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Pharmacokinetic/pharmacodynamic modelling is most often performed using non-linear mixedeﬀects models based on ordinary diﬀerential equations with uncorrelated intra-individual residuals.
More sophisticated residual error models as e.g. stochastic diﬀerential equations (SDEs) with
measurement noise can in many cases provide a better description of the variations, which could be
useful in various aspects of modelling. This general approach enables a decomposition of the intraindividual residual variation  into system noise w and measurement noise e. The present work
describes implementation of SDEs in a non-linear mixed-eﬀects model, where parameter
estimation was performed by a novel approximation of the likelihood function. This approximation
is constructed by combining the First-Order Conditional Estimation (FOCE) method used in nonlinear mixed-eﬀects modelling with the Extended Kalman Filter used in models with SDEs.
Fundamental issues concerning the proposed model and estimation algorithm are addressed by
simulation studies, concluding that system noise can successfully be separated from measurement
noise and inter-individual variability.
KEY WORDS: SDE; PK/PD; Kalman ﬁlter; population modelling; system noise; correlated
residuals.

INTRODUCTION
Non-linear mixed effects modelling has proven to be a useful tool in
the characterization of pharmacokinetic (PK) and pharmacodynamic (PD)
properties of drugs (see (1) and (2)). The models used in this mode of
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analysis are most frequently based on ordinary diﬀerential equations
(ODEs), or the solutions thereof, supplemented by a model for the interindividual variations in the structural model parameters and a model for
the variation of the residuals that assumes independence, so that the
residuals are uncorrelated. However, correlations between residuals are
not uncommon, and it is well known that a violation of this basic
statistical assumption may lead to erroneous estimates, for example of the
inter-individual variations as demonstrated in (3).
In NONMEM (4), which is the most commonly used software for
PK/PD analysis using nonlinear mixed-eﬀects models, it is possible to
handle correlated residual errors using an AR(1) model (3). Simulations
suggest that the introduction of a model for correlated residuals may lead
to (1) better estimates of the inter-individual variation, (2) better estimates
of the structural parameters, (3) and a diagnostic tool giving a measure of
the model improvement.
An alternative approach to model correlated residuals is to use
stochastic differential equations (SDEs). This model structure includes the
statistical functionality of the continuous AR(1) model, but is more
ﬂexible with respect to specifying models for different residual error
correlation patterns.
With SDEs, the differences between individual predictions and observations are explained by two fundamentally different types of noise:
(1) the dynamic noise, which enters through the dynamics of the system
and may originate from model deﬁciencies or true random ﬂuctuations
within the system, and (2) the measurement noise, which represents the
uncorrelated part of the residual variability, may be due to assay error or
if the sample concentration is not representative for the true concentration in plasma. This could e.g. occur for samples during the distribution
phase of an intravenous (IV) bolus administrated drug. The difference between two measurements at the same time point will therefore only be
due to measurement noise. In a recent book on PK/PD modelling, it is
suggested that the intra-individual variations may be more appropriately
modelled by using SDEs rather than ODEs (5).
In addition to separating the residual error into dynamic noise and
measurement noise, SDEs also allow the dynamic noise to be attributed to
different model components. For example, if the absorption process of an
orally administered drug cannot be well described by the model, this may
lead to correlated residuals. However, if an AR(1) model was used to
account for this, the auto-correlation pattern would be assumed effective
along the whole concentration time proﬁle. With SDEs, the dynamic noise
component could be put directly on the state equation for the absorption
meaning that the auto-correlation pattern is only assumed effective as long
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as absorption occurs. Furthermore, SDEs could facilitate the estimation of
the actual absorption proﬁle in a way similar to deconvolution, and thus
reveal the misspeciﬁcations of the model (6). The same approach can be
used for other model components as well, and SDEs therefore has the
potential to be a useful model building tool, as well as a diagnostic tool (7).
Besides the increased functionality, SDEs may indeed offer practical
beneﬁts in terms of easier PK/PD modelling, particularly when more complicated mechanistic models are used. In this case, the number and complexity of the mechanisms involved may be too great for inclusion in a
model used for estimation. Here SDEs may be included to describe some
of these mechanisms, while only the major mechanisms are treated by the
parametric model.
SDEs have been used for individual non-linear analysis of PK/PD
data and have proven to be useful, both with respect to parameter estimation, model building, and simulation, e.g. in (8) and (9).
Both non-linear mixed-effects models and SDEs are highly non-trivial
statistical problems where an analytical likelihood function can rarely be
found. The combination of the two should therefore be treated with care.
The problem has previously been addressed by the Markov Chain Monte
Carlo (MCMC) method (10) for a combined minimal model of glucose
disposal and insulin secretion. In the present paper, we combine the
Gaussian approximation of the non-linear mixed-eﬀects models with
the Gaussian approximation of SDEs with measurement noise. The
approximations are facilitated by the Extended Kalman Filter (EKF)
to approximate the intra-individual likelihood function (11) and the FirstOrder Conditional Estimation (FOCE) method to approximate the
population likelihood function (12).
The focus of the present study is on two fundamental issues concerning the implementation of SDEs in non-linear mixed effects models. The
ﬁrst is how the likelihood function of nonlinear mixed-effects models with
SDEs can be approximated to facilitate estimation in these models. The
second focus concerns identiﬁability: Can the inter-individual variability,
the measurement- and the system noise be separated? Or in other words,
will signiﬁcant system noise be predicted by the algorithm when none is
used in the simulations (Type I error), and will the algorithm fail to detect
signiﬁcant system noise when it is truly present in the data (Type II error).
THEORY
Non-linear mixed-effects models can be thought of as a hierarchical
model structure where the variability in concentration/effect is split into
intra-individual variability described by the ﬁrst-stage distribution and
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inter-individual variability described by the second-stage distribution (13,
14). While the introduction of SDEs do not change this fundamental hierarchical structure, they do change the entities in the ﬁrst stage density and
the construction thereof. This section describes the notation for non-linear
mixed-eﬀects models used in the present paper, and proceeds with an
explanation of the extensions needed to include SDEs.
Notation of Non-Linear Mixed-Effects Models
Non-linear mixed-effects models are used to describe, understand,
and simulate data structured as
yij ;

i ¼ 1; . . . ; N

j ¼ 1; . . . ; ni

ð1Þ

where the observation yij in general is a vector of responses for the ith
individual at the jth time point, N is the number of individuals and ni is
the number of measurements for the ith individual.
The structural model used to describe the intra-individual data typically consists of a set of ODEs or the solution thereof. These ODEs are
supplemented by a model of the residual variation that describes the differences between the structural model and the observations. This gives
rise to the following equations for the ﬁrst stage model:
dxi
¼ gðxi ; di ; t; /i Þ
dt

ð2Þ

yij ¼ fðxi ðtij Þ; di ðtij Þ; /i Þ þ ij

ð3Þ

where for the ith individual, xi(t) is a vector of state variables, e.g. the
amount of drug in a PK model, di is a vector of inputs, e.g. dose administration, t is time, tij is the jth measurement time, /i is a vector of the individual
parameters, and ij is the jth residual. The residuals are typically modelled
as serial independent with covariance matrix S, which may depend on the
states, input, time, and/or individual parameters. S is most often a scalar,
except in the general case of multidimensional measurements. gðÞ and fðÞ
are nonlinear vector functions describing the dynamics of the states and the
relationship between the states and the observations, respectively.
The second-stage model describes the inter-individual variations, which
in the present work is accomplished through the following model for the
individual parameters
/i ¼ hðh; Zi Þ expðgi Þ

ð4Þ

where hðÞ denotes the structural type parameter model, which is a
function of the ﬁxed-eﬀects parameters h and typically also some
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covariates Zi . The random-eﬀects gi are independent and multivariate
normally distributed with zero mean and covariance matrix X, resulting
in a multivariate log-normal distribution for the individual parameters.
The total set of population parameters to be estimated in the
non-linear mixed effects model can now be summarized as intra-individual variability, inter-individual variability, and ﬁxed-effects parameters, given by the set (R; X, and h).
Non-Linear Mixed-Effects Models with Stochastic Differential Equations
Non-linear mixed-effects models based on SDEs extend the usual
non-linear mixed-effects models by including system noise as an additional source of variation in the ﬁrst-stage model. This extended model
describes the intra-individual variation in data through two sources of
noise, which in the present work will be described as two different types
of population parameters: (1) R describing the covariance matrix of the
measurement noise rather than that of the residuals, (2) the new
parameter matrix rw describing the magnitude of the system noise. By this
extension, the complete set of population parameters in non-linear mixedeﬀects models based on SDEs becomes (R; rw ; X, and h).
The formulation of the ﬁrst-stage model can be separated into the
design of a structural model and the addition of variations. Designing the
structural model is equivalent to selecting the model structure for conventional PK/PD modelling, which means that exploratory data analysis and
physiological knowledge may be applied in the usual manner. This
process consists of formulating a set of ODEs as those given in Eq. 2.
Once the structural part of the ﬁrst-stage model has been formulated, we
can add variations to account for the differences between the measured
and the predicted values. When SDEs are involved, the usual residuals
will no longer be independent, and we need to describe the underlying
variations of  by system noise w as well as measurement noise e. The
system noise can be added directly to the diﬀerential equations allowing
for some random variations in the evolution of the states, which may be
appropriate whenever the modeler fears that the true evolution of the
states does not comply strictly with the structural model. Measurement
noise is added to the model in the usual measurement equation, such that
a ﬁrst-stage model with SDEs can be written as
dxi ¼ gðxi ; di ; t; /i Þdt þ rw dw

ð5Þ

yij ¼ fðxi ðtij Þ; di ðtij Þ; /i Þ þ eij

ð6Þ

where xi ðtÞ; di ; t; tij ; /i ; gðÞ and fðÞ are identical to what has previously
been deﬁned for ODEs in Eqs. 2 and 3. eij are the independent identically
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distributed Gaussian measurement errors with covariance matrix R, and
rw dw gives the system noise, where both R and rw may depend on the
states, input, time, and/or individual parameters. If the magnitude of the
system noise rw is zero, then the entire system noise term will vanish and
the remaining part of the SDE will simply be the diﬀerential form of the
ODE given in Eq. 2. SDEs are usually written on the diﬀerential form given above, because the term dw has a mathematical interpretation as the
inﬁnitesimal increments in the noise process (w), whereas the corresponding derivative dw=dt cannot be treated mathematically. The individual
speciﬁc system noise w is a standard vector Wiener process, i.e. a continuous time Gaussian process where the mean and variance of the diﬀerences
between two time points are
E½wt2  wt1  ¼ 0

ð7Þ

V½wt2  wt1  ¼ jt2  t1 jI

ð8Þ

where I is the identity matrix. The Gaussian process can be understood to
originate from the sum of many identically distributed stochastic events
giving rise to the diﬀerence between the true evolution of the state and
the evolution described by the structural term gðÞ. Furthermore, the
variance of the Wiener process increases linearly in time, which can be
interpreted as a linear increase in the number of stochastic events contributing to the dynamic noise. Refs. (11) and (15) provide an introduction to
applied stochastic diﬀerential equations, and (16) gives a more thorough
mathematical introduction.
THE LIKELIHOOD FUNCTION FOR THE NON-LINEAR
MIXED-EFFECTS MODEL WITH SDES
When the ﬁrst-stage model is extended to include SDEs rather than
ODEs, the ﬁrst-stage probability density function can no longer be
computed analytically. In the present section, we shall describe how the
likelihood function is now formulated, how it can be approximated, and
how it is combined with the second-stage density to form the population
likelihood function. This is all summarized in Table I, presented at the
end of the section.
When the intra-individual model contains correlations in the residuals,
the ﬁrst-stage distribution must be factorized as a product of densities
that are conditioned not only upon (/i ; R; rw , and di ), but also on all previous measurements. Conditioning on previous measurements is central
for the present text, giving rise to the term conditional densities used in
the following. To see how factorization of the ﬁrst stage density comes
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Table I. Summary of the Likelihood Evaluation Algorithm
Function: Approximate Individual a posteriori Log-Likelihood (li)
1: Function of gi given (R,rw , X, h, Zi , di , and Y ini Y )
2: Use (4) to compute /i
3: Initialize the state prediction and state covariance.
See the numerical implementation below.
4: Use EKF in Appendix A to compute ij and Riðjjj1 Þ
5: Return li as computed in (l5)
Function: Approximate Population Likelihood (L)
1:
2:
3:
4:
5:
6:
7:

Function of (R, rw , X, and h), given Zi, di, and all observations
For i=1 to N do
^
gi ¼ arg min(li)
Use EKF in Appendix A to compute ij j^gi , rij j^gi , and Riðjnj1 j^gi
Use (l8) and (l9) to compute li j^gi and 4li j^gi
end for
Return L(h, R, rw, X) as computed in (l7)

about, start with the distribution for the initial observation and successively add one observation at a time by the use of a reformulation of Bayes rule PðA \ BÞ ¼ PðBjAÞPðAÞ. This gives us the following ﬁrst stage
density for the ith individual
!
ni
Y
p1 ðY ini j/i ; R; rw ; di Þ ¼
pðyij jY iðj1Þ ; Þ pðyi1 jÞ
ð9Þ
j¼2

The so called conditional densities are given on the right hand side,
Y ij ¼ ½yi1 ; . . . ; yij  represents all observations of the ith individual up to
time tij, and conditioning on /i ; R; rw , and di is represented by ‘‘Æ’’.
If the SDEs are reduced to ODEs, the residuals will be uncorrelated,
and the conditional densities will be identical to the unconditional
densities, such that the likelihood function will reduce to the product of
unconditional densities, as known for ODEs.
An analytical determination of the conditional densities requires a
solution of a so called general non-linear ﬁltering problem. This entails
to start with the initial distribution and then successively solving
Kolmogorov’s forward equation for the SDE and applying Bayes’ rule
(11). In practice, this approach involves the numerical solution of a partial diﬀerential equation for each time increment, which is too time consuming, making it computational infeasible, and an alternative is needed.
Various methods have been proposed and are still investigated for parameter estimation in the general setup, and a consensus of a preferred method has not yet been reached (17).
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In the present work we shall use a quasi likelihood method, i.e. a
method that uses the Gaussian approximation, so we assume that the conditional densities are well approximated by Gaussian densities. This is a
particularly useful choice since ﬁltering techniques used for SDEs with
measurement noise rely on separability of the ﬁrst and second order
moment, and since Gaussian densities are easily combined with the methods usually used in non-linear mixed-effects modelling. The calculation of
the conditional densities for the intra-individual model is facilitated by the
Extended Kalman Filter (EKF) (11). In the case where the diﬀerential
equations are linear and both system noise and measurement noise are
state independent, the EKF reduces to the ordinary Kalman Filter, which
in this case gives the exact likelihood function. When proportional system
noise or proportional measurement noise is needed, one can typically logtransform the states or the measurements to approach the Gaussian
distribution. These transformations will most often give rise to more severe
non-linearities in the functions for the structural model g(Æ) and the measurement equation f(Æ) in Eqs. 5 and 6. However, it is our experience that
the conditional densities are well described by Gaussian distributions, also
for highly non-linear systems. The assumption of Gaussian conditional
densities is easily tested by the distribution of the standardized residuals,
while also more advanced methods have been developed, see (18).
The EKF approximates the conditional densities with Gaussian
distributions, which is described in detail in Appendix A. The conditional
densities describe the distribution of the following measurement
conditioned on all the previous measurements, so that the mean of the
distribution is identical to the prediction of the following measurement,
i.e. the one-step prediction y^iðjjj1Þ . Likewise, the covariance of the conditional density will be the one-step prediction covariance Riðjjj1Þ . We have
thus completely described the approximate Gaussian conditional densities
by the conditional mean and covariance, which are
y^iðjjj1Þ ¼ Eðyij jY iðj1Þ ; Þ
ð10Þ
Riðjjj1Þ ¼ Vðyij jY iðj1Þ ; Þ

ð11Þ

The notation above is also used for the mean and variance of the ﬁrst
prediction, such that y^ið1j0Þ is the unconditioned model prediction of the
ﬁrst observation, and Rið1j0Þ is the covariance of the ﬁrst prediction error.
The one-step prediction error ij is given by
ij ¼ yij  y^iðjjj1Þ 2 Nð0; Riðjjj1Þ Þ

ð12Þ

Using the notation above, the Gaussian approximation of the ﬁrst-stage
distribution density function in Eq. 9 can be written as
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ni exp  1 T R1

Y
ij
2 ij iðjjj1Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p1 ðY ini jÞ 
j2pRiðjjj1Þ j
j¼1

ð13Þ

The second-stage density (4) can be written as p2 ðgi jXÞ, which is included
in the same way as for ordinary diﬀerential equations. This gives us the
full non-linear mixed-eﬀects likelihood function
N Z
N Z
Y
Y
p1 ðY ini jgi ; h; R; rw ; dÞp2 ðgi jXÞdgi ¼
expðli Þdgi
Lðh; R; rw ; XÞ /
i¼1

i¼1

ð14Þ
where
li ¼ 

ni 
 1
1X
1
T 1
Tij R1
iðjjj1Þ ij þ log j2pRiðjjj1Þ j  gi X gi  log j2pXj ð15Þ
2 j¼1
2
2

is the approximate a posteriori log-likelihood function for the random
eﬀects of the ith individual. It is observed that the likelihood function is
based on the one-step prediction error.
In the case of no system noise (rw ¼ 0) the SDE in the model reduces
to the more familiar ODE, and the one-step prediction covariances will
reduce to the residual covariance Riðjjj1Þ ¼ R. The one-step prediction
errors will be identical to the usual unconditioned prediction errors, such
that the likelihood function above will reduce to the one known for nonlinear mixed-eﬀects models based on ODEs.
As usual for non-linear mixed-effects models, the likelihood function
cannot be solved analytically. Approximations, therefore, have to be
made in order to estimate the parameters, which will be considered in the
following.
Approximations of the Population Likelihood Function
The Gaussian structure of the individual likelihood functions allows
us to use the well known Laplacian approximation, as well as the other
approximation schemes frequently used in non-linear mixed-effects modelling to obtain the population likelihood function. The entities within the
likelihood function structure ( and R) are however extended compared to
the standard problem. In the following, we shall discuss the approximation when applied to these extended entities.
For non-linear mixed-effects models, the likelihood function is usually
approximated by performing a second-order Taylor series expansion of the
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a posteriori individual log-likelihood function li around some value of the
random eﬀects, e.g. zero or the value of gi that minimizes li . The same approach is taken for mixed-eﬀects model with SDEs, so the Laplacian
approximation of (14) becomes


N Z
N
Y
Y
1 T 1
1=2
expðli Þdgi 
Lðh; R; rw ; XÞ /
j4li j
exp li  rli 4li rli
2
i¼1
i¼1
ð16Þ
The gradient rli of the a posteriori individual log-likelihood with
respect to the random eﬀects will vanish when the expansion is made
around the true minimum, but it has been included here to account for
the more general case. The Hessian 4li is thus a key element in the evaluation of the population likelihood function.
The numerical evaluation of double derivatives to form the Hessian
is usually quite sensitive leading to uncertainty in the objective function
and optimization problems. Several approximations have been developed
speciﬁcally to avoid numerical calculations of double derivatives related
to this Hessian in non-linear mixed-effects models. In the present work,
we have used the First-Order Conditional Estimation (FOCE) method (4).
First-Order Conditional Estimation method
The FOCE method uses only ﬁrst-order derivatives in the evaluation
of the population likelihood function where the derivatives are evaluated
at the conditional estimates of the random effects ^gi . The likelihood
function can thus be written as
Lðh; R; rw ; XÞ 

N
Y

jDli j1=2 expðli Þj^gi

ð17Þ

i¼1

where the second-order derivatives are disregarded such that the individual a posteriori log-likelihood function and its Hessian can be written as
li ¼ 

ni 
 1
1X
1
Tij R1

þ
log
j2pR
j
 gTi X1 gi  log j2pXj ð18Þ
iðjjj1Þ
iðjjj1Þ ij
2 j¼1
2
2

4li  

ni 
X


rTij R1
r
 X1
ij
iðjjj1Þ

ð19Þ

j¼1

We note that the variance of the one-step predictions Riðjjj1Þ is generated through the dynamics of the system and will thus depend inherently
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upon the parameters of the model. This dependence leads to interactions
between the intra-individual residuals and the random eﬀects even in
models that are usually homoscedastic. In the FOCE approximation given
above, we are disregarding ﬁrst-order derivatives of Riðjjj1Þ , which is an
approximation in the case of interactions, and thus a more crude
approximation when modelling with SDEs as compared to ODEs. This
approximation would be worse if directly including interactions between
the random eﬀects and system noise, which has been avoided in the
present study, but could be included if one feels that it is necessary.
Interactions were included in the FOCE method presented here, so
both the predictions and the covariances are evaluated at the conditional
estimate. One could also, as it is implemented in NONMEM version V,
use the conditionally estimated predictions together with covariances
computed by the population predictions, corresponding to having no
interactions, or even expand the likelihood function around the population average, corresponding to the ﬁrst-order (FO) method.
METHODS
Several simulation studies are used to test whether the likelihood function formulated above can be advocated for estimating parameters in a nonlinear mixed-effects model based on SDEs. These simulation studies are
based on the PK model and the numerical implementation described below.
Model Used for Simulation
We shall simulate experiments using a one-compartment PK model
with IV bolus dose with a constant coefﬁcient of variation for the uncorrelated measurement error and additive Wiener noise such that the ith
individual is modelled by
dAi ¼ 

CLi
Ai dt þ rw dw
Vi

yij ¼ log

Aðtij Þ
þ eij ;
Vi

ð20Þ
eij 2 Nð0; r2e Þ

ð21Þ

where Ai is the amount of drug in the central compartment, yij is the
measurement at time tij, eij is the measurement error and re is the
coeﬃcient of variation for the measurement error, w is a standard Wiener
process, and rw is the magnitude of the system noise. Vi and CLi are
the individual parameters for volume of distribution and clearance,
respectively. These are composed of a ﬁxed eﬀect and a random eﬀect, i.e.
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Vi ¼ V expðgV
i Þ;
CLi ¼ CL expðgCL
i Þ;

2
gV
i 2 Nð0; xV Þ

gCL
2 Nð0; x2CL Þ
i

ð22Þ
ð23Þ

Hence, the six population parameters to be estimated are (V; CL; xV ,
xCL ; rw , and re ). The model is used to simulate two diﬀerent experimental
setups. First, the type I and type II errors are investigated using a
somewhat data rich situation with 25 individuals, where the plasma concentration is sampled 12 times at times 0, 0.5, 1, 2, 4, 6, 8, 10, 12, 16, 20,
and 24 h. In the second experimental setup, we simulate 100 individuals,
where the plasma concentration is sampled three times at times 0, 6, and
24 h. This second analysis is included to illustrate that parameters in
models based on SDEs may also be successfully estimated when only a
few samples per individual are taken.
All simulations are performed using the same structural parameter
values (V ¼ 10 and CL=0.5), while the simulated values of the noise
parameters (xV, xCL ; rw , and re ) all vary between 0.01 and 0.4. Examples
of simulated individual proﬁles for various levels and types of intra-individual noise are presented in Fig. 1.

Numerical Implementation
Evaluation of the approximate likelihood function, the optimization,
and the simulations of the mixed-effects models based on stochastic differential equations were performed in MATLAB.
As previously described, the population log-likelihood can be approximated using the individual a posteriori log-likelihood functions and
the Hessian of each of these. The individual likelihood functions can be
calculated from the one-step predictions and covariances given by the
Extended Kalman Filter as described in Appendix A depending on the initialization of the covariance of the states. The covariance of the states at
the ﬁrst measurement was set to the amount of system noise accumulating
in a time span equal to that between the ﬁrst and second measurement.
This particular choice has proven successful in other software implementations (19).
The Hessian of the individual a posteriori log-likelihood function can
be approximated using the gradients of the one-step predictions as previously described. These gradients were calculated numerically by a central
diﬀerencing algorithm given in (20). We note that other methods such as
automatic diﬀerentiation may be useful, especially in a more general
software implementation.
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Fig. 1. Simulated individual plasma concentration proﬁles for various levels and types of
intra-individual noise. Simulations are made with no inter-individual variation, using V ¼ 10
and CL ¼ 0:5: Each individual was sampled 12 times, as in the somewhat frequently sampled
experiment. The simulated measurements are connected with lines.

In order to ensure stability in the calculation of the objective function, simple constraints were introduced on the parameters, i.e.
hmin <h<hmax

ð24Þ

These constraints were satisﬁed by solving the optimization problem with
respect to a transformation of the original parameters, i.e.


h  hmin
h~ ¼ ln
ð25Þ
hmax  h
Regardless of the true parameter value, minimum and maximum allowed
values were chosen to be 105 and 50, respectively.
Two sets of initial parameter values were used in the optimization,
one at 0.8 times the simulated values and one at 1.2 times the simulated
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values. Experience with the present implementation of the optimization
problem tells us that the initial values should not be too low, so the
smallest allowable set was chosen to be 0.04 and 0.06. In the ﬁgures
showing the results, the estimate is plotted for both of these initial values,
but any difference can rarely be seen. This gives some assurance of the
size of the region governed by the local- if not global-minima reached by
the estimation procedure.
The asymptotic standard errors of the estimates were computed
through the Hessian of the population log-likelihood, which was approximated by a ﬁnite difference algorithm given in (20). The algorithm
depends on the accuracy in the numerical evaluation of the likelihood
function. By graphical means, the number of signiﬁcant digits in the
likelihood function was found to be around 10, such that the number of
signiﬁcant digits in the Hessian should be around 10=3  3, see (20).
The computation time on a standard laptop PC (1400 MHz Pentium
IV processor) for one evaluation of the population likelihood function
was between 1 and 3 s depending on the simulated example and a few
minutes for a complete optimization. The relative swiftness compared to
e.g. MCMC methods is a serious advantage of the presented algorithm,
and this may enable estimation of SDEs in more general models for
practical purposes.
RESULTS
Successive simulation and estimation of many different experiments
have been used to investigate the type I and type II error of the presented
algorithm, and whether SDEs could be used in studies with only a few
measurements per individual. In the present section we describe the results
of these simulation studies.
System Noise is Separable From Other Sources of Variation
Any use of the presented algorithm is naturally dependent upon its
ability to separate the three levels of noise proposed in the present paper.
Separability should thus be among the fundamental issues to be addressed
prior to investigation of real data or implementation in more general
software. Since system noise is the central addition to the model setup,
the central concern is towards separability of system noise e.g. whether
system noise is detected when it is truly present in data (type II error).
Separability of system noise and type II errors were investigated in
the ﬁrst simulation study consisting of 40 simulated experiments with
25 individuals each sampled 12 times. Each simulated experiment was
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Fig. 2. Simulated parameter values are given by the line and estimated parameters values are
given by a dot supplemented by error bars representing plus/minus one standard error. The
value of the system noise is satisfactorily inferred at increasing levels of system noise, and the
bias introduced to the remaining parameters seems to remain small.

performed using a ﬁxed level of inter-individual variation and measurement noise and with an increasing amount of system noise. The results
presented in Fig. 2 provide a visual conﬁrmation that higher levels of
system noise do not produce neither additional measurement noise nor
inter-individual variability, illustrating that system noise is in fact
satisfactorily separable from the remaining noise parameters.
Furthermore, the variability and the standard error of the estimated
values of inter-individual variation of the clearance is seen to increase
when system noise increases. This indicates that the system noise does
make estimation of this particular noise parameter more difﬁcult, while
the remaining noise parameters are not inﬂuenced to the same extent.
Insigniﬁcant Bias in the Estimated System Noise
A fundamental feature in maximum likelihood estimation of mixedeffects models is that the individual predictions are regressed towards the
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mean (the population prediction). This introduces manifest correlations in
the intra-individual residuals, which in the present model could be estimated as system noise introducing bias to the estimates. Bias in the estimated system noise could also originate in more general separability
problems where inter-individual variation or intra-individual measurement
noise is estimated as system noise. If a signiﬁcant level of system noise is
estimated when none is used in the simulation, then a type I error has
occurred.
Bias in the system noise and type I errors were investigated in the
second simulation study consisting of 40 simulated experiments with 25
individuals, each sampled 12 times. Each simulated experiment was
performed using no system noise but with an increasing amount of interindividual variation and measurement noise. This investigation might
reveal a potential relationship between bias in the system noise and the
level of the remaining noise parameters. The results presented in Fig. 3
demonstrate that this relationship is small and that the existing bias is
insigniﬁcant such that only few type I errors occur. The largest estimates
of system noise was around 0.2, which in Fig. 1 is seen to be a modest
level of noise compared to the corresponding measurement noise.
Estimation Based on Sparsely Sampled Individuals
A data set consisting of many sparsely sampled individuals is not
uncommon within PK/PD modelling. However, parameter estimation in
SDEs based on sparsely sampled individuals has previously been complicated by the need of rich sampling to separate system noise from
measurement noise and the limitations of single subject estimation algorithms. Mixed-effects modelling has in this situation enabled parameter
estimation of ODEs, making it interesting whether also SDEs can be
successfully treated.
Fifty experiments with 100 individuals each sampled three times has
been simulated and subsequently estimated. The results presented in
Fig. 4 demonstrate that estimation can be performed successfully with
sparsely sampled individuals in the chosen model. We note that estimation based on two samples per individual failed to yield the same level of
success, so three samples per individual may indeed be the lower limit
when system noise is included simultaneously with measurement noise and
inter-individual variability.
Statistics of the estimation results from Fig. 4 are given in Table II,
which demonstrates that the mean values of the estimated parameters are
close to the true values used in the simulations and that the standard
deviations of the estimates are relatively close to the mean of the standard
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Fig. 3. Simulated parameter values are given by the solid line and estimated parameters
values are given by a dot supplemented by error bars representing plus minus one standard
error. The estimated system noise is insigniﬁcant in most of the simulated experiments, also
when the other noise levels increase dramatically. Each simulation was estimated with two
sets of initial conditions, which in a few cases gave two slightly diﬀerent parameter estimates,
such that two dots are seen for the same simulation number.

error estimates. It should be mentioned that due to the relatively high
number of simulated experiments, one is able to demonstrate bias in the
estimated clearance values on a 95% conﬁdence level. Note that bias
exists in practically any algorithm for parameter estimation in complicated systems. This entails that bias in all parameter estimates will be
found if the number of simulated experiments is increased suﬃciently.
DISCUSSION
SDEs offer a general intra-individual error structure where the
evolution of the states is allowed to deviate from the structural model.
This work presented a novel approximation of the likelihood function for
non-linear mixed-effects models based on SDEs and addresses some fundamental issues regarding parameter estimation in this new type of model.
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Fig. 4. Simulated parameter values are given by the solid line and estimated parameters values are given by a dot supplemented by error bars representing plus/minus one standard
error. Each simulated experiment consists of 100 individuals sampled three times.
Table II. Statistics of the Estimation Performance When Simulating Experiments with 100
Individuals each Sampled Three Times.

Simulated value
Mean of estimates
Standard deviation of estimates
Mean of standard error estimates

V

CL

xv

xCL

rw

re

10
10.02
0.212
0.220

0.5
0.508
0.015
0.014

0.2
0.195
0.016
0.018

0.2
0.195
0.035
0.035

0.2
0.198
0.037
0.046

0.1
0.102
0.010
0.011

When SDEs are implemented, one-step predictions and their variances were seen to take up the role of the usual unconditioned predictions
and intra-individual variance in many ways. In the theory section, it was
emphasized that these objects reduce to the usual predictions and
variances when the system noise vanishes, and that they can be used
to construct the likelihood function. The fundamental model assumption
of uncorrelated prediction errors is converted into the assumption of
uncorrelated one-step prediction errors, such that diagnostic plots should
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be slightly changed. Predicted vs. previous prediction should be replaced
by one-step prediction vs. previous one-step prediction. Furthermore,
weighted residuals vs. time or covariates or similar diagnostic plots should
be replaced by corresponding plots of the one-step prediction error weighted by the one-step prediction variance.
Stochastic differential equations are complicated mathematical entities
with peculiarities such as dependence in the solution upon the chosen
interpretation of the inﬁnitesimal correlation structure, or equivalently on
the selected interpretation of the integral part of the SDE. The system
noise is called multiplicative or additive when the diffusion term is dependent or independent of the state variable (x), respectively. In the multiplicative case, the SDE proposed in Eq. 5 will be dependent upon the
chosen interpretation of the inﬁnitesimal correlation structure, and special
attention is needed. In the present work, we restrict ourselves to the additive case where the solutions are independent of the interpretation, since
for this case the EKF is recognized to work best. However, situations
may arise where multiplicative noise is necessary, as already seen for PK/
PD modelling in e.g. (10). Luckily, a large class of SDEs with multiplicative diﬀusion can be transformed into SDEs with additive diﬀusion (21).
One may choose to do this transformation before implementing the diﬀusion, such that only additive diﬀusion is needed. This line of approach, as
undertaken e.g. in (10), is consistent with the Stratonovich interpretation
of the inﬁnitesimal correlations, which is recommended for physical modelling (11).
The presented combination of SDEs and measurement noise constitute a general framework to describe the intra-individual variations, which
includes many previous implementations of statistically sophisticated
intra-individual models. Motivated by these efforts, we try to identify
some of the potential beneﬁts that the literature indicates SDEs can offer
nonlinear mixed-effects models of PK/PD: (1) improve estimates of interindividual variability, (2) improve structural parameter estimates, (3) give
a diagnostic test of the model, (4) pinpoint model defects to be used in
successive model improvement, (5) improve simulation properties of the
model, (6) provide a more realistic description of the observed variations,
(7) allow ﬂuctuations in physiological parameters, (8) enable deconvolution, (9) extend deconvolution to nonlinear PK/PD models, (10) improve
estimation of the states in the system.
Points 1–3 were argued based on a simulation study including
the AR(1) in mixed-effects modelling (3). Points 3 and 4 were also
demonstrated by SDEs with measurement noise for single subject PK/PD
data in a work in progress using ready available software (19). Points 5–7
were demonstrated by various case-by-case implementations of SDEs to
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PK/PD data, see e.g. (8–10). Point 8 was demonstrated for PK/PD models
in (22), where deconvolution was facilitated by a random walk, which is a
discrete version of a SDE. Since the SDE setup includes non-linear models, point 9 gives itself. Point 10 was demonstrated using a mixed-eﬀects
setup of random walks to improve estimation of the area under the curve
(23).
The focus of the present investigation was implementation of SDEs
in non-linear mixed-effects models, which could potentially boost the use
of SDEs within PK/PD. Fundamental issues concerning the implementation
was addressed by simulation and successive estimation of a non-linear
mixed-effects model based on SDEs corresponding to a one-compartment
model. Three speciﬁc concerns were addressed: (1) Will bias in the estimated parameter values lead to signiﬁcant estimates of system noise when
none is used in the simulations (type I errors)? (2) will the system noise be
separable from the remaining noise parameters? and (3) can the parameters in the proposed model also be determined with sparsely sampled individuals? The relationship between bias in the system noise and the level of
the remaining noise parameters was found to be small and only few type I
errors occurred. It was demonstrated that a signiﬁcant level of system
noise can be detected when it is truly present in data (no type II errors).
Successful estimation was performed with population data including only
three samples per individual, which may indeed be the lower limit, when
three different types of noise are used.
In conclusion, it is conﬁrmed that inter-individual variability,
measurement- and system noise can be separated for the chosen model,
which is necessary for non-linear mixed-effects models based on SDEs to
be treated meaningfully. However, the presented model and study setup
were quite simple, and the routines used in the numerical implementation
were not state of the art. So the present investigation should be seen as a
pilot study preceding a more general implementation, which more easily
allows SDEs in non-linear mixed-effects models. A work in progress
demonstrates how the EKF can be implemented in the control stream of
NONMEM Version VI beta.

APPENDIX A: THE EXTENDED KALMAN FILTER
The Extended Kalman ﬁlter can be used to calculate the one-step
predictions and the one-step prediction variances for a stochastic differential equation with additive diffusion and measurement noise. The algebra
presented in the following appendix is all performed on the individual
level, so to ease the notation, the i index referring to the individual has
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been dropped. The general intra-individual model treated here can be
written as
dx ¼ gðx; d; t; /Þdt þ rw dw

ðA:1Þ

yj ¼ fðxðtj Þ; dðtj Þ; /Þ þ ej

ðA:2Þ

where x is the vector of state variables, yj is the vector of measurements
at time tj, ej are the associated normally distributed measurement errors
with covariance matrix R, and rw dw is the system noise, where both R
and rw may depend on input d, time t and/or individual parameters /.
The following notation for the derivatives is applied


@g
@f 
At ¼ 
; Cj ¼ 
ðA:3Þ
@x x¼^xtjj1
@x x¼^xtjj1
One needs to initiate the EKF with a prediction of the initial state
x^1j0 and a prediction of the covariance of the initial state P1j0 . From this
point, the EKF is a recursive algorithm starting with the calculation of
the one step prediction of the measurement and its associated covariance
matrix. This is achieved by
y^jjj1 ¼ fðxjjj1 ; dj ; /Þ
Rjjj1 ¼ Cj Pjjj1 CTj þ Rjjj1

ðA:4Þ
ðA:5Þ

Given the actual measurement, we can update our state prediction and
variance to be predictions conditioned also on the jth measurement. This
is performed by the update equations, i.e.
x^jjj ¼ x^jjj1 þ Kj ðyj  y^jjj1 Þ

ðA:6Þ

Pjjj ¼ Pjjj1  Kj Rjjj1 KTj

ðA:7Þ

Kj ¼ Pjjj1 CT R1
jjj1

ðA:8Þ

where Kj is the Kalman gain.
The ﬁnal step in the recursive algorithm is to predict the state and
the state variance at the time of the following measurement. This is performed by solving the prediction equations, i.e.
d^
xtjj =dt ¼ gðxtjj ; d; t; /Þ
dPtjj =dt ¼ At Ptjj þ Ptjj ATt þ rw rTw

ðA:9Þ
ðA:10Þ
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Table A1. Algorithm for the Extended Kalman Filter
Algorithm:
1:
2:
3:
4:
5:
6:
7:
8:

Kalman Filtering

Given parameters and initial prediction /, x^1j0 and P1j0
For j=1 to ni do
Use Eq. A.4 and A.5 to compute, y^jjj1 and R^jjj1
Use Eq. A.8 to compute the Kalman Gain, Kj
Use Eq. A.6 and A.7 to compute updates, x^jjj and Pjjj
Use Eq. A.9 and A.10 to compute x^ðjþ1Þjj and P^ðjþ1Þjj
end for
Return (for all j) j ¼ y^j  y^jjj1 and Rjjj1

After the prediction of the state value at the following measurement,
we start again with predictions of the actual measurements until all the
one-step predictions yjjj1 and all the one-step prediction variances Rjjj1
have been calculated. The algorithm is summarized in Table A1.
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