 1. Note that
the modified version of Model I, which does not
including the wind direction as an observable, can-
not be compared to any of the other models, since
the likelihood ratio test demands that the models are
tested on the same data. However, since the Kalman
filter results for this model are similar to those of
Model III, the modified version of Model I should
arguably be justifiable as well when compared to the
original Model I.

DISCUSSION

A main problem in facilitating operational use of the
Kalman filter method, that is, in the context of
nuclear emergency management, lies in tuning the
system and measurement error covariance matrices
Qt and Rt, which along with additional embedded
parameters must either be provided externally
or estimated from data. In the present study, Qt

and Rt are assumed to be constant, diagonal
matrices, and maximum likelihood estimates of the
embedded parameters are obtained using the full
range of the data.

The model, however, may readily be extended to
include both time-dependent and non-diagonal error
covariance matrices. The results obtained indicate
that the measurement standard errors to a first
order approximation should be proportional to the
mean fluence rate,

ffiffiffiffiffiffi
Rii

p
¼ c�ffi, cf. Figure 10. Since in

the general case the radiation field changes over
time, for example, due to changes in the radionuclide
release rate or in the mean advection direction,
the measurement error covariances should also be
time-dependent to account for such changes. Non-
diagonal matrix elements naturally arise when allow-
ing for systematic measurement errors, considering
that the measurement error covariance matrix Rt

includes not only measurement noise but also
model and completeness error, for example, errors
due to un-modelled dynamics.

The same holds for the system error covariance Qt

controlling the temporal variation of the state
vector. One might expect the plume dispersion
parameter covariances both to exhibit strong

Figure 15. The difference between the measured wind direction and the main plume advection direction, y0t ¼ yw
t � yt, for

Series 1 and 4. The dashed lines are the Kalman filter estimates from Model III. The dotted lines show ywt � ŷytjt obtained
from the modified version of Model I, where the wind direction is not included as a direct observation, and the measured

wind direction yw
t has been exponentially smoothened.

Table 3. Likelihood ratio test comparing Model I
(dim(�0) ¼ 14) and Model III (dim(�) ¼ 18).

Test

�2ln l Inverse w2

Series 1 5.5 0.24
Series 4 28.3 1.07 � 10�5
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correlations and to be time-dependent, since these
parameters will be affected by, for example, varia-
tions in the atmospheric turbulence.

In an on-line automatic system used for decision
support it is essential that calculations can be carried
out between time updates. For the present study,
calculations were performed on a SunFire 3800
with 1200 MHz UltraSparc III processors. Using a
partially optimised numerical code, maximum like-
lihood estimation for each of four time series
required a few minutes of computer time for Model II
(11 parameters) and 10–15 min for Model III
(18 parameters).

For fast computing, one may rely on (partly) pre-
defined parameters b, assuming that these are close
to the optimal values, that is, the maximum like-
lihood estimates. Such a set of parameters could be
determined from expert judgments and/or measure-
ments. Another possibility is to use an empirical
Bayesian approach, where prior knowledge about
the parameters is expressed using prior distributions.
As soon as local observations become available,
information about the parameters are updated
using a maximum a posteriori (MAP) method(17).

Considering longer time-series, that is, for a pro-
longed release, it may be advantageous periodically
to re-estimate the embedded parameters, since the
parameter values that optimise the likelihood func-
tion for a subset of observations need not be optimal
for the complete time series. Conversely, if for
instance the meteorological conditions or the radio-
nuclide composition change during the release, the
embedded parameters should be re-assessed to
reflect such changes. In this case, only the most
recent part of the time series should be used for
estimating the parameters.

To account for realistic accident scenarios, the
simple gaussian plume model should be amended
to include the simultaneous release and decay of
many different radionuclides and should also be
supplemented by models for dry and wet deposition.
While such extensions are straightforward, the
detailed treatment depends on the measurements
assumed available. If only gamma dose rates or
gross count rates are measured, the radionuclide
composition of the release becomes unobservable.
Still, the method can be used to assess the total
activity released, if the radionuclide makeup of the
plume is assumed known.

The state space method is very flexible and may be
extended to accommodate a more detailed physical
description of the various processes giving rise to the
radiation field. If the dynamics of the release and
atmospheric dispersion can be described by ordinary
linear differential equations, an autoregressive sto-
chastic model should be substituted for the present
simple random walk model. Also non-linear models
can be formulated in the state space formalism(18).

We have implicitly assumed up to now that simulta-
neous measurements are performed at equidistant
time points. If this is not the case, however, the
state space model can be formulated as a continuous
time system, allowing incorporating irregular or
asynchronous measurements(6).

Finally, for retrospective data processing the pro-
posed state space model constitutes an equally appro-
priate framework. In this case, rather than using a
filtering procedure, the state variables should be
determined from a Kalman Smoother(4), for which
each state vector estimate is based on all data in the
series. The embedded parameters may also in this
case be obtained by maximum likelihood estimation.

CONCLUSIONS

In the present study we have analysed a Kalman
filter method for the estimation of atmospheric
release of radionuclides from a nuclear research
reactor using a set of experimental radiation
monitoring data. The method has been analysed
for three different state space models.

The Kalman filter method is in general found to
provide good estimates of the gaussian plume model
parameters, that is, the source term (the emission
rate divided by wind speed), plume height and advec-
tion direction, when the ground-based radiation
measurements span the plume in the cross-wind
direction. For a less optimal detector placement it
proves difficult to resolve variations in the plume
height and source term. The proposed method, how-
ever, still provides consistent estimates of the para-
meters while associated with large prediction errors.

Numerical estimates of the source term are found
consistently to exceed the measured values by
approximately a factor of 1.8. A similar discrepancy
between measured and calculated values has pre-
viously been observed in deterministic calculations
with the Rimpuff atmospheric dispersion model,
used in EU decision support systems(19). In these
calculations, where the input data are the measured
source term and a theoretical plume height, the flu-
ence rates are found to exceed the measured values
by up to approximately a factor of two(20).

When including the wind direction as an observa-
ble, results indicate that improved Kalman filter
estimates may be obtained by adopting an extended
state space model, Model III, which allows explicitly
for a difference between the measured wind direction
and the main plume advection direction. This is also
supported by a likelihood ratio test. Alternatively,
one might exclude wind direction measurements
from the input data by using the simpler Model I.
To infer accurate estimates of the plume advection
direction from ground-based radiation measure-
ments only, however, these measurements must
span the plume in the cross-wind direction. For

M. DREWS ET AL.

88

 at D
T

U
 L

ibrary on M
ay 19, 2014

http://rpd.oxfordjournals.org/
D

ow
nloaded from

 

http://rpd.oxfordjournals.org/


some of the data series examined, for example,
Series 2 and 3, the detector placement was not opti-
mal and excluding wind direction measurements for
these time series rendered the calculations unstable.

Overall, this numerical study suggests that the
Kalman filter method could be a valuable operational
tool for estimating the release and atmospheric disper-
sion during an atmospheric release of radionuclides.
Essentially, the Kalman filter is a recursive estimator,
which allows updated estimates of state parameters to
be calculated as soon as new data become available.
Based on on-line radiological and meteorological
observations the filtering procedure thus allows effi-
cient inference of atmospheric dispersion parameters
including the radionuclide source term.

The proposed state space model constitutes a
flexible framework that accommodates both the
inclusion of input data obtained from a variety of
measurements and being of irregular time sequences
as well as the extension of the method to more
elaborate models for the dispersion and deposition
of radionuclides.

REFERENCES

1. Drews, M., Lauritzen, B., Madsen, H. and Smith, J. Q.
Kalman filtration of radiation monitoring data from
atmospheric dispersion of radioactive materials. Radiat.
Prot. Dosim. 111(3), 257–269 (2004).

2. Rojas-Palma, C. et al. Experimental evaluation of
gamma fluence-rate predictions from 41Argon releases
to the atmosphere over a nuclear research reactor site.
Radiat. Prot. Dosim. 108(2), 161–168 (2004).

3. Kalman, R. E. A new approach to linear filtering and
prediction problems. Trans. ASME – J. Basic Eng.
D 82, 35–45 (1960).

4. Shumway, R. H. Applied statistical time series analysis.
(London: Prentice-Hall) (1988).

5. Jazwinsky, A. Stochastic Processes and Filtering
Theory. (New York: Academic Press) (1970).

6. Kristensen, N. R., Madsen, H. and Jørgensen, S. B.
Parameter estimation in stochastic grey-box models.
Automatica 40, 225–237 (2004).

7. Madsen, K. and Tingleff, O. Robust subroutines for
non-linear optimization. Report NI-90-06, Technical
University of Denmark (1990).

8. Gorshkov, V. E., Karmazin, I. P. and Tarasov, V. I.
Reduced integral solutions for gamma absorbed dose
from Gaussian plume. Health Phys. 69(2), 210–218
(1995).

9. Drews, M., Aage, H. K., Bargholz, K., Jørgensen, H.,
Korsbech, U., Lauritzen, B., Mikkelsen, T.,
Rojas-Palma, C. and Van Ammel, R. Measurements
of plume geometry and argon-41 radiation field at the
BR1 reactor in Mol, Belgium. NKS-55 (2002).

10. Lauritzen, B. Nuclear emergency preparedness. Final
report of the Nordic Nuclear Safety Research project
BOK-1. NKS-63, (2002).

11. Jørgensen, H. E. and Mikkelsen, T. Lidar measure-
ments of plume statistics. Boundary-Layer Meteorol.
62, 361–378 (1993).

12. Jørgensen, H. E., Mikkelsen, T., Streicher, J.,
Herrmann, H., Werner, C. and Lyck, E. Lidar calibra-
tion experiments. Appl. Phys. B 64, 355–361 (1997).

13. Seinfeld, J. H. Atmospheric Chemistry and Physics of
Air Pollution, (John Wiley & Sons) (1986).

14. Bultynck, H. and Malet, L. Evaluation of atmospheric
dilution factors for effluents diffused from an elevated
continuous source, TELLUS 24, 455–472 (1972).

15. Gifford, F. A. Turbulent diffusion typing schemes:
A review. Nucl. Safety 17, 25 (1976).

16. Rao, C. Linear Statistical Interference and its Applica-
tions. (New York: John Wiley & Sons) (1973).

17. Goodwin, G. C. and Payne, R. L. Dynamic System
Identification: Experiment Design and Data Analysis.
(New York: Academic Press) (1977).
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