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A method for PK/PD model development based on stochastic diﬀerential equation models is
proposed. The new method has a number of advantages compared to conventional methods. In
particular, the new method avoids the exhaustive trial-and-error based search often conducted to
determine the most appropriate model structure, because it allows information about the appropriate model structure to be extracted directly from data. This is accomplished through quantiﬁcation of the uncertainty of the individual parts of an initial model, by means of which tools for
performing model diagnostics can be constructed and guidelines for model improvement provided.
Furthermore, the new method allows time-variations in key parameters to be tracked and visualized
graphically, which allows important functional relationships to be revealed. Using simulated data,
the performance of the new method is demonstrated by means of two examples. The ﬁrst example
shows how, starting from a simple assumption of linear PK, the method can be used to determine
the correct nonlinear model for describing the PK of a drug following an oral dose. The second
example shows how, starting from a simple assumption of no drug eﬀect, the method can be used to
determine the correct model for the nonlinear eﬀect of a drug with known PK in an indirect
response model.
KEY WORDS: stochastic diﬀerential equations; parameter estimation; extended Kalman
ﬁltering; smoothing; random walk; nonparametric modelling.

INTRODUCTION
Selecting an appropriate model structure is of critical importance for
the ﬁnal result when analysing individual pharmacokinetic (PK) and pharmacodynamic (PD) data using compartmental analysis. On one hand,
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using an overly simpliﬁed model structure may give biased estimates of key
PK and PD parameters due to serial correlation between the residuals [1].
On the other hand, using an overly complex model structure may compromise parameter identiﬁability [2]. A suitable trade-oﬀ must therefore be
found, taking into account also the aim of the speciﬁc analysis, but few
systematic methods are available for this purpose. Exploratory data analysis may provide valuable insights and, in combination with knowledge of
the physiology involved, such analysis sometimes allows an appropriate
model structure to be determined. This is not always the case, however,
and a more exhaustive trial-and-error based search is often conducted. In
the present paper a new and more systematic method is proposed, the aim
of which is to avoid this search by extracting from the data as much
information as possible about the appropriate model structure.
The new method is based on stochastic differential equation (SDE)
models instead of ordinary differential equation (ODE) models, and this
facilitates extraction of otherwise inaccessible information. More speciﬁcally, the SDE models used are stochastic state space models consisting of
a set of SDEs describing the dynamics of the states of the system in
continuous time and a set of discrete-time measurement equations
describing the relationship between the states and the observations
obtained. Such models have a number of advantages compared to ODE
models. Most importantly, the inclusion of a diffusion term, which
constitutes the primary difference between an SDE model and the corresponding ODE model, allows the SDE model to explain a larger portion
of the variation in a given data set and facilitates decomposition of
prediction error. This means that effects of model uncertainty, e.g. due to
model structure misspeciﬁcations, can be decoupled from effects of
measurement noise. Thus, for parameter estimation, using SDE models
instead of ODE models is a powerful approach to dealing with serially
correlated residuals.
Since SDE models can account for model uncertainty, it can also be
quantiﬁed, and this feature can be used to construct tools for performing
model diagnostics. Similar diagnostic tools in the form of models that
speciﬁcally allow serial correlation to be estimated have previously been
proposed [1]. However, the information obtained by using tools based on
SDE models may even be used to pinpoint model structure misspeciﬁcations. For example, it may be determined that what was initially modelled
as a ﬁrst order linear process with a ﬁxed rate constant is in fact a nonlinear process, where the rate constant changes as a function of time due to
variations in other variables.
Using SDE models not only makes it possible to pinpoint model
structure misspeciﬁcations. By utilizing the prediction properties of SDE
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models, time variations in key parameters, e.g. the rate constant mentioned above, can be tracked, and through graphical visualization of these
variations, possibly in combination with nonparametric methods for
feature extraction, it may be possible to determine a more appropriate
model structure.
In the remainder of the paper the new method is described in detail
and two examples using simulated data are given for illustration.
METHODS
This section contains a detailed description of the proposed method
for determining appropriate model structures. Descriptions of the examples used for illustration and of the software used in the examples are also
given.
The method proposed here is based on a recently proposed general
method for iterative model improvement and some of the material is
therefore similar to material presented in the original references [3, 4].
Methodology
The proposed method for determining appropriate model structures
is illustrated in Fig. 1. Starting from the initial ODE model, which can be
set up using conventional methods, the idea is to use SDE models to iteratively develop the ﬁnal ODE model by means of a systematic procedure
for iterative model building. The procedure is described in more detail in
the following.

Fig. 1. Schematic illustration of the proposed procedure for iterative model building.
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Base Model Formulation
The ﬁrst step of the proposed procedure deals with the formulation
of a basic SDE model. This involves deriving an initial set of ODEs to
describe the dynamics of the states of the system, translating these ODEs
into SDEs and adding an appropriate set of measurement equations to
describe the relationship between the states and the observations
obtained.
Deriving the initial set of ODEs is equivalent to selecting an initial
model structure for conventional PK/PD modelling, which means that
exploratory data analysis and knowledge of the physiology involved may
be applied in the usual manner. In general, this gives rise to equations of
the following type:
dxt
¼ fðxt ; ut ; t; hÞ
dt

ð1Þ

where t 2 R is time, xt 2 Rn is a vector of state variables (e.g. concentrations), ut 2 Rm is a vector of input variables (e.g. infusion rates) and
h 2 Rp is a vector of parameters, and where fðÞ 2 Rn is a vector function.
Translating the ODEs into SDEs is also straightforward, which is
easily appreciated by considering the general form of the resulting
equations:
dxt ¼ f ðxt ; ut ; t; hÞdt þ rðut ; t; hÞdxt

ð2Þ

where the two terms on the right-hand side are called the drift term and
the diﬀusion term, respectively. In the diﬀusion term rðÞ 2 Rnn is a
matrix function and dxt is an inﬁnitesimal increment in the stochastic
process fxt g, which is an n-dimensional so-called Wiener process. This is
a continuous stochastic process, which has increments (between points in
time) that are independent and zero mean Gaussian with a covariance
equal to the size of the time increment [5]. The Wiener process can be
understood to originate from the sum of many identically distributed
stochastic events giving rise to a diﬀerence (which increases with time)
between the true evolution of xt and the evolution described by f(Æ). In
other words, the diﬀusion term can be said to account for eﬀects of model uncertainty, e.g. due to model structure misspeciﬁcations. Indeed, if the
diﬀusion term is zero, (2) reduces to the diﬀerential form of (1). In the
general case, however, (2) cannot be written in derivative form, because
t
the derivative dx
dt cannot be treated mathematically.
Strictly speaking, even the commonly used differential form given in
(2) is not a correct way of specifying a set of SDEs, because it does not
say how dxt should be integrated to obtain the solution. In the general
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case, this integration may be performed either in the sense of Stratonovich or in the sense of It^
o [5]. In the present case, though, the two
approaches are identical, because rðÞ is independent of xt. For a more
detailed account of SDE theory, see [6].
The solution to an SDE is a stochastic process and not a well-deﬁned
function of time like the solution to an ODE. Solving an SDE is therefore
often complicated and only very few SDEs can be solved explicitly.
Numerical methods are available [7], but these are not as powerful as
those available for ODEs, and rather than the unique curve obtained
from an ODE simulation, only single sample paths or random realizations
can be obtained for the evolution of the state variables when performing
an SDE simulation. Consequently, proper characterization of the solution
to an SDE generally requires Monte Carlo simulation and subsequent statistical analysis. Fortunately, only the ﬁrst- and second-order moments of
the solution are needed in the context of the present paper, and these can
be obtained in a simpler manner, which involves only ODE solution and
matrix algebra. This is discussed in more detail below.
Translating the ODEs of (1) into the SDEs of (2) does not affect the
physical interpretability of the parameters of the drift term, which means
that (2) may be used instead of (1) when estimating the unknown parameters of the model. However, by simultaneously estimating the parameters
of the diffusion term, a quantitative measure of model uncertainty can
also be obtained.
The formulation used in (2) corresponds to the formulation used in
the original references [3, 4], but in order to construct a measure of model
uncertainty that allows eﬃcient quantiﬁcation of the uncertainty in the
individual parts of the model separately, a simpler formulation is used in
the following, i.e.:
dxt ¼ f ðxt ; ut ; t; hÞdt þ rðhÞdxt

ð3Þ

where rðÞ is an n·n-matrix with elements r1 , . . . ,rn along the diagonal
and possibly some oﬀ-diagonal elements in order to satisfy fundamental
balance equations (more details on the design of this matrix are given in
the examples).
The only part that remains in formulating the basic SDE model is to
add an appropriate set of measurement equations. This is done in
accordance with the formulation used in the original references [3, 4], i.e.:
yk ¼ hðxk ; uk ; tk ; hÞ þ ek

ð4Þ

where tk, k=0, . . . ,N, are sampling instants, yk 2 Rl is a vector of measured output variables (e.g. plasma concentrations), hðÞ 2 Rl is a vector
function and {ek} is an l-dimensional white noise process with
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ek  N ð0; SðhÞÞ, where SðhÞ is a covariance matrix. The formulation in (4)
corresponds to an additive error model, but by introducing a logarithmic
transformation of the observations, it may also be used to approximate a
proportional error model.
Base Model Parameter Estimation
The second step of the proposed procedure deals with estimation of
the unknown parameters of the base model. A brief outline of an approximate maximum likelihood scheme that can be used for this purpose is
given in the following. A more detailed account is given in the original
references [3, 4].
Given a sequence of observations y0, y1, . . . , yk, . . . , yN)1, yN, estimates of the unknown parameters in (3)–(4) can be determined by ﬁnding
the parameters h that maximize the likelihood function, i.e. the joint
probability density:
Lðh; Y N Þ ¼ pðY N jhÞ ¼ pðyN ; yN1 ; . . . ; y1 ; y0 jhÞ

ð5Þ

or equivalently in terms of conditional probability densities:
!
N
Y
Lðh; Y N Þ ¼
pðyk jY k1 ; hÞ pðy0 jhÞ

ð6Þ

k¼1

In general, performing an exact evaluation of the likelihood function is
computationally infeasible, because it implies solving a complicated, socalled general nonlinear ﬁltering problem [5]. However, since the increments of the Wiener process are Gaussian, it is reasonable to assume that
the conditional probability densities in (6) can be well approximated by
Gaussian densities. The Gaussian density is completely characterized by
its ﬁrst and second order moments, and this means that a method based
on the so-called extended Kalman ﬁlter (EKF) [5] can be applied instead.
The EKF describes the evolution of the ﬁrst and second order moments
of the conditional probability densities in terms of ODEs and algebraic
equations (see Appendix A.1), and this makes it a computationally
feasible approach. In order to formally introduce the assumption of
Gaussianity, the following notation is deﬁned:
^
ykjk1 ¼ Efyk jY k1 ; hg

ð7Þ

Rkjk1 ¼ Vfyk jY k1 ; hg

ð8Þ

k ¼ yk  ^
ykjk1

ð9Þ

and the likelihood function is rewritten in the following way:
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(10)

The parameter estimates can now be determined by further conditioning
on y0 and solving the following nonlinear optimisation problem:
^
ð11Þ
h ¼ arg minf lnðLðh; Y N jy ÞÞg
h2H

0

where, for each value of h in the optimisation, k and Rk|k)1, k=1,. . .,N,
can be computed recursively by means of the EKF (see Appendix A.1).
The estimation scheme described here has been implemented in a
computer program called CTSM [8, 9], within which the nonlinear optimisation problem (11) is solved by means of a quasi-Newton method. More
details about this method and about how robustness towards outliers and
missing observations has been incorporated into the estimation scheme
are given in the original references [3,4], where the general eﬃciency and
consistency of the scheme is also demonstrated, especially with respect to
the parameters of the diﬀusion term, which is important for the procedure
proposed in the present paper.
Base Model Evaluation
The third step of the proposed procedure deals with evaluation of the
base model, when the unknown parameters have been estimated. This
involves assessing the uncertainty of the parameter estimates, applying
statistical tests and, most importantly, analysing the predictive capabilities
of the model.
The uncertainty of the parameter estimates is easily assessed, because
the estimator in (11) is asymptotically Gaussian with mean h and covariance:
R^h ¼ H1

ð12Þ

where the matrix H can be approximated with the Hessian of
the objective function in (11) at its minimum. To obtain a measure of the
uncertainty of the individual parameter estimates, the covariance matrix
can be decomposed:
R^h ¼ r^h Rr^h

ð13Þ

into r^h ¼ diagðr^h1 ; . . . ; r^hp Þ, which is a diagonal matrix of the standard
errors of the parameter estimates, and R, which is the corresponding
correlation matrix. The asymptotic Gaussianity of the estimator in (11)
also allows marginal t-tests to be performed to test the simple hypothesis:
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H 0 : hj ¼ 0

(14)

against the corresponding alternative:
H1 : hj 6¼ 0

ð15Þ

i.e. to test whether a given parameter hj is insigniﬁcant or not. The test
quantity is the value of the parameter estimate ^hj divided by the standard
error of the estimate r^hj and under H0 this quantity is asymptotically
t-distributed with a number of degrees of freedom that equals the number
of data points minus the number of estimated parameters, i.e.:
^
hj
zð^
hj Þ ¼
 tððN þ 1Þl  pÞ
ð16Þ
r^hj
Due to correlations between the individual parameter estimates, a series
of such marginal tests cannot be used to test the more complex hypothesis that a subset of the parameters, h  h, are simultaneously
insigniﬁcant:
H 0 : h ¼ 0

ð17Þ

against the alternative that they are not:
H1 : h 6¼ 0

ð18Þ

and a test that takes correlations into account must be used, e.g. a test
based on Wald’s W-statistic [see e.g. [10]]. Under H0 the test quantity for
this test has an asymptotic v2-distribution with a number of degrees of
freedom that equals the number of parameters tested. It can be computed
as follows:
2
^
^
Wð^
h Þ ¼ ^
hT R1
^h h  v ðdimðh ÞÞ


ð19Þ

where ^
h  ^
h is the subset of the parameter estimates subjected to the test
and R^h is the corresponding covariance matrix. Tests for insigniﬁcance of
one or more parameters can be applied to determine if the base model is
overparameterized, and this may be done in all iterations of the proposed
procedure, including the ﬁrst, because no re-estimation is required. In all
iterations but the ﬁrst, the current base model may also be compared to
the previous base model, which can be done by means of a likelihood
ratio test, which is a test that measures whether or not expanding the base
model has given a signiﬁcant improvement of ﬁt. More speciﬁcally, the
following hypothesis is tested:
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(20)

against the corresponding alternative:
H1 : h 2 M1

ð21Þ

where M0  M1, and the test quantity, which under H0 has an asymptotic
v2-distribution with a number of degrees of freedom that equals the
diﬀerence in dimension between M0 and M1, can be computed as follows:
LR ¼ 2 ln

Lð^
h0 ; Y N jy0 Þ
 v2 ðdimðM1 Þ  dimðM0 ÞÞ
Lð^
h1 ; Y N jy Þ

ð22Þ

0

where Lð^
h0 ; Y N jy0 Þ and Lð^
h1 ; Y N jy0 Þ are the maximized likelihood functions corresponding to the two hypotheses H0 and H1, respectively.
The above tests all provide valuable information about the quality of
the base model, but analysing the predictive capabilities of the model is
even more important. Given the fact that the proposed procedure aims at
developing a ﬁnal model consisting of ODEs rather than SDEs, the
predictive capabilities of interest are the pure simulation capabilities, i.e.
the ability of the drift term to explain the variation in the data set, when
the diffusion term is set to zero. This ability can be investigated by plotting simulated output values against observed values and by calculating
and analysing the corresponding residuals, e.g. by plotting them against
time or against the simulated output values.
Thus far, the procedure proposed in the present paper is similar to
conventional PK/PD modelling, but when using the results of the above
methods for model evaluation as a basis for deciding whether to accept or
reject the current base model, there is an important difference. In principle, parameters deemed insigniﬁcant by the above tests are parameters
that may be eliminated, and the presence of such parameters is therefore
an indication that the current base model is overparameterized. However,
because of the particular nature of the SDE model in (3)–(4), where the
diffusion term is included to account for effects of model uncertainty, e.g.
due to model structure misspeciﬁcations, the presence of signiﬁcant
parameters in the diffusion term is an indication of an inability of the
corresponding drift term to explain signiﬁcant parts of the variation in the
data set. Evaluating the signiﬁcance of the parameters of the diffusion
term therefore provides a quantitative measure of model uncertainty, and
a such measure is not available in conventional PK/PD modelling.
The individual methods for model evaluation mentioned here can be
summarized by stating a set of criteria for accepting the current base
model:
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(1) The pure simulation capabilities of the model must be
acceptable.
(2) All of the parameters of the diﬀusion term should be
insigniﬁcant.
(3) None of the parameters of the drift term should be insigniﬁcant.
(4) The current model should give a better ﬁt than the previous
model.
If these criteria, listed in order of decreasing importance, are all fulﬁlled, the current base model is accepted and its drift term can be used to
formulate the ﬁnal ODE model. If not, the current base model is rejected
and an improved base model must be developed. If a given model fails on
the ﬁrst criterion, it usually fails on the second criterion as well, and if
this is the case, the fourth step of the proposed procedure must be used.
If it only fails on the third or fourth criterion, one can return directly to
the ﬁrst step of the proposed procedure and reformulate the model, e.g.
by removing insigniﬁcant parameters.
Extended Model Formulation
The fourth step of the proposed procedure is the ﬁrst step towards
determining how to improve the base model, if it fails on one of the ﬁrst
two criteria listed above. It deals with determining the speciﬁc cause of
failure and is facilitated by the diffusion term formulation used in (3),
which allows model structure misspeciﬁcations to be pinpointed. More
speciﬁcally, a signiﬁcant diagonal element of the diffusion term can be
used as an indicator of misspeciﬁcations in the corresponding element of
the drift term, and if a speciﬁc part of such an element is selected for
further analysis, the proposed procedure also provides a technique to
determine whether or not that part is in fact misspeciﬁed. Model parts
that are often misspeciﬁed are rate expressions, i.e. absorption rates,
distribution rates or elimination rates in PK models or rates of buildup or
loss of response in PD models. This is due to the fact that simple expressions are often used to characterize these potentially complex processes. If
e.g. a process is in fact nonlinear, the rate constant associated with a
linear approximation of that process will not be constant but may vary
signiﬁcantly with time. By speciﬁcally investigating if this is the case, it
can therefore be determined whether or not the linear approximation is
correct, and this is the idea behind the technique used to determine
whether or not a speciﬁc model part is misspeciﬁed. More speciﬁcally, the
assumption that any given parameter u in the base model is constant can
be checked by including this parameter as an additional state variable ut
in a new SDE model, i.e.:
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dxt ¼ f  ðxt ; ut ; t; hÞdt þ r ðhÞdxt

(23)

yk ¼ hðxk ; uk ; tk ; hÞ þ ek ; ek  N ð0; SðhÞÞ

ð24Þ

and estimating the parameters of this extended model, where xt ¼ ½xTt ut T
is an extended state vector, f  ðxt ; ut ; t; hÞ ¼ ½f ðxt ; ut ; t; hÞT 0T is an
extended drift term, r ðhÞ ¼ ½rðhÞ 0; 0 rnþ1  is an extended diﬀusion term
and fxt g is an (n+1)-dimensional Wiener process. Using this formulation, ut is constant if rn+1 is zero, but varies with time (continuous random walk) if rn+1 is nonzero. This means that estimating the parameters
of the extended model and evaluating the signiﬁcance of rn+1 provides a
method for checking whether or not u is constant. Details are given in
the following.
Extended Model Parameter Estimation
The ﬁfth step of the proposed procedure deals with estimation of the
unknown parameters of the extended model using the same data set as
was used for estimation of the unknown parameters of the base model.
The approximate maximum likelihood scheme outlined for the base model
estimation can also be used here, e.g. as implemented in the computer
program CTSM [8, 9].
Extended Model Evaluation
The sixth step of the proposed procedure deals with evaluation of the
extended model, when the unknown parameters have been estimated, and
this involves applying two types of statistical tests. First of all, it must be
assessed whether or not the extended model has given a signiﬁcant
improvement of ﬁt compared to the base model. This can be done by
means of a likelihood ratio test, because the two models fulﬁl the condition of the base model being a real subset of the extended model. The test
statistic, which can be computed from the maximized likelihood functions
for the two models, has an asymptotic v2-distribution with one degree of
freedom, corresponding to the diﬀusion term parameter rn+1. If the result
of the test indicates that the extended model does not give a signiﬁcant
improvement of ﬁt, the current extended model is rejected and one must
return to the fourth step of the proposed procedure and formulate an
alternative extended model, e.g. by including a diﬀerent parameter as an
additional state variable. If, on the other hand, the result of the test indicates that the extended model gives a signiﬁcantly better ﬁt, the current
extended model is accepted. Marginal t-tests should subsequently be performed to assess the signiﬁcance of the individual parameters, and if rn+1
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is deemed signiﬁcant, which is likely to be the case when the extended
model gives a better ﬁt than the base model, it indicates that u varies
with time and hence that the original assumption of constant u is invalid
and should be replaced by an assumption of u being a function of other
variables.
Extended Model State Estimation
The seventh step of the proposed procedure deals with obtaining
information about the variations in u that will allow an appropriate
assumption about the functional dependence of u on other variables to be
formulated. The approximate maximum likelihood scheme used for
parameter estimation in both the base model and the extended model uses
the EKF to compute the innovations k ¼ yk  ^ykjk1 and their
covariances Rkjk1 for k ¼ 1; . . . ; N (see Appendix A.1). Within the EKF,
^kjk1 and x
^kjk ; k ¼ 1; . . . ; N, are also computed,
however, state estimates x
and because u is a state variable in the extended model, both of these sets
of estimates can be used to obtain information about the variations in u
from the data set used for estimation. An even better set of estimates can
be constructed, however. By using a nonlinear smoothing algorithm based
on the EKF [11] (see Appendix A.2), smoothed state estimates
^kjN ; k ¼ 1; . . . ; N can be computed, including estimates of u, i.e.
x
^ kjN ; k ¼ 1; . . . ; N. Using smoothed state estimates to obtain quantitative
u
information about the variations in u bears great resemblance with
deconvolution, i.e. the reconstruction of an unknown input proﬁle to a
dynamic system [12, 13], and the SDE model based technique used here
can in fact be used as an alternative to standard deconvolution
techniques.
Nonparametric Modelling for Inference-making
The eighth and, in principle, last step of the proposed procedure
deals with analysing the variations in u in order to formulate an appropriate assumption about the functional dependence of u on other variables. The data used for this purpose are the smoothed state estimates
obtained from the extended model, in particular the estimates of u, i.e.
^ kjN ; k ¼ 1; . . . ; N, which ﬁrst and foremost should be plotted as a
u
function of time to reveal the time-course of the variations, but the
estimates of u may also be plotted as a function of estimates of other
state or input variables. If such direct visual inspection does not lead to
any conclusions, a nonparametric regression method may be applied,
which will allow signiﬁcant features to be extracted to facilitate inferencemaking. Several nonparametric regression techniques are available [14],
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but for the procedure proposed in the present paper, generalized additive
models [15] are preferred, because ﬁtting such models circumvents the
curse of dimensionality, which tends to render nonparametric regression
infeasible in higher dimensions, and because results obtained with such
models are particularly easy to visualize. Using additive models, the variations in u can be decomposed into variations that can be attributed to
each of a given set of state or input variables, and the result can be visualized by means of partial dependence plots with associated conﬁdence
intervals. In this manner, it may be possible to reveal the true structure of
the function describing u, i.e. u(xt,ut,t,h), and obtain valuable information
about how to re-formulate the base model, when returning to the ﬁrst
step of the proposed procedure for the next iteration. Knowledge of
the physiology involved should of course be applied at this stage, both
when selecting variables for nonparametric regression, but also when
re-formulating the base model for the next iteration.
Summary of Methodology
Summarizing the procedure proposed in the present paper, the idea is
to start from the initial ODE model and use SDE models to iteratively
develop the ﬁnal ODE model, using the steps described above. Within the
proposed procedure two different types of SDE models are used. Base
models, the ﬁrst one of which is derived from the initial ODE model and
from the last one of which the ﬁnal ODE model is derived, and extended
models, which are merely used as an aid in the iterative development of
the base models. The primary criterion for ﬁnally accepting a given base
model is that the pure simulation capabilities of the model are acceptable,
and this usually coincides with all parameters of the diffusion term
becoming simultaneously insigniﬁcant, which is the most important secondary criterion, because it indicates that there are no serious model
structure misspeciﬁcations. Using the proposed procedure therefore helps
to assure that the structure of the ﬁnal ODE model is appropriate, and
the parameters of the model may subsequently be re-estimated using
conventional PK/PD modelling software such as WinNonlin [16,17].
Example Studies Design
The following brieﬂy describes the design of the two examples reported
in the next section. Both examples use simulated data for illustration.
Example 1: Absorption Kinetics
The ﬁrst simulation example was designed to demonstrate that the
proposed method can be used to determine what type of absorption
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kinetics is appropriate for describing the PK of a drug following an oral
dose. The simulated data set used for this purpose was generated with the
following one-compartment model with nonlinear absorption and ﬁrst
order elimination:
dQ
Vmax Q
¼
dt
Km þ Q

ð25Þ

dC
Vmax Q
CL
¼
C

dt
ðKm þ QÞV
V

ð26Þ

where t 2 [0,300] (min) is time, Q (mg) is amount of drug in the GI
tract, and C (mg/l) is concentration of drug in plasma. The initial conditions and parameter values used were Q0=5 mg, C0=0 mg/l, CL
= 0.05 l/min, V=5 l, Vmax=0.1 mg/min and Km=0.5 mg. A proportional error model was used, corresponding to the following measurement equation:
yk ¼ Ck ð1 þ ek Þ;

ek  N ð0; SÞ

ð27Þ

where S=0.01, and where k=1,. . .,N is an index corresponding to sampling times 1, 2, 4, 6, 8, 10, 15, 20, 30, 40, 50, 60, 70, 80, 90, 100, 150,
200, 250, 300 (min.), which gives N=20 data points. The data set is
shown in Fig. 2.
Example 2: Pharmacodynamics
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The second simulation example was designed to demonstrate that the
proposed method can also be used to determine what type of model is
appropriate for describing the PD of a drug. The simulated data set used
for this purpose was generated with the following one-compartment,
indirect response model:
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Fig. 2. Simulated concentration data for Example 1: (a) absolute scale, (b) semi-log scale.
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dC
CL
¼
C
dt
V


dR
Imax C
¼ kin  kout 1 
R
dt
IC50 þ C

ð28Þ
ð29Þ

where t 2 [0,300] (min) is time, C (mg/l) is concentration of drug in plasma, and R is response. The initial conditions and parameter values used
were C0=1 mg/l, R0=1 (pharmacodynamic steady state), CL = 0.1 l/
min, V=5 l, kin=1, kout=1, Imax=1 and IC50=0.1 mg/l. A proportional
error model was used, corresponding to the following measurement equation:
yk ¼ Rk ð1 þ ek Þ;

ek  N ð0; SÞ

ð30Þ

where S=0.0025, and k=1,. . .,N is an index corresponding to sampling
times 0, 2, 4, 6, 8, 10, 15, 20, 30, 40, 50, 60, 70, 80, 90, 100, 150, 200,
250, 300 (min), which gives N=20 data points. The data set is shown in
Fig. 3.
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The above described, simulated data sets for the two examples
reported in the next section were generated using S-PLUS, version 6.1,
from Insightful Corporation, Seattle, WA, USA. S-PLUS was also used
to perform basic data manipulation, analysis and visualization. Parameter
estimation in SDE models was performed using CTSM [8,9], version 2.3,
publicly available from http://www.imm.dtu.dk/ctsm. CTSM was also
used to generate simulated and smoothed state estimates for evaluation of
the SDE models.
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Fig. 3. Simulated response data for Example 2: (a) absolute scale, (b) semi-log scale.
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RESULTS
In this section the performance of the proposed method for determining appropriate model structures is illustrated by means of two examples,
using, for illustration, the simulated data sets brieﬂy described in the
previous section.
For both examples results are reported according to the ﬂowchart
shown in Fig. 1, the steps of which constitute the basis of the proposed
method.
Example 1: Absorption Kinetics
The ﬁrst example demonstrates how the proposed method can be used
to determine what type of absorption kinetics is appropriate for describing
the PK of a drug following an oral dose. Data from Fig. 2 is used.
Base Model Formulation
It is assumed that nothing is known in advance about the PK of the
drug, and since the concentration proﬁles in Fig. 2 show no immediate
need for including any nonlinearities or more than one compartment to
describe the disposition of the drug, a reasonable initial model is a
one-compartment model with ﬁrst-order absorption and ﬁrst order
elimination, i.e.:
dQ
¼ kA Q
dt

ð31Þ

dC kA Q CL
¼

C
dt
V
V

ð32Þ

Translating this model into an SDE model, by including a diffusion term,
gives rise to a base model with the following set of system equations:
dQ ¼ kA Qdt þ r1 dx1t


kA Q CL
r1

C dt  dx1t þ r2 dx2t
dC ¼
V
V
V

ð33Þ
ð34Þ

The diagonal elements r1 dx1t and r2 dx2t have been included to allow
separate quantiﬁcation of the uncertainty in the two equations, and the
oﬀ-diagonal element  rV1 dx1t has been included to satisfy the mass
balance for the drug, i.e. to reﬂect that all that is absorbed from the
dosing compartment (GI tract) must appear in the central compartment
(plasma). In other words, everything on the right-hand side of (33) must
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appear negated on the right-hand-side of (34). The measurement equation
of the base model is equivalent to (27).
Base Model Parameter Estimation
Estimating the unknown parameters of the base model with CTSM
[8, 9] using the data in Fig. 2 gives the results shown in Table I.
Base Model Evaluation
Evaluating the quality of the base model, the four criteria for accepting a base model that were listed in the methodology section should be
considered. First of all, the pure simulation capabilities of the model
should be tested. Figure 4 shows a comparison between the observed data
and a simulated concentration proﬁle based on the base model with the
diﬀusion term set to zero. From the plot of the residuals, it is evident that
the base model is unable to capture important parts of the dynamics of
the system, giving rise to signiﬁcant serial correlation. The model thus
fails on the ﬁrst of the four criteria, and, as it turns out, also on the
second, because one of the diﬀusion term parameters (r1) is signiﬁcantly
diﬀerent from zero, but this is a natural consequence of the inability of
Table I. Estimation Results for the Base Model in (33)–(34) Using the Data From Fig. 2
Estimate

Standard error

t-score

p-value

3.5558E)03
1.6075E)03
7.2219E)01
7.6761E)03
8.9960E)05
3.0170E)03

4.5521
32.4178
4.4578
2.4635
0.0012
1.9034

0.0007
0.0000
0.0008
0.0283
0.9990
0.0786

1.6186E)02
5.2110E)02
3.2194E+00
1.8910E)02
1.1146E)07
5.7424E)03

kA
CL
V
r1
r2
S

)14.8020

Neg. log. like.
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Fig. 4. Pure simulation comparison and residuals for the model in (33)–(34).
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the drift term to capture the dynamics of the system. Seeing failure on the
ﬁrst two, the remaining criteria are not relevant.
Extended Model Formulation
Failing to fulﬁl the criteria for accepting a base model, the base
model should be reformulated, and in order to determine how to do this,
the t-scores and p-values shown in Table I are examined. The fact that r1
is signiﬁcant, whereas r2 is not, is an indication that the inability of the
model to fully capture the dynamics of the system may be due to
incorrectly modelled absorption. Thus it may be worthwhile to form an
extended model with kA as an additional state variable, i.e. a model with
the following system equations:
dQ ¼ kA Q dt þ r1 dx1t


kA Q CL
r1

C dt  dx1t þ r2 dx2t
dC ¼
V
V
V

ð35Þ

dkA ¼ r3 dx3t

ð37Þ

ð36Þ

The measurement equation of the extended model remains equivalent
to (27).
Extended Model Parameter Estimation
Estimating the unknown parameters of the extended model with
CTSM using the same data as before gives the results shown in Table II.
Extended Model Evaluation
Evaluating the quality of the extended model, the two types of statistical tests mentioned in the methodology section are applied. Because the
Table II. Estimation Results for the Extended Model in (35)–(37) Using the Data from
Fig. 2
Parameter
kA,0
CL
V
r1
r2
r3
S

Estimate
1.7136E)02
5.2187E)02
4.6358E+00
3.0032E)20
3.3896E)09
1.6303E)03
5.1587E)03
Neg. log. like.

Standard error
2.1356E)03
9.0733E)04
2.5781E)01
5.4598E)16
1.5970E)05
6.7444E)04
1.7177E)03
)19.2063

t-score

p-value

8.0241
57.5175
17.9816
0.0001
0.0002
2.4172
3.0032

0.0000
0.0000
0.0000
1.0000
0.9998
0.0322
0.0111
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extended model reduces to the base model for r3=0, the two models are
nested and a likelihood ratio test (using a v2-distribution with one degree
of freedom) can be applied to determine if the extended model gives a
better ﬁt, which turns out to be the case (compare the values of the negative log. likelihoods in Tables II). Examining the t-scores and p-values in
Table II, both r1 and r2 are now insigniﬁcant, whereas r3 is signiﬁcant,
and this indicates that the improvement in ﬁt has been obtained by allowing kA to vary with time.
Extended Model State Estimation
Attempting to determine a proper functional expression to account
for the time-variations in kA, the variations should ﬁrst be examined. This
is accomplished by generating smoothed state estimates from the extended
model, as shown in Fig. 5. The state estimates reveal that kA seems to
increase from its initial value until a higher value is reached, whereafter it
remains constant.
Nonparametric Modelling for Inference-making

C (mg/l)
0.4

3
0

0.0

1

0.2

2

Q (mg)

4

0.6

5

As the next step in attempting to determine a functional expression
to account for the time-variations in kA, the smoothed state estimates are
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Fig. 5. Smoothed state estimates Q
(35)–(37). Solid lines: mean values, dotted lines: 95% conﬁdence limits.

128

Kristensen, Madsen, and Ingwersen

used to ﬁt an additive model with kA as the response variable and Q and
C as predictor variables, using the S-PLUS function gam. The results,
which are shown in Fig. 6, indicate that kA is a decreasing function of Q
and largely independent of C. The particular dependence on Q (lower rate
constant at higher amounts in the GI tract) is indicative of saturable
absorption kinetics, in turn suggesting that it may be a good idea to use
Michaelis–Menten absorption kinetics.
Completing Model Development
Returning to the base model formulation step, the base model is
therefore reformulated by introducing Michaelis–Menten absorption
kinetics, which gives rise to a new base model with the following system
equations:
Vmax Q
dt þ r1 dx1t
Km þ Q


Vmax Q
CL
r1
C dt  dx1t þ r2 dx2t

dC ¼
ðKm þ QÞV
V
V
dQ ¼ 

ð38Þ
ð39Þ

1

2

Q

3

4

5

0.0

s(C)
0

-0.010 -0.005

s(Q)
-0.010 -0.005 0.0

0.005

0.005

0.010

Estimating the unknown parameters of this model with CTSM using the
same data as before gives the results shown in Table III, and evaluating
the quality of the model, it turns out that it fulﬁls all four criteria for
accepting a base model. More speciﬁcally, Fig. 7 shows that the pure
simulation capabilities of the model are acceptable (no serial correlation
of residuals) and Table III shows that both of the diﬀusion term parameters (r1 and r2) are insigniﬁcant, whereas all of the drift term parameters are signiﬁcant. Finally, comparing the negative log. likelihood of the
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^kjN and C^kjN ; k ¼ 1; . . . ; N, for the model in
Fig. 6. Additive model ﬁts of k^A;kjN vs. Q
(35)–(37) (created using the S-PLUS functiong gam). Solid lines: Smoothing spline ﬁts, dotted lines: 95% conﬁdence limits, dots: partial residuals.
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Table III. Estimation Results for the New Base Model in (38)–(39) Using the Data From
Fig. 2
Parameter

Estimate

Standard error

1.1451E)01
9.8934E)01
5.2199E)02
4.9924E+00
4.2244E)03
1.2767E)08
5.3721E)03

Vmax
Km
CL
V
r1
r2
S

6.4349E)03
7.2427E)02
1.1369E)03
2.1079E)01
6.0448E)03
2.2552E)06
1.3791E)03

t-score

p-value

17.7958
13.6598
45.9134
23.6847
0.6989
0.0057
3.8955

0.0000
0.0000
0.0000
0.0000
0.4971
0.9956
0.0024

)23.2659

Residuals
0.0
0.05
-0.05

0.4

-0.10

0.2
0.0

C (mg/l)

0.6

0.10

Neg. log. like.
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Fig. 7. Pure simulation comparison and residuals for the model in (38)–(39).

new base model to the negative log. likelihood of the original base model, it is clear that the new base model gives a signiﬁcantly better ﬁt. The
new base model is therefore accepted and model development is complete. To summarize, this example has demonstrated how, starting from
a simple assumption of linear kinetics, the proposed method could be
used to determine a more appropriate model for describing the kinetics
of a drug following an oral dose. In particular, it has been demonstrated that a not immediately visible nonlinearity could be eﬀectively
uncovered.
Example 2: Pharmacodynamics
The second example demonstrates how the proposed method can be
used to determine what type of model is appropriate for describing the
PD of a drug with known PK following an intravenous bolus. Data from
Fig. 3 is used.
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Base Model Formulation
It is assumed that the PK of the drug is known but that nothing is
known in advance about the PD of the drug, except that it inhibits the
loss of response in an indirect response model. The response proﬁles in
Fig. 3 do not reveal the nature of the inhibition and since no other information is available, a very simple model with no drug eﬀect is taken to be
the starting point, i.e.:
dR
¼ kin  kout R
dt

ð40Þ

Translating this model into an SDE model, by including a diffusion term,
gives rise to a base model with the following system equation:
dR ¼ ðkin  kout RÞdt þ r1 dx1t

ð41Þ

The measurement equation of the base model is equivalent to (30).
Base Model Parameter Estimation
Estimating the unknown parameters of the base model with CTSM
[8,9] using the data in Fig. 3 gives the results shown in Table IV (note
that the initial condition was also estimated, i.e. pharmacodynamic steady
state was ignored).
Base Model Evaluation
Including no drug effect, the base model is bound to be inappropriate, and the comparison in Fig. 8 between the observed data and a simulated response proﬁle based on the base model clearly shows this. The
model is unable to capture the dynamics of the system and thus fails on
the ﬁrst of the four criteria for accepting a base model. It also fails on the
second, because the diﬀusion term parameter (r1) is signiﬁcantly diﬀerent
from zero as a consequence of the inability of the drift term to capture
the dynamics of the system.
Table IV. Estimation Results for the Base Model in (41) Using the Data From Fig. 3
Parameter
R0
kin
kout
r1
S

Estimate

Standard error

t-score

p-value

1.1518E+00
6.8589E)02
1.7344E)02
5.1687E)01
4.8131E)14

4.0240E)01
3.3926E)02
1.3181E)02
9.0102E)02
3.1145E)09

2.8624
2.0217
1.3158
5.7365
0.0000

0.0126
0.0622
0.2084
0.0001
1.0000

Neg. log. like.

7.9792
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Fig. 8. Pure simulation comparison and residuals for the model in (41).

Extended Model Formulation
The base model should obviously be reformulated by including an
inhibitory drug effect on the loss of response. In order to determine how
to do this, an extended model, where kout is included as an additional
state variable, is therefore formed, i.e. a model with the following set of
system equations:
dR ¼ ðkin  kout RÞ dt þ r1 dx1t

ð42Þ

dkout ¼ r2 dx2t

ð43Þ

The measurement equation of the extended model remains equivalent to
(30).
Extended Model Parameter Estimation
Estimating the unknown parameters of the extended model
with CTSM using the same data as before gives the results shown in
Table V.
Table V. Estimation Results for the Extended Model in (42)–(43) Using the Data From
Fig. 3
Parameter
R0
kout,0
kin
r1
r2
S

Estimate

Standard error

9.9500E)01
2.9364E)02
8.0920E)01
2.8991E)07
1.4295E)02
8.5402E)04

6.0443E)02
5.0768E)02
9.8048E)02
1.7698E)04
2.7874E)03
9.1065E)04

Neg. log. like.

)13.7552

t-score

p-value

16.4618
0.5784
8.2531
0.0016
5.1284
0.9378

0.0000
0.5723
0.0000
0.9987
0.0003
0.3644
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Extended Model Evaluation
The extended model reduces to the base model for r2=0, which
means that the two models are nested, and a likelihood ratio test (using a
v2-distribution with one degree of freedom) can therefore be applied to
determine if the extended model gives a better ﬁt. As expected, this turns
out to be the case (compare the values of the negative log-likelihoods in
Tables IV and V), and from the t-scores and p-values in Table V, which
show that r1 is now insigniﬁcant, whereas r2 is signiﬁcant, it is clear that
the improvement in ﬁt has been obtained by allowing kout to vary
signiﬁcantly with time.
Extended Model State Estimation
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Attempting to determine a proper functional expression to account
for the time-variations in kout, the variations are ﬁrst examined by
generating smoothed state estimates from the extended model. These are
shown along with simulated concentrations C based on the known PK of
the drug in Fig. 9, which reveals that kout seems to increase almost linearly with time.
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Fig. 9. Simulated concentrations Ck|0, k=1, . . . ,N, based on the known PK of the drug,
and smoothed state estimates R^kjN and k^out;k ; k ¼ 1; . . . ; N, for the model in (42)–(43). Solid
lines: mean values, dotted lines: 95% conﬁdence limits.
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Nonparametric Modelling for Inference-making
As the next step, the simulated concentrations and smoothed state
estimates are used to ﬁt an additive model with kout as the response
variable and C and R as predictor variables, using the S-PLUS function
gam. The results, which are shown in Fig. 10, indicate that kout is a
decreasing function of C and independent of R. The particular
dependence on C (asymptotic decrease towards a lower limit for higher
concentrations) in turn suggests that it may be a good idea to introduce
an assumption of an Imax-type drug eﬀect.
Completing Model Development
Returning to the base model formulation step, the base model is
reformulated by introducing the assumption mentioned above, which
gives rise to a new base model with the following system equation:


 
Imax C
dR ¼ kin  kout 1 
ð44Þ
R dt þ r1 dx1t
IC50 þ C

s(R)

-0.2

-0.2

0.0

0.0

s(C)
0.2

0.2

0.4

0.4

Estimating the unknown parameters of this model with CTSM using the
same data as before gives the results shown in Table VI, and evaluating
the quality of the model, it turns out that it fulﬁls all four criteria for
accepting a base model. More speciﬁcally, Fig. 11 shows that the pure
simulation capabilities of the model are acceptable (no serial correlation
of residuals) and Table VI shows that the diﬀusion term parameter (r1) is
insigniﬁcant, whereas all of the drift term parameters are signiﬁcant.
Finally, comparing the negative log-likelihood of the new base model to
the negative log-likelihood of the original base model, it is clear that the
new base model gives a signiﬁcantly better ﬁt. It is therefore accepted and
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Fig. 10. Additive model ﬁts of kout;kjN vs. R^kjN and Ck|0, k = 1, . . . ,N, for the model in
(42)–(43) (created using the S-PLUS function gam). Solid lines: Smoothing spline ﬁts, dotted
lines: 95% conﬁdence limits, dots: partial residuals.
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Fig. 11. Pure simulation comparison and residuals for the model in (44).

Table VI. Estimation Results for the New Base Model in (44) Using the Data From Fig. 3
Parameter
R0
kin
kout
Imax
IC50
r1
S

Estimate
9.8133E)01
9.8782E)01
9.7464E)01
1.0122E+00
1.0701E)01
6.3329E)05
2.4014E)03
Neg. log. like.

Standard error

t-score

p-value

4.6141E)02
4.7552E)02
6.0339E)02
1.2520E)02
9.6240E)03
1.5672E)02
7.5878E)04

21.2682
20.7735
16.1527
80.8437
11.1187
0.0040
3.1648

0.0000
0.0000
0.0000
0.0000
0.0000
0.9968
0.0084

)31.9382

model development is complete. To summarize, this example has
demonstrated how, starting from a simple assumption of no drug eﬀect,
the proposed method could be used to determine an appropriate model
for describing the nature of the inhibitory eﬀect of a drug with known PK
on the loss of response in an indirect response model.
DISCUSSION
The SDE-based method for developing PK/PD models that has been
proposed in the present paper has a number of advantages compared to
conventional methods, some of which have been demonstrated through the
examples given in the previous section. In an overall perspective, the key
advantage of the proposed method is that it avoids the exhaustive
trial-and-error based search often conducted to determine the most appropriate model structure, which is accomplished by allowing information
about the appropriate model structure to be extracted directly from data.
This was illustrated, using simulated data, by showing how, starting from
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a simple assumption of linear PK, the proposed method could be used to
determine the correct nonlinear model for describing the PK of a drug following an oral dose. Similar results were obtained for PD, again using simulated data, by showing how, starting from a simple assumption of no
drug effect, the proposed method could be used to determine the correct
model for describing the nonlinear nature of the inhibitory effect of a drug
with known PK on the loss of response in an indirect response model.
What allows the SDE-based method to facilitate extraction of information about the appropriate model structure from data is the inclusion
of a diffusion term, which allows the SDE model to explain a larger
portion of the variation in a given data set than the corresponding ODE
model. Estimation of the parameters of the diffusion term therefore
facilitates quantiﬁcation of model uncertainty, and this not only allows
tools for performing model diagnostics to be constructed, but it also
provides guidelines for model improvement. Another very strong feature
is that the inclusion of the diffusion term allows state ﬁltering and
smoothing techniques to be applied, by means of which time-variations in
key parameters can be tracked and visualized graphically. This in turn
allows nonparametric methods for feature extraction to be applied in
order to determine if there are functional relationships between the key
parameters and other important variables. In this manner, not only the
structure of such relationships, but also reasonable initial estimates of the
parameters needed to characterize them, may be determined graphically.
Using the proposed method, it may be possible to reveal nonlinear
PK and PD phenomena using fewer dose levels than what is common
today. Indeed, a single dose level should be enough, provided it is high
enough to excite the nonlinearity. However, as the proposed method, in its
current form, is a method for analysing individual PK and PD data, rich
data is a requirement, especially in view of the fact that by including a diffusion term the number of parameters to be estimated increases. As sparse
population data is often more readily available, initiatives have also been
taken to extend the proposed method to a more general population form
[18, 19]. In particular, it has been demonstrated that parameters in nonlinear mixed-eﬀects models based on SDEs can be correctly estimated using
sparse population data [18], but further developments, especially with
respect to smoothing techniques and with respect to nonparametric methods for feature extraction, are needed. Given such developments, a population form of the proposed method may prove even more useful than the
individual form. Indeed, it has already been demonstrated that in terms of
the ability to detect nonlinearities, using nonlinear mixed-eﬀects modelling
is superior to using a standard two-stage population analysis approach,
where parameters are estimated separately for each individual [20].
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APPENDIX A
In the following, algorithms for performing extended Kalman ﬁltering and nonlinear smoothing based on the extended Kalman ﬁlter (EKF)
are described (for formal derivations of the two algorithms, see [5,11]).
Both algorithms have been implemented in the computer program CTSM
[8,9]. The EKF is an integral part of the approximate maximum likelihood scheme for parameter estimation, which constitutes the core of the
program, but both algorithms may be used independently for generating
diﬀerent types of state estimates.

Extended Kalman Filtering
Consider an SDE model with the following system and measurement
equation:
dxt ¼ f ðxt ; ut ; t; hÞdt þ rðut ; t; hÞdxt

ðA.1Þ

yk ¼ hðxk ; uk ; tk ; hÞ þ ek ; ek  N ð0; SðhÞÞ

ðA.2Þ

Given a sequence of observations y0, y1, . . . , yk, . . . , yN)1, yN, the EKF
can be used to recursively compute the values of k and Rk|k)1,
k=1, . . . , N, needed to evaluate the objective function in (11) for a given value of h.
^1j0 ¼ Efxt0 g and P1|0=V{xt0}, i.e.
Initial conditions for the EKF are x
the mean and covariance of the initial states in (A.1). Given the initial
conditions, the ﬁrst step of the EKF recursions involves the output
prediction equations:
^
ykjk1 ¼ hð^
xkjk1 ; uk ; tk ; hÞ

ðA.3Þ

Rkjk1 ¼ Ck Pkjk1 CTk þ Sk

ðA.4Þ

which predict the mean and covariance of the outputs at time tk given the
information available at time tk)1 (e.g., for k=1, the mean and covariance
of the outputs at time t1 given the mean and covariance of the initial
states). Ck is the Jacobian of h(Æ) with respect to xk (evaluated using
^kjk1 ) and Sk ¼ SðhÞ. The second step of the recursions involves the
x
innovation equation:
k ¼ yk  ^
ykjk1

ðA.5Þ

which determines the one-step-ahead prediction residual or innovation at
time tk, i.e. the diﬀerence between the observed outputs and the predicted
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outputs. The third step of the recursions involves the Kalman gain
equation:
Kk ¼ Pkjk1 CTk R1
kjk1

ðA.6Þ

which determines the so-called Kalman gain at time tk. This is essentially
a matrix of weights determining the degree of updating that is going to
take place in the fourth recursion step. This step involves the updating
equations:
^kjk1 þ Kk k
^kjk ¼ x
x

ðA.7Þ

Pkjk ¼ Pkjk1  Kk Rkjk1 KTk

(A.8)

where the predicted mean and covariance of the states at time tk are
updated based on the observed outputs via the innovation and the
Kalman gain. The ﬁfth and ﬁnal recursion step involves the state prediction equations:
d^
xtjk
¼ fð^
xtjk ; ut ; t; hÞ
dt

ðA.9Þ

dPtjk
¼ At Ptjk þ Ptjk ATt þ rt rTt
dt

ðA.10Þ

which are solved for t 2 [tk, tk+l] to predict the mean and covariance of
the states at time tk+1. At is the Jacobian of f(Æ) with respect to xt (evaluated using x^tjk ) and rt ¼ rðut ; t; hÞ. Using the new predicted values of the
mean and covariance of the states, the recursions are repeated from (A.3)
to (A.4).
In terms of the initial conditions for the EKF, x^1j0 ¼ Efxt0 g can
either be pre-speciﬁed or estimated as a part of the overall parameter
estimation problem in CTSM, and it is in general reasonable to compute
P1j0 ¼ Vfxt0 g as follows:
Z t1
eAs s rs rTs ðeAs s ÞT ds
ðA.11Þ
P1j0 ¼ Ps
t0

i.e. as the integral of the Wiener process and the system dynamics over
the ﬁrst sample, scaled by a pre-speciﬁed scaling factor Ps ‡ 1, which in
CTSM is set to 1. The EKF algorithm is formally summarized in
Table VII.
The above formulation of the EKF is speciﬁcally tailored to allow
the innovations k and their covariances Rk|k)1 to be computed for
k=1, . . . ,N, but this is not the most common formulation. The EKF is
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Table VII. The Extended Kalman Filter (EKF) Algorithm 1

1:
2:
3:
4:
5:
6:
7:
8:
9:

Given the SDE model in (A.1)–(A.2), a parameter vector h, and initial states xt0.
Set the initial mean x^1j0 ¼ xt0 and use (A.11) for the initial covariance P1j0 .
FOR k=1 to N DO:
Use (A.3)–(A.4) to compute y^kjk1 and Rk|k)1.
Use (A.5) and (A.6) to compute k and Kk.
Use (A.7)–(A.8) to compute x^kjk and Pkjk .
Use (A.9)–(A.10) to compute x^kþ1jk and Pkþ1jk .
END FOR
Return k and Rk|k)1 for k = 1, . . . , N (to construct the likelihood function).

^kjk1 or x^kjk and
more frequently used to compute state estimates, e.g. x
the corresponding covariance matrices Pk|k)1 or Pk|k for k =1, . . . , N. The
above formulation still allows this, however, and in CTSM both types of
state estimates and the corresponding covariance matrices can also be
computed (see Table VII).
Nonlinear Smoothing based on the EKF
Consider again the SDE model in (A.1)–(A.2). Given a sequence of
observations y0, y1, . . . , yk, . . . , yN)1, yN, a nonlinear smoothing algorithm
based on the EKF can be used to compute state estimates that have smaller
variance than the ones provided by the EKF formulation given above. While
the estimates provided by the EKF are conditioned on either past information
ð^
xkjk1 ; k ¼ 1; . . . ; NÞ or past and present information ð^
xkjk ; k ¼ 1; . . . ; NÞ
smoothed state estimates are conditioned on all available information
ð^
xkjN ; k ¼ 1; . . . ; NÞ i.e. both past, present and ‘‘future’’ information.
The nonlinear smoothing algorithm is based on the following formulas:
1

^kjk Þ
^kjk1 þ Pkjk x
x^kjN ¼ PkjN ðP1
kjk1 x
1

1
PkjN ¼ ðP1
kjk1 þ Pkjk Þ

ðA.12Þ
ðA.13Þ

which state that the smoothed estimate can be computed by combining a
forward ﬁlter estimate based only on past information with a backward
ﬁlter estimate based only on present and ‘‘future’’ information.
The forward ﬁlter estimates x^kjk1 and their covariance matrices
Pk|k)1 can be computed for k = 1, . . . , N by means of the EKF (see
^kjk and their covariance
Table VII). The backward ﬁlter estimates x
matrices Pkjk , on the other hand, must be computed for k=N, . . . ,1 using
a diﬀerent set of formulas.
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Table VIII. The Algorithm for Nonlinear Smoothing Based on the EKF
1.
2.
3.
4.
5.
6.
7.
8.

Given the SDE model in (A.1)–(A.2), a parameter vector h, and initial states xt0.
Use the EKF algorithm in Table VII to compute and Pkjk1 for k = 1, . . . , N.
Set the initial conditions sN|N+1=0 and PN jNþ1 ¼ 0.
FOR k=N to 1 DO:
1
Use (A.18)–(A.19) to compute sk|k and Pkjk
1
Use (A.20)–(A.21) to compute sk-1|k and Pk1jk .
END FOR
Use (A.16)–(A.17) to compute x^kjN and Pk|N for k = 1, . . . , N.

In this set of formulas a transformation of the time variable is used,
i.e. s=tN ) t, and the backward ﬁlter is based on a rewritten SDE model:
dxtN s ¼ f ðxtN s ; utn s ; tN  s; hÞds  rðutN s ; tN  s; hÞdxs
yk ¼ hðxk ; uk ; tk ; hÞ þ ek ; ek  Nð0; SðhÞÞ

ðA.14Þ
ðA.15Þ

where s 2 [0, tN]. For ease of implementation a coordinate transformation is
1
^t , and (A.12)–(A.13) are rewritten as follows:
also introduced, i.e. st ¼ Pt x
^kjk1 þ skjk Þ
x^kjN ¼ PkjN ðP1
k1 x

ðA.16Þ

1

1
PkjN ¼ ðP1
kjk1 þ Pkjk Þ

ðA.17Þ
1

Starting from the initial conditions sN|N+1=0, and PNjNþ1 ¼ 0; skjk and
1
Pkjk ; k ¼ N; . . . ; 1; are computed recursively in a two-step manner. The
ﬁrst step of the recursions involves the following updating equations:
skjk ¼ skjkþ1 þ CTk S1
xkjk1 ; uk ; tk ; hÞ þ Ck x^kjk1 Þ
k ðyk  hð^
1

1

Pkjk ¼ Pkjkþ1 þ CTk S1
k Ck

ðA.18Þ
ðA.19Þ

^kjk1 )
where Ck is the Jacobian of h(Æ) with respect to xk (evaluated using x
and Sk ¼ SðhÞ. The second recursion step involves the prediction equations:
dstN sjk
1
1
¼ ATs stN sjk  PtN sjk rs rTs stN sjk  PtN sjk
ds
 ðfð^
xtN sjk ; utN s ; tN  s; hÞ  As x^tN sjk Þ
ðA:20Þ
1

dPtN sjk
ds

1

1

1

1

¼ PtN sjk As þ ATs PtN sjk  PtN sjk rs rTs PtN sjk

ðA:21Þ
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which are solved for s 2 [sk,sk+1]. As is the Jacobian of f(Æ) with respect
to xtN)s (evaluated using x^tN sjk ) and rs ¼ rðutN s ; tN  s; hÞ. Using the
1
new predicted values of sk)1| k and Pk1jk , the recursions are repeated.
The initial conditions for the backward ﬁlter i.e. sN|N+1=0 and
1
PNjNþ1 =0, can be derived from an alternative formulation of (A.16)–
(A.17):
1

x^kjN ¼ PkjN ðPkjN x^kjk þ skjkþ1 Þ
1

1
1
P1
kjN ¼ ðPkjk þ Pkjkþ1 Þ

ðA.22Þ
ðA.23Þ

by realizing that the smoothed estimate must coincide with the forward
ﬁlter estimate for k=N. The nonlinear smoothing algorithm is formally
summarized in Table VIII. Smoothed state estimates and the corresponding covariance matrices can also be straightforwardly computed in
CTSM.
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