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Abstract

In applications of data assimilation algorithms, a number of poorly known assimilation parameters usu-
ally need to be specified. Hence, the documented success of data assimilation methodologies must rely on a
moderate sensitivity to these parameters. This contribution presents a parameter sensitivity study of three
well known Kalman filter approaches for the assimilation of water levels in a three dimensional hydrody-
namic modelling system. The filters considered are the ensemble Kalman filter (EnKF), the reduced rank
square root Kalman filter (RRSQRT) and the steady Kalman filter. A sensitivity analysis of key parameters
in the schemes is undertaken for a setup in an idealised bay. The sensitivity of the resulting root mean
square error (RMSE) is shown to be low to moderate. Hence the schemes are robust within an acceptable
range and their application even with misspecified parameters is to be encouraged in this perspective. How-
ever, the predicted uncertainty of the assimilation results are sensitive to the parameters and hence must be
applied with care. The sensitivity study further demonstrates the effectiveness of the steady Kalman filter in
the given system as well as the great impact of assimilating even very few measurements.
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1. Introduction

Data assimilation methodologies are becoming increasingly applied in the ocean modelling
community. As part of this trend, sequential ensemble based techniques have gained significant
popularity during the last decade. Like most other statistical approaches to assimilation, such
techniques rely on simple assumptions about the sources of the error in the numerical ocean
models. The successful application of these assimilation techniques must rely either on extensive
calibration of the parameters describing the model errors or on a moderate sensitivity to these
parameters. This contribution sets out to examine this sensitivity to assimilation parameters, in
order to provide an improved understanding of the nature of assimilation techniques. First, it
is instructive to review the foundation of present days efficient sequential assimilation techniques.
The standard approach and hence terminology of sequential estimation techniques is that of the

Kalman filter (Kalman, 1960). The original Kalman filter was derived for a linear system with
Gaussian error sources. When applied to non-linear and high dimensional systems, the formula-
tion demands vast computational resources and its limitations in terms of Gaussian error assump-
tions and linearity become clear. Several extensions have been made in an attempt to
accommodate for such deficiencies.
Primarily, the problem needs to be solvable on available computational resources. The most

widespread techniques for making the problem tractable are ensemble based. Basically these
schemes represent the information contained in the error covariance matrix in a reduced space
spanned by a small ensemble of states. The ensemble Kalman filter (EnKF) (Evensen, 1994)
and the reduced rank square root Kalman filter (RRSQRT) (Verlaan and Heemink, 1997), are
examples presented in this paper. Two alternative popular ensemble based approaches are the
SEEK filter (Pham et al., 1997) and the SEIK filter (Pham et al., 1998). A recent review of ensem-
ble based Kalman filters is provided in Evensen (2003). Another approach reducing the compu-
tational cost uses a simpler description of model dynamics. This can either be done by using a
coarser grid for the error covariance modelling in the numerical model (Cohn and Todling,
1996 and Fukumori and Malanotte-Rizzoli, 1995), or by approximating time consuming elements
of the numerical model, such as employing cheaper numerical schemes, simpler turbulence closure
schemes or assuming geostrophic balance for the error covariance propagation (Dee, 1991).
A significant reduction in computational time can be obtained with the steady Kalman filter,

where the model error covariance or the Kalman gain is assumed to be the same at each update
time. Fukumori and Malanotte-Rizzoli (1995) derives such a steady gain from limiting theory
solving the time invariant Riccati equation. Cañizares et al. (2001) also uses a steady approach,
but here the steady gain is calculated as a time average of the EnKF. The steady approach gen-
erally reduces computational times with two orders of magnitude compared to the EnKF and is
only slightly more computationally demanding than a single execution of a numerical model.
Extensions to the Kalman filter need to accommodate for non-linearities in the model propa-

gation and the measurement equation. Also, bias or coloured noise in the numerical model and
the measurements requires attention. Most schemes use a non-linear numerical model for the state
propagation, while the forward operator employed for the error covariance propagation ranges
from a steady linear operator (Fukumori and Malanotte-Rizzoli, 1995) to a linear expansion in
extended Kalman filter applications such as the RRSQRT filter and a full non-linear error prop-
agation in the EnKF.
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While the handling and nature of non-linearities in a data assimilating system thus has been
widely examined, the importance of using a proper error structure and robustness to error misspe-
cification has gained only sporadic attention. The optimality of the Kalman filter assumes known
and unbiased model and measurement errors. However, the estimation of these errors is to some
extend subjective and can typically never be estimated from the limited data sets available. Fur-
ther, structural model errors often lead to biased model states. Dee and da Silva (1998) present a
scheme for the simultaneous estimation of the unbiased state and the model bias. Cañizares (1999)
and Verlaan (1998) both uses a coloured noise implementation. Sørensen et al. (2004a) investi-
gates the behaviour under misspecification of the model error in the case of a biased forcing.
In all cases a clear improvement of the estimate results from correct error structure specification.
In a general data assimilation application the error sources are typically only known to a first or

second order approximation and hence misspecification is part of the working conditions. How-
ever, good performance is nevertheless demonstrated in schemes, which do not explicitly account
for the actual error structure, e.g. Madsen and Cañizares (1999). This must be accredited to a suf-
ficient information content of the measurements and subsequent distribution. Bias is also cor-
rected by a Kalman filter approach assuming no bias, albeit in a suboptimal way (Dee and da
Silva, 1998). The specification of error structure and its subsequent propagation only need to pro-
vide a good interpolation of the innovation in space and time. Hence, when many data are avail-
able, the importance of a proper error model is reduced. In the case of assimilation of tidal gauge
data, as considered herein, the measurements are usually sparsely distributed in space. Thus, the
error structure provides the mean for updating state elements situated far from points of obser-
vation and hence its description becomes more important.
Focusing at the three state-of-the-art assimilation schemes, the EnKF, the RRSQRT filter and

the Steady filter, with a coloured noise assumption implemented in a 3D hydrodynamic model,
this papers will perform a sensitivity study of the schemes for various parameter settings.
Acknowledging that misspecifications are often part of the working conditions such a study pro-
vides insight to the effect on performance of uncertain parameters. Hence, calibration can be fo-
cused at key parameters and in case of low sensitivity, confidence can be build in the schemes even
for moderately misspecified parameters. Any such sensitivity study inherently only applies to the
particular system under consideration and its characteristics.
Section 2 will introduce the building blocks of the assimilation approach, which provides the

Kalman filter as a special case. The three schemes, which constitute the basis of this study will
be described briefly—namely the EnKF, the RRSQRT and the steady Kalman filter. In Section
3 the filter parameters in the schemes are presented and discussed. In Section 4 results are pre-
sented for a range of sensitivity twin experiments using an idealised bay test case. Finally, Section
5 summarises and concludes the paper. The notation suggested by Ide et al. (1997) is used
throughout.
2. Assimilation approach

It is important to stress that the three assimilation schemes to be presented in this section all rely
on approximations, which are inevitably violated to some extend or another. The schemes and their
foundation are given a fairly thorough treatment. This is partly done in order to highlight the
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approximate nature of the schemes. Further, it simultaneously provides the setting for defining the
assimilation parameters and testing the impact of these on the model performance.
The foundation of sequential estimation schemes is a linear model for combining the informa-

tion contained in a model with measurements in an estimate of state variables. Hence, let
xtðtiÞ 2 Rn be a representation of the true state at time ti. This could be an array of grid averaged
water levels and velocities at all model grid points in the area of interest. It can also contain addi-
tional augmented elements from an error model. Let xf ðtiÞ 2 Rn be the model estimate of xt(ti)
and yoi 2 Rp be a vector of observations at time ti, which is assumed related to the state vector
through the measurement equation,
yoi ¼ Hix
tðtiÞ þ �i ð1Þ
The operator Hi 2 Rp�n projects the state space onto the measurement space.
The measurement noise is assumed additive and represented by the random variable, �i 2 Rp.

The relation in (1) is assumed linear.
With the definitions given above and assuming both xf(ti) and y

o
i to be unbiased, a linear unbi-

ased estimate, xa(ti), of x
t(ti) can be obtained as
xaðtiÞ ¼ xf ðtiÞ þ Kiðyoi �Hix
f ðtiÞÞ ð2Þ
A good sequential assimilation scheme is characterised by a proper estimation of the elements
of the linear operator, Ki 2 Rn�p, which is denoted the Kalman gain. What is meant by proper
depends on the application at hand and the properties of the estimate, xa(ti), sought for. Usually
assumptions about linearity and unbiasedness are imposed and a least squares approach is taken.
This is followed in the next section.
2.1. The BLUE estimator

The linear projection of xt(ti) on y
o
i provides the best (minimum variance) linear unbiased esti-

mate (BLUE) of xt(ti) (Jazwinski, 1970). The first moment of
xtðtiÞ
yoi

� �
is given as

xf ðtiÞ
Hix

f ðtiÞ

� �
and

its covariance matrix is
Pf

i Pf
i H

T
i

HiP
f
i HiP

f
i H

T
i þ Ri

� �
. Here, Ri 2 Rp�p is the covariance of the noise

process �i in (1) and P
f
i 2 Rn�n is the error covariance of the state estimate xf(ti). The linear pro-

jection EðxtðtiÞjyoi ) is given by (2) with Ki given by
Ki ¼ Pf
i H

T
i ðHiP

f
i H

T
i þ RiÞ�1 ð3Þ
The error covariance of the estimated state, xa(ti), is given by
Pa
i ¼ Pf

i � KiHiP
f
i ð4Þ
The quest now becomes the estimation of Pf
i and Ri. The measurement error is usually assumed

constant in time and is prescribed according to measurement uncertainty and its representation in
the model state. For sequential Kalman filter based algorithms, the discrepancies lies in the approx-
imations made in the estimation of Pf

i and x
f(ti). Three approaches are described in Section 2.2.

It should be noted that the BLUE estimator assumes that EðxtðtiÞjyoi Þ is linear in yoi . This is true
in the measurement point if the linear relation in (1) is valid. However, the state variables are
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generally not linearly related and hence this assumption is not valid. The minimal variance prop-
erty of the BLUE estimator and hence the Kalman filter only applies to the class of linear func-
tions. Further, the numerical model does in most cases not provide an unbiased estimate of the
true state. Since most sequential assimilation schemes employ this estimator, they are also subject
to these sources of suboptimality.

2.2. State and error propagation

The basis of the predictions is a numerical hydrodynamic model. In this study the model
adapted is MIKE 3, which is developed at DHI Water and Environment, DHI (2001). The numer-
ical model solves for the three-dimensional non-linear oceanic flow. In the present ideal setup,
constant density is applied. The code that constitutes a one-time-step-ahead prediction can be
regarded as a model propagation operator, MD

M3. With knowledge of the state at time ti�1 and
the forcing, u(ti), it provides the state at time ti. The state considered consists of velocities and
water levels on a specified grid. The forcing is open boundary water levels, sources and sinks, wind
velocities and atmospheric pressure. Hence in a standard non-assimilating application of the
numerical model, the one-time-step-ahead prediction can be written as,
xf ðtiÞ ¼ MD
M3ðxf ðti�1Þ; uðtiÞÞ ð5Þ
In this case the state description and propagation are deterministic.
Acknowledging the approximate nature of a numerical model, a more detailed description must

incorporate the model error introduced at each time step and its propagation throughout the sys-
tem. Thus the propagation operator and the state become stochastic. Let r be the dimension of the
space in which model propagation error sources are described. The error introduced by the model
propagation, ni 2 Rr

i is evident in the system equation,
xtðtiÞ ¼ MM3ðxtðti�1Þ; uðtiÞ; niÞ ð6Þ

The operator MM3 is a stochastic extension of M

D
M3. Optimally, knowledge of the correct time

varying probability density function (pdf) of the noise sequence ni and an initial state could be
used to provide an exact stochastic forecast of the state. However, representation and propagation
of the full pdf is not a tractable approach. A common approximation is to consider only the first
and second order moments of the distribution. In case of Gaussian random fields and a linear
model operator this further describes the full probability distribution. In addition, only these
two moments are needed for the BLUE estimator in (2) and (3). Another approach is to approx-
imate the propagation of the pdf to a precision, which allows a confident estimation of the first
and second order moments. Two schemes for forecasting the first and second order moments
in the hydrodynamic model and subsequent update of the state conditioned on observations
are presented in Sections 2.2.1 and 2.2.2. A steady Kalman gain reduction of these elaborate tech-
niques is presented in Section 2.2.3. For the two time varying schemes, the initial state error
covariance is assumed to be zero. Hence, a short spin-up period is necessary for proper function-
ing of the time varying filters.

Of prime importance to any assimilation scheme is a proper model and measurement error
description. As previously stated, the measurement error is usually based on simple assumptions.
The specification of model error is a more difficult task. It is generally assumed proportional to the
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model dynamics variability in some way or to originate solely from external forcing fields. The
latter approach is applied here. Errors are introduced in the open boundary water level and in
the wind velocity. Hence, the numerical model is in itself assumed to be perfect. In coastal and
shelf seas this is often a good approximation to actual model inaccuracies, since the flow is
strongly driven by these boundary conditions, which in many cases are known to contain rather
large errors. A further step is taken by assuming the error to be coloured as described by a first
order autoregressive model MAR(1),
ni ¼ MARð1Þðni�1; giÞ ¼ Ani�1 þ gi ð7Þ

The matrix A = diag(a), where the vector a contains the coefficients of the autoregressive model,

assuming the components of ni to be uncorrelated. The noise process gi is assumed Gaussian with
zero mean and error covariance matrix, Qg

i 2 Rr�r. Hence, xt(ti) is augmented with the boundary
and wind error description and an extended operator, M = (MM3,MAR(1))

T, is introduced. This
leads to a system equation with additive noise, which will be used in the remainder of this work,
xtðtiÞ ¼ Mðxtðti�1Þ; uðtiÞ; giÞ ¼ Mðxtðti�1Þ; uðtiÞ; 0Þ þ
0

gi

� �
ð8Þ� � � �
The error covariance of
0
gi

is Qi ¼
0 0
0 Qg

i
. Running the hydrodynamic model alone with

error propagation according to one of the schemes described below, but with no assimilation, will
yield a model mean estimate and its error covariance matrix. Hence, the accuracy of model results
based on the given assumptions can be addressed and compared to observational evidence.

2.2.1. The ensemble Kalman filter
In the ensemble Kalman filter (EnKF) the propagation of the full pdf is approximated by an

ensemble propagation. Both the first and second order moments are calculated as ensemble sta-
tistics and used for the update of each ensemble member. The strength of the approach lies in its
representation of the full pdf, its handling of non-linearities and its ease of implementation for
complex state and error descriptions.
An ensemble of q state realisations is defined at an initial time. In this work, a single model ini-

tial state defines all ensembles with zero spread at a pre-initial point of time as the starting con-
ditions of a spin-up period. During this period the forcing errors are propagated throughout the
system to provide the initial model error covariance matrix and mean state estimate.
All ensemble members are propagated according to the model operator in (8),
xfj ðtiÞ ¼ Mðxaj ðti�1Þ; uðtiÞ; gj;iÞ; j ¼ 1; . . . ; q ð9Þ
The state estimate xaj ðti�1Þ is the update from the previous time step. If no new data were avail-
able for update then xaj ðti�1Þ ¼ xfj ðti�1Þ. The model error, gj,i is randomly drawn from a predefined
Gaussian distribution with zero mean and covariance, Qi. With each ensemble member propa-
gated by (9), the mean state estimate and model error covariance estimate are provided by the
following equations:
x̂f ðtiÞ ¼
1

q

Xq

j¼1
x
f
j ðtiÞ ð10Þ
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Pf
i ¼ Sf

i ðS
f
i Þ
T
; s

f
j;i ¼

1ffiffiffiffiffiffiffiffiffiffiffi
q� 1

p ðxfj ðtiÞ � x̂f ðtiÞÞ ð11Þ
The vector, s f2R
n

j;i , is the j�th column of Sf
i 2 Rn�q. The update can be performed by (2) and (3),

when given the proper interpretation in an ensemble setting. For computational efficiency an alge-
braically equivalent set of equations are used.
Each ensemble member must be updated rather than the ensemble state estimate, in order to

maintain correct statistical properties of the updated ensemble. For the same reason an ensemble
of measurements must be generated and used for each ensemble member update accordingly
rather than the measurement itself (Burgers et al. (1998)). Hence,
yoj;i ¼ yoi þ �j;i; j ¼ 1; . . . ; q ð12Þ
Randomly generated realisations, �j,i, of �i are drawn from a Gaussian distribution with zero
mean and error covariance,Ri, and added for each member. The update scheme presented here spe-
cifically uses that measurement errors are uncorrelated to assimilate simultaneous measurements
sequentially. The updating algorithm for every ensemble member, j, reads, Chui and Chen (1991),
xaj;mðtiÞ ¼ xaj;m�1ðtiÞ þ ki;mðyoj;i;m � hi;mxaj;m�1ðtiÞÞ; m ¼ 1; . . . ; p ð13Þ
and xaj;0ðtiÞ ¼ xfj ðtiÞ. In (13) yoj;i;m is the m�th element in yoj;i and hi,m is the m�th row of Hi. Treating
one measurement at a time the Kalman gain is a vector, ki,m, given by,
ki;m ¼
Sa
i;m�1ci;m

cTi;mci;m þ r2i;m
; ci;m ¼ ðSa

i;m�1Þ
T
hTi;m ð14Þ
The m�th diagonal element in Ri is denoted r2i;m. The matrix S
a
i;m in (14) is calculated as
Sa
i;m ¼ ½sa1;i;m . . . saq;i;m�; saj;i;m ¼ 1ffiffiffiffiffiffiffiffiffiffiffi

q� 1
p ðxaj;mðtiÞ � x̂amðtiÞÞ ð15Þ
for m = 1, . . ., p and Sa
i;0 ¼ Sf

i . Now, (13), (14) and (15) provides the update equations of all
ensemble members, one measurement at a time.

2.2.2. The reduced rank square root Kalman filter
The reduced rank square root Kalman filter (RRSQRT) is based on the extended Kalman filter

formalism, in which the error propagation is calculated using a statistical linearisation of the
model propagation operator. It further uses a square root algorithm and a lower rank approxi-
mation of the error covariance matrix. Thus, it handles weak non-linearities and it has a concise
and smooth representation of the error covariance matrix.
The state propagation is the model forecast of the central estimate,
xf ðtiÞ ¼ Mðxaðti�1Þ; uðtiÞ; 0Þ ð16Þ

The error covariance propagation basically performs the following truncated Taylor Series

approximation,
Pf ðtiÞ ¼ MiP
aðti�1ÞMT

i þQi; Mi ¼
oM
ox

����
x¼xf ðtiÞ;u¼uðtiÞ;g¼0

ð17Þ
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A square root implementation of this propagation and subsequent update has been performed.
Denote by Sa(ti�1) the approximation of rank q of the square root of the error covariance matrix
Pa(tt�1). The propagation of the error covariance matrix approximated according to (17), is then
given by,
Sf ðtiÞ ¼ MiS
aðti�1Þ Q1=2

i

���h i
ð18Þ
Q
1=2
i is the square root approximation of rank r of Qi. Since the rank of Qi is equal to the rank

of Qg
i , which is r, this corresponds to the square root approximation of Qg

i . To calculate the deriv-
atives needed in Mi a finite difference approximation of M is column-wise adopted as follows,
ðMiS
aðti�1ÞÞj ¼

Mðxaðti�1Þ þ dsaj;i�1; uðtiÞ; 0Þ �Mðxaðti�1Þ; uðtiÞ; 0Þ
d

ð19Þ
The value of the parameter d has been discussed in Segers et al. (2000) and is set equal to one
according to their recommendation. The propagation step in (18) increases the number of col-
umns in the error covariance matrix from q to q + r. Thus a complimentary part of the scheme
must provide a mean for reducing the rank of the space similarly. In order to do this a lower rank
approximation of Sf(ti) in (18) is applied through an eigenvalue decomposition of the matrix
(Sf(ti))

TSf(ti) (Verlaan, 1998). This approach provides efficient calculations, but introduces the
need for normalisation in a multivariate setting. The optimal normalisation is application depen-
dent and is here approximated by using normalisation based on energy consideration. Basically,
the contribution from potential and kinetic energy to each element of (S f(ti))

TS f(ti) are equal.
Now, having calculated the forecast state and error covariance, the algorithms developed for

the EnKF can be followed to provide the update. The state is updated using (13). However, an
additional ingredient is needed, namely the update of the error covariance estimate, when the state
is updated. This is provided by Cañizares (1999),
Sa
i;m ¼ Sa

i;m�1 �
ki;mc

T
i;m

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2i;m
hTi;mhi;mþr2i;m

r ð20Þ
The vectors, ki,m and hi,m are defined in (14).

2.2.3. The steady Kalman filter
For the Ensemble Kalman filter and the reduced rank square root Kalman filter, the error

covariance propagation typically takes the order of 102 model executions, Cañizares (1999), which
may be too many in operational settings. A well known work around on this is to assume time
invariant model and measurement error covariance matrices, Pf

i and Ri, rendering a time constant
Kalman gain, K. However, it can still be difficult to estimate K without the help from more ela-
borate methods.
When time invariance is approximately true, both the EnKF and the RRSQRT can provide

robust estimates of the gain. Hence a Kalman gain that is still based on model dynamics can
be obtained as a time average of the gain from one of these two elaborate methods, Cañizares
et al. (2001). The update is still done using (13), but now with a fixed, k, and operating on just
a single state forecast.
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3. Filter parameters

Now, with the assimilation schemes presented, focus can be moved to the essence of this con-
tribution, the assimilation parameters. In an actual implementation of the filters above, several
parameters need to be specified. These mainly relate to the model and measurement error covari-
ance description. This section describes each parameter, while the sensitivity to parameter varia-
tions is tested in Section 4.2.
Rank: q. The rank of the model error covariance matrix is essential to the performance of an

assimilation scheme. For the ensemble Kalman filter this is equal to the ensemble size, while
for the RRSQRT Kalman filter it is the number of leading eigenvalues preserved in the covariance
reduction. In either case the rank needs to be large enough to describe the error covariance field
with sufficient accuracy, but with the trade-off of increased computational time.
Measurement standard deviation: rm. This study only considers uncorrelated water level mea-

surements. Hence, the error specification is simply given by a value of rm for each measurement.
Both instrumentation error and the error due to lack of representation of state variables need to
be taken into account in the specification.
Model error standard deviation: rg. The model error specification has a more complex descrip-

tion. The model errors are assumed to be due to an error in the open boundary water level and/or
in the wind forcing. The assumed standard deviation, rg, of the white noise process, gi, is naturally
a key parameter. An independent set of parameters are specified for each boundary and wind
velocities. The relative sizes of model and measurement uncertainty basically determines which
source of information that ought to be trusted the most in the state estimation.
Temporal correlation scale: s. The temporal correlation scale defines the coefficient, a, in the

AR(1) process by giving the half time s of the exponential process.
a ¼ 0.5ðDts Þ ð21Þ

where Dt is the model time step. Note that since the noise enters into an autoregressive process the
actual standard deviation, rforcing of the boundary or wind forcing is given by,
r2forcing ¼
r2g

1� a2
ð22Þ
A higher temporal correlation allows a more distant effect of an error in the forcing. The for-
mulation ensures that the standard deviation can be specified from (21) and (22) to construct a
forcing perturbation that is independent of time step length, Dt, and changes in s.
If a = 1 and rn is zero with a suitable initial covariance, then the Kalman filter provides a bias

estimate of the forcing terms. A s close to one and a moderate rg approximates this bias estima-
tion, hence enabling the filters to detect a slowly varying bias in the external forcing.
Spatial correlation length: lc. An exponential correlation model is employed in the definition of

the error covariance model, Qg. The spatial correlation length of the model errors plays a key role
in defining the correlation structure in the model that ultimately determines the update. A too
large spatial correlation scale assumption in the wind velocities can cause an update in data sparse
regions based on a measurement, which does not contain any information about this distant area
in the real system. On the other hand, a too small spatial correlation scale underestimates the
correlation in the model errors and thereby provides a filtered estimate, which is too close to
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the model solution. It also increases the effective number of degrees of freedom in the error model,
which in turn makes the estimated parameters of the error model more uncertain.
Grid factor: g. The grid factor is introduced as an ad hoc approach to reducing the dimension of

the error space. This integer factor simply expresses the number of model grid points in between
each error point. The errors are subsequently redistributed using a kriging technique. Such a space
reduction is viable because the spatial correlation length often is considerably larger than the grid
spacing. However, when the spatial correlation length approaches the distance between error
points, this assumption is violated and the spatial correlation length looses its interpretation. Other
space reduction techniques, e.g. EOF decomposition, can also be cast in the present framework.
Smoothing factor: s. The steady Kalman filter uses a time average from one of the more elab-

orate schemes for the generation of the Kalman gain. A greater deal of smoothness can be
obtained in the time varying Kalman filter schemes as well through the introduction of an expo-
nential smoothing factor. This number is the proportion of weight given to the Kalman gain cal-
culated at the present time, KKFi . The applied gain matrix then becomes
Ki ¼ ð1� sÞKi�1 þ sKKFi ; s 2 ½0; 1� ð23Þ

Update interval: d. In practical applications it must be considered whether all data shall be

assimilated. Trying to drive the model into an observed regime with effects not represented by
the model, can introduce noise and ultimately cause model instabilities. In practice, water levels
may typically be provided at half hourly intervals, but the implementation of the data assimilation
schemes interpolates the measurements to every model time step and assimilates it. Hence, an
update interval is introduced as the final parameter to test the effect of using various subsets of
the interpolated water level measurements.
4. Idealised bay experiment

For the purpose of investigating filter performance, when basic assumptions are violated, an
idealised, controllable and stable setup was chosen. This choice also facilitates a large number
of sensitivity runs to be performed and a comparison to the full true field to be done.

4.1. Setup and basic results

The region under consideration is the hypothetical Ideal Bay situated at 51�N. It is a 200 km by
200 km square bay with an open Northern boundary and simple bathymetry with a maximum
depth of 100 m as shown in Fig. 1. The vertical grid spacing is 10 m and the horizontal resolution
is 10 km.
Density is constant in this study, which is conducted over a 48 h period. The open Northern

boundary is forced with a spatially constant water level signal with a sinusoidal variation in time.
The period is 12 h and the amplitude is 1 m. The model is further forced by an artificially gener-
ated passing cyclone, which moves 50 km across the bay every 6 h. It has a maximum wind speed
of 26 m/s.
The basic solution has a main flow, which is dominated by a Kelvin wave moving cyclonically

in the bay. This is superposed with a wind generated flow.



Fig. 1. Bathymetry of Ideal Bay. The three dots indicate the positions, where water level time series were extracted to be
used as measurements.
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4.2. Parameter sensitivity and robustness assessment

The performance of an assimilation scheme should be examined under ideal conditions as well
as under conditions, where assumptions that are typically violated break down. This section does
both, but with the focus aimed at the nature of the solution in the latter case. The ideal setup pro-
vides knowledge of the exact truth and control of the model errors, hence allowing the choice of
assimilation parameters to match or violate the errors and perform a sensitivity study accordingly.
A large number of twin experiments has been performed. In each case the basic run from Sec-

tion 4.1 is taken as the true state of the system. Water levels are extracted at three locations indi-
cated in Fig. 1 at every 15 min timestep interval. Subsequently uncorrelated Gaussian white noise
with a standard deviation of 5 cm is added to each time series in order to represent measurement
noise. Only these three time series provide information about the true state in the assimilation pro-
cedures. In each perturbed run a different error source is introduced, i.e. the model is run with
different open boundaries, wind forcing and/or parameters than the basic run. The ability of
the assimilation scheme to correct the flow in the perturbed run to that of the basic flow is
examined.
As a measure of the filter performance, the spatially averaged root mean square error ðRMSEÞ

of water levels, l, calculated over the last 24 h is used,
RMSE ¼ 1
J
1

K

XJ

j¼1

XK
k¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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2

vuut ð24Þ
The constants J, K = (20, 21) are the number of grid points in the x and y direction respectively.
The constant I = 96 is the number of time steps in the period, in which the statistic is calculated. The
indices true and pert refer to results from the true and the perturbed experiment respectively. The
Kalman filter schemes provide estimates of the state error covariance, Pa

i . Hence, diagðPa
i Þ is
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the model state variance. An indicative diagnostic for the performance of an assimilation scheme is
the spatially and temporally averaged standard deviation of water level, Std. Dev., calculated by the
scheme.
The error types in the perturbed runs are divided into two groups: Gaussian errors in Section

4.2.1 and typical errors in Section 4.2.2. Gaussian errors refer to error structures that basically
fulfill the assumptions of the assimilation schemes if the parameters are chosen correctly. This
is where the actual parameter sensitivity study is performed. The typical errors, on the other hand,
refer to errors that include other distributions and sources than those assumed in the filters. This
latter case is thought to closer resemble a real filter application.

4.2.1. Gaussian errors
The model error assumption lies in two forcing terms: The boundary water level and the wind

velocity components. Thus, the investigation and the presentation of the results are divided
according to this division. All the results presented in this section attempt to correct the same
two perturbed runs, where a random coloured noise realisation has been added to the boundary
forcing and wind field respectively. The parameters used to generate these Gaussian perturbations
are stated in Tables 1 and 2.
Comparisons between the perturbed runs without data assimilation and the true runs give

RMSE values of 0.33 m and 0.58 m for boundary and wind errors, respectively. The maps of
the RMSE values for each case is shown in Figs. 2 and 3. Using the correct parameters in the
assimilation schemes, but varying the rank of the covariance matrix, yields the RMSE results dis-
played in Figs. 4 and 5. Since the EnKF uses randomly generated noise, an average over five runs
were used to smooth out the worst stochastic variations in the statistics. The assimilation schemes
simultaneously provide the standard deviation they use for the update. The spatial averages of
these are also included in the figures. A previous study by Madsen and Cañizares (1999) has
shown that the RRSQRT filter converges to a good performance at a lower rank than the EnKF,
but similar execution times gave similar performance. This is also evident here for the wind error
Table 1
Characteristics of the imposed errors in the open boundary perturbed runs

Boundary spatial correlation scale 100 km
Boundary grid factor 1
Boundary temporal correlation scale 2 h (a = 0.92)
Boundary Std. Dev. 0.10 m
Boundary actual Std. Dev. 0.25 m

Table 2
Characteristics of the imposed errors in the wind velocity perturbed runs

Wind spatial correlation scale 300 km
Wind grid factor 3
Wind temporal correlation scale 6 h (a = 0.97)
Wind Std. Dev. 3 m/s
Wind actual Std. Dev. 13 m/s



Fig. 2. Spatial distribution of RMSE values between the true run and the false boundary run, where a realisation of the
Gaussian process described by Table 1 has been added. The positions of the measurements are indicated by dots.

Fig. 3. Spatial distribution of RMSE values between the true run and the false wind run, where a realisation of the
Gaussian process described by Table 2 has been added. The positions of the measurements are indicated by dots.
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case, but in the boundary error case, low rank EnKF outperforms the RRSQRT. Further inves-
tigation shows that this can be accredited to the normalisation procedure required in the eigen-
value decomposition of the RRSQRT scheme and hence a tuning of the normalisation makes
the RRSQRT converge faster for the boundary error case as well. In general the figures show
good performance with respect to the reduction of overall prediction error as well as the estima-
tion of the prediction error.
Also included in the Figs. 4 and 5 are the results of the steady Kalman filter using a constant

Kalman gain obtained as the average gain estimated by the EnKF over the last 24 h. For a
low rank of the error covariance the steady filter out-performs the EnKF. This is an example of



Fig. 4. Sensitivity to rank of error covariance for perturbed boundary runs.

Fig. 5. Sensitivity to rank of error covariance for perturbed wind velocity runs.
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bias-variance trade-off. The EnKF attempts to estimate the best unbiased state. However, this is
done at the price of a high variance of the estimated parameters in the Kalman gain. The time aver-
aging operation employed for the generation of the time constant gain used in the steady Kalman
filter reduces this variance considerably, but deliberately introduces a bias in the estimation by
assuming the gain to be time-invariant. For few ensembles, the latter trade-off between bias and
variance gives the better performance. However, the Steady filter still requires the execution of
one of the more elaborate schemes to construct the steady Kalman gain to be used. Hence, the good
performance states that (once computed) it is not worth the effort to calculate the time variability of
the error covariance. This has a great impact on filtering efficiency for water level assimilation in
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coastal and shelf seas. A more rigorous discussion on this matter is provided in Sørensen et al.
(2004b), which takes a regularisation perspective on the estimation of the Kalman gain elements.
As the rank is increased the ensemble based estimate become more and more skillful and the

performance gets better. For the boundary error case the estimated gain is actually rather time
invariant and hence, even when the EnKF and RRSQRT filter are converged their performance
is matched by that of the cheaper Steady filter. The converged gain of the wind error case is more
time varying. Thus, in this case the steady Kalman filter performs a little worse than the two time
varying filters. Fig. 6 shows six Kalman gain segments corresponding to each of the three mea-
surement positions (10 km,160 km), (80 km,10 km) and (200 km,120 km) in the boundary and
wind error case respectively. The structure of the error correlations expressed in the Kalman gain
evidently reflects the nature of the imposed error assumption. The gain structures corresponding
to assuming a wind error shows a strong correlation to the closed boundaries, where the strongest
wind driven signal is present. Similarly the gain structures corresponding to the open boundary
water level error assumption reflects the correlation pattern of a cyclonically propagating Kelvin
wave. This is evident in the gain segment corresponding to (10 km,160 km), in which the faster
wave speed at the deeper central waters also is seen. The size of the gain is also significantly larger
in this point, due to its dynamical proximity to the error source.
In the subsequent experiments, an ensemble size of 100 is used for the EnKF and a rank of 50 is

used for the RRSQRT scheme. The steady Kalman filter will be based on the EnKF with 100
ensemble members. For these choices the EnKF gives a RMSE of 0.08 m and 0.10 m and
RRSQRT 0.09 m and 0.09 m for boundary and wind error, respectively. Similarly the steady Kal-
man filter gives a RMSE of 0.08 m and 0.10 m. Maps of the RMSE for the EnKF case are shown
in Figs. 7 and 8. Compared to Figs. 2 and 3 these demonstrate the good performance of the filter.
The results also show the importance of a good network design for assimilation purposes. For
instance, in the boundary error case the Northwestern measurement corrects most of the noise
in the Kelvin wave, leaving little error in its cyclonic propagation further South in the bay. Exper-
iments show that leaving out the Southern measurement hardly alters the performance of the
schemes.
In all subsequent sensitivity runs, the errors broadly speaking look like Figs. 7 and 8, but with

larger amplitudes and some spatial variation. In order to treat the large number of sensitivity
runs, only the RMSE average performance is used hereafter.
First the sensitivity to the assumed measurement standard deviation is examined. For each of

the three measurements extracted from the basic solution a measurement standard deviation must
be specified. The same value is used for all three stations. Table 3 summarises the RMSE results.
The most notable result is the robustness of the filters for varying measurement standard devia-
tion. The general picture is a degradation both when the solution is pulled too strongly toward the
measurement, where the innovation has an excessive impact on unobserved regions, and when lit-
tle trust is put in the measurements leading to only minor corrections of the perturbed solution.
However, in both directions, extreme and unrealistic values must be assumed to significantly de-
grade the results. For a measurement standard deviation of 0.005 m the wind error case gives no
results. The wind field is updated to unrealistic values because the measurement is trusted so much
and the model blows up (indicated by the ‘‘–’’).
The sensitivity to model standard deviation is summarised in Tables 4 and 5 as RMSE values.

Here too, a quite robust performance is achieved. In general the behaviour degrades as the values



Fig. 6. Kalman gain segments corresponding to each of the three measurement positions (10 km,160 km) (top),
(80 km,10 km) (center) and (200 km,120 km) (bottom). The gain from the run with boundary errors are displayed to
the left and the gain from the run with wind errors are displayed to the right. The gains are derived as time averages
from an Ensemble Kalman filter run with 100 ensembles.
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Fig. 7. Spatial distribution of RMSE values between the true run and the 100 EnKF run for the boundary error case.
The positions of the measurements are indicated by dots.

Fig. 8. Spatial distribution of RMSE values between the true run and the 100 EnKF run for the wind error case. The
positions of the measurements are indicated by dots.
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become too large or too small. An interesting point is that the RRSQRT scheme has its best per-
formance for slightly overestimated model errors. This is explained by the standard deviations
estimated by the RRSQRT scheme itself. As shown in Figs. 4 and 5 the RRSQRT in general tends
to underestimate the size of the model error and hence it provides a more correct standard devi-
ation estimate with a larger model error assumption. When the wind error standard deviation
becomes too high, wind fields, whose solution is not supported by the model can be obtained,
hence giving a model blow-up (indicated by the ‘‘–’’).
Now, the sensitivity to the temporal correlation scale is examined. A temporal correlation scale

of 0 h gives a white noise assumption and a temporal correlation of1 hours gives a random walk



Table 3
Sensitivity to measurement standard deviation for perturbed boundary runs

rm Bound Wind

EnKF RRSQRT Steady EnKF RRSQRT Steady

0.005 0.26 0.13 0.14 – 0.14 –
0.01 0.12 0.09 0.10 0.24 0.11 0.11
0.02 0.09 0.08 0.08 0.13 0.10 0.10
0.05 0.08 0.09 0.08 0.09 0.09 0.10

0.15 0.09 0.10 0.09 0.10 0.10 0.11
0.40 0.12 0.12 0.12 0.13 0.12 0.13
1.00 0.18 0.19 0.18 0.19 0.18 0.21

Reference run is marked in bold. All results are RMSE and given in meters (m).

Table 4
Sensitivity to model error standard deviation for perturbed boundary runs

rn EnKF RRSQRT Steady

0.001 0.31 0.31 0.31
0.005 0.20 0.19 0.19
0.01 0.13 0.13 0.13
0.05 0.09 0.09 0.08
0.10 0.08 0.09 0.08

0.25 0.10 0.08 0.08
1.50 0.13 0.09 0.10

Reference run is marked in bold. All results are RMSE and given in meters (m).

Table 5
Sensitivity to model error standard deviation for perturbed wind runs

rg EnKF RRSQRT Steady

0.05 0.32 0.32 0.36
0.10 0.23 0.22 0.26
0.50 0.12 0.11 0.13
1.00 0.11 0.10 0.11
3.00 0.09 0.09 0.10

5.00 0.11 0.09 0.11
10.00 – 0.10 –

Reference run is marked in bold. All results are RMSE and given in meters (m).
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error process. These extremes corresponds to values of rforcing equal to rg and 1 respectively.
Tables 6 and 7 summarise the results. Here too, quite robust performance can be observed.
The results are most degraded when there is a small time correlation. The explanation for this
is a combination of the smaller resulting standard deviation of the forcing terms and a worse
description of the spatial correlations due to the approximate white noise assumption. When
coloured noise is adopted, the dynamical propagation transfers the coloured signal into spatial
correlations.



Table 6
Sensitivity to model error temporal correlation scale, s, for perturbed boundary runs

s (h) EnKF RRSQRT Steady

0.00 0.15 0.15 0.14
0.25 0.12 0.12 0.11
2.00 0.08 0.09 0.08

6.00 0.09 0.09 0.08
24.00 0.10 0.09 0.09

Reference run is marked in bold. All results are RMSE and given in meters (m).

Table 7
Sensitivity to model error temporal correlation scale, s, for perturbed wind runs

s (h) EnKF RRSQRT Steady

0.00 0.18 0.15 0.20
0.25 0.16 0.13 0.16
1.00 0.12 0.10 0.12
6.00 0.09 0.09 0.10

24.00 0.13 0.10 0.10

Reference run is marked in bold. All results are RMSE and given in meters (m).

Table 8
Sensitivity to model error spatial correlation scale, lc, for perturbed boundary runs

lc (km) EnKF RRSQRT Steady

0 0.11 0.15 0.09
25 0.09 0.08 0.08
100 0.08 0.09 0.08

250 0.08 0.09 0.08
1000 0.09 0.10 0.08

Reference run is marked in bold. All results are RMSE and given in meters (m).

Table 9
Sensitivity to model error spatial correlation scale, lc, for perturbed wind runs

lc (km) EnKF RRSQRT Steady

30 0.19 0.18 0.20
100 0.11 0.09 0.13
300 0.09 0.09 0.10

1000 0.08 0.10 0.10

Reference run is marked in bold. All results are RMSE and given in meters (m).
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This dependence on a proper spatial correlation is also evident when considering the sensitivity
to the spatial correlation scale (Tables 8 and 9). In line with the discussion above about temporal
correlations, the case of no spatial correlation has a poorer performance, which shows the



Table 10
Sensitivity to update interval for perturbed runs

d Bound Wind

EnKF RRSQRT Steady EnKF RRSQRT Steady

1 0.08 0.09 0.08 0.09 0.09 0.10

2 0.09 0.10 0.09 0.10 0.09 0.11
4 0.11 0.12 0.11 0.11 0.10 0.12
8 0.16 0.16 0.15 0.17 0.15 0.16
16 0.22 0.21 0.21 0.27 0.25 0.29
32 0.26 0.25 0.26 0.42 0.33 0.38

Reference run is marked in bold. All results are RMSE and given in meters (m).
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importance of properly describing the correlations in the state vector. This can be an important
factor to control in real setups of the assimilation schemes. The results are in general insensitive to
grid factor variations as long as the resulting coarse error grid resolves the assumed spatial error
covariance. For the basic spatial correlation lengths of 100km and 300km for the open boundary
and wind error respectively, no changes in the RMSE-measure results by changing the grid factor.
The smoothing factor shows hardly any sensitivity at all. This can be accredited to the similar

performance of the time varying and the steady schemes. In cases, with more time varying corre-
lation structures, this factor must be expected to play a greater role, providing a smooth transition
from the time varying to the steady performance. The smoothing factor opens a possibility of
obtaining stable time varying runs of e.g. a low rank EnKF. If the time variation of the error
covariance fields are slow, but important to resolve, then this approach might provide an impor-
tant operational option.
Altering the update interval degrades the result shown in Table 10. This proves a continuous

transition to the runs with no assimilation, which corresponds to an update interval equal to
1. Using less information from the true state gives a lower resemblance with the truth.
All together, in the present test case the assimilation schemes are robust to moderately misspec-

ified parameters for Gaussian error sources that resembles the specified error models. This is
encouraging, but does not guarantee good performance for any setup. In particular, care must
be taken to ensure a proper model error covariance in sparsely observed systems.

4.2.2. Typical errors
The demonstrated robustness in the Gaussian error case gives some hope that even for more

typical error sources, not elaborately taken into account by the schemes, an improved perfor-
mance can be obtained using good first guess estimates of parameters in the Gaussian framework
assumed. This section investigates such behaviour.
Perturbed runs with ten different errors have been conducted. The results of the twin experi-

ments both without and with the three data assimilation schemes are summarised in Table 11.
The runs with �Bound:� and �Wind:� indicates that only open boundary or wind errors was added
and subsequently assumed in the assimilation procedures. The �Bound:� runs apply one and 3 h
phase errors as well as half a meter amplitude error by itself and in combination with the 3 h phase
error. The two systematic wind error runs are forced by 20 m/s Westerly winds and a stronger
cyclone with a perturbed path referred to as �False cyclone�. Further, a run was conducted with



Table 11
Sensitivity to typical errors for perturbed runs

Error type No ass. EnKF RRSQRT Steady

Bound: 1 h phase lag 0.69 0.07 0.07 0.07
Bound: 3 h phase lag� 1.87 0.18 0.18 0.20
Bound: 1.5 · amplitude� 0.62 0.07 0.07 0.07
Bound: 3 h phase lag + 1.5 · amplitude 2.23 0.23 0.22 0.26
Wind: 20 m/s West 0.17 0.07 0.09 0.09
Wind: false cyclone� 0.25 0.12 0.12 0.12
Bed friction 0.5� 0.26 0.06 0.06 0.13
Bathymetry� 0.05 0.04 0.04 0.03
All errors with ��s 2.53 0.51 0.44 0.38
No forcing 1.33 0.19 0.18 0.20

All results are RMSE and given in meters (m).
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an erroneous bed friction using a Nikuradse roughness coefficient of 0.5 instead of the true 0.05.
The �Bathymetry� perturbed run refers to a run applying a modified bathymetry with a standard
deviation of 1 m compared to the truth. Also, a run, �All errors with ��s�, applying a composite of
these errors is included in the study. Finally, a �No forcing� run was conducted with no wind and
open boundary forcing at all, thus giving a solution at rest. In all assimilation runs, the parameters
of Tables 1 and 2 were used in the assimilation schemes.
A much improved performance is observed in all cases. In the worst case the residual RMSE is

0.51, which is too large for many applications, but a convincing result considering the size of the
errors introduced into the model. Even in the �No forcing� run, the schemes are actually able to
generate a large portion of the signal from the missing forcing terms including the forcing terms
themselves through the augmented state vector description. Most of the boundary signal is regen-
erated by the measurement at (10 km,160 km) alone. Hence, external phenomena such as surges
can be effectively modelled by assimilating measurements close to the open boundaries.
However, the good performance is not matched by a good uncertainty estimate. For instance,

both time varying filters estimate an average standard deviation of 0.07 m for the 3h phase lag
experiment. The standard deviation estimates for the �False cyclone� run were 0.06 m and
0.07 m for the EnKF and RRSQRT schemes, respectively, while the numbers for the �All errors
with ��s� are 0.13 m and 0.14 m. This clearly shows the violation of the underlying filter assump-
tions and the error estimates provided by the filters must be applied with care. At least, data must
be retained in an attempt to perform a subsequent validation of the standard deviation estimates.
The biased nature of the errors makes the performance even more dependent on fairly high

temporal and spatial correlations than was the case in the previous section. Hence, these are
key parameters to consider in the calibration of any data assimilation setup. In general the Steady
filter performs well with the �All errors with ��s� case being the most impressive case. Basically,
when all the error assumptions are violated, the elaborate schemes can not be expected to give
superior performance. Rather, a certain regularisation of the Kalman gain acknowledges the bias
in the estimate hence allowing a reduced variance and in this case, a better performance. However,
time dependent schemes are clearly superior for bed friction error by itself. This study demon-
strates the success of assimilation schemes despite the unavoidable wrong error assumptions
imposed, and also shows how different filters handle different real error sources the best.
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5. Summary and conclusions

This paper has presented three known assimilation schemes and described the filter parameters
that can typically be varied in an application of the schemes. In a set of experiments in an idealised
bay a sensitivity study has been conducted to investigate the filter performance for misspecified
error structure in the schemes. The sensitivity to key parameters is vital for the practical use of
sequential data assimilation techniques in hydrodynamic modelling. It is demonstrated that the
filter performance is robust with respect to low to moderate parameter perturbations in the spec-
ification of the noise statistics. For more typical errors such as phase lags, bathymetry, etc., care
must be taken to ensure a specification of fairly high temporal and spatial correlations. However,
thought should be put into properly setting up every application.
In general the steady filter seems like a good candidate for tide gauge assimilation in coastal

areas. This is particularly true if an operational setting is considered. The spatial distribution
of the filter performance has further demonstrated that proximity to the stations or dynamically
well chosen positions enhances the estimation skill. Hence, the denser and better designed the
measurement network is, the better the overall performance. Such a design increases the represen-
tative information available. Further, dense networks diminishes the importance of the spatial
distribution of the information and thus the correct parameter settings.
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