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PK/PD models are traditionally based ordinary differential equations (ODEs) with an observation link that incorporates noise. This state-space formulation only allows for observation
noise and not for system noise. Extending to SDEs allows for a Wiener noise component in
the system equations. This additional noise component enables handling of autocorrelated
residuals originating from natural variation or systematic model error. Autocorrelated residuals are often partly ignored in PK/PD modelling although violating the hypothesis for many
standard statistical tests.
This article presents a package for the statistical program R that is able to handle SDEs in
a mixed-effects setting. The estimation method implemented is the FOCE1 approximation
to the population likelihood which is generated from the individual likelihoods that are
approximated using the Extended Kalman Filter’s one-step predictions.
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yik = C(i )xik + D(i )uik + eik

Introduction

The use of mixed-effects models based on ordinary differential equations (ODEs) is the standard for pharmacokinetic
and pharmacodynamic (PK/PD) modelling. The use of stochastic differential equations (SDEs) is an emerging ﬁeld and has
been introduced and motivated in the papers [1–4]. This paper
presents an accessible software package for handling dynamic
models based on SDEs in a mixed-effects setting. The program
is a package for the statistical program R and thereby easy to
install through R’s interface and available for a wide range of
operating systems.
The package implements the (Extended) Kalman Filter for
evaluating the likelihood function in models based on SDEs.
The parameter estimation procedure in the package is maximum likelihood based with ﬁxed effects estimation based on
the FOCE approximation.

2.

Computational methods and theory

The most widely used program to analyze state-space models in PK/PD-modelling is NONMEM [5], which is focused on
mixed-effects models based on ordinary differential equations. The use of SDEs in non-linear mixed-effects models
is possible in NONMEM as described in [2]. The trick is an
implementation of the Extended Kalman Filter in the NONMEM control ﬁle with corresponding adjustments to the data
ﬁle. This is a non-trivial task even for rather simple models
and must be repeated for every change in model or data. Single subject data can be modelled with stochastic differential
equations in the program CTSM [6]. CTSM is a stand alone
program that works across different platforms.
The matlab framework described in [7] handles SDEs in a
mixed-effect setting. The experiences collected in the development of the Matlab framework have now been used to create
an extended and more ﬂexible R-package PSM.
The mathematical basis for the PSM package is also
described in the articles [3,7,8]. It should be noted that there
are notation differences between the articles.
For simplicity this article focuses on the class of linear models but it must be emphasised that the package also handles
non-linear models.

2.1.

Single subject

The modelling of observations for a single subject is based on
a continuous-discrete state-space model. The states represent
the internal hidden states of the system. The states reside in a
continuous time domain and their dynamics are described by
stochastic differential equations. The observations are sampled at discrete time points and hence described by a discrete
time relation.
The class of linear models handled by PSM are timeinvariant models meaning that system matrices do not change
over time. More speciﬁcally the linear state-space model can
be stated as
dxt = (A(i )xt + B(i )ut ) dt + (i )dωt

(1)

(2)

where xt ∈ RdimX is the vector of states at time t. The dimension of x is denoted as dimX for simplicity. A, B, C and D are
time-invariant matrices deﬁned as functions of i with properties A(·) ∈ RdimX×dimX , B(·) ∈ RdimX×dimU , C(·) ∈ RdimY×dimX and
D(·) ∈ RdimY×dimU . i is the parameter vector for the ith individual (see Eq. (9) for further details). The exogenous input
u ∈ RdimU can be used to include other measured variables
which inﬂuence the time evolution of the states in the model.
The input u is assumed to be constant between observation
points which is often refered to as zero-order hold or piece
wise constant. The component (i )dωt is the system noise
consisting of a scaling diffusion term (·) ∈ RdimX×dimX and ωt
which is a dimX-dimensional Wiener process. The subscript
i denotes the ith subject and the subscript k is a short hand
notation for tk . yik is the observation at time tk for the ith subject. eik is the residual for individual i at time tk and is assumed
to normal distributed N(0, S(i )) with S(·) ∈ RdimY×dimY being the
covariance matrix for the errors.

2.2.

Kalman Filter

The deterministic behaviour of ordinary differential equations
can be handled with standard differential equation solvers.
The additional component in the SDE systems requires a more
advanced solution method. As mentioned in the introduction
this package uses the Kalman Filter as solution method for
systems of SDEs.
The Kalman Filter is only brieﬂy explained in this article but
the mathematics behind the Kalman Filter is well described in
the Mathematics guide to CTSM [6] and in the original reference [9]. Several links and additional material can be found on
the homepage [10].
The assumptions on system noise being driven by a Wiener
process and normally distributed errors will in a linear system
under some regularity conditions [6] result in the conditional
densities for the observations being fully described by their
ﬁrst- and second-order moments. The Kalman Filter can be
used to determine the optimal internal states in the system
conditioning on prior observations. The Kalman Filter updates
the internal state vector after each observation and during this
process the Kalman Filter needs to weigh the probability of
the residual being due to system noise or measurement noise.
For this purpose the one-step prediction ŷk|k−1 and associated
covariance Rk|k−1 are deﬁned below:
ŷk|k−1 = E[yk |Yk−1 , i ]

(3)

Rk|k−1 = V[yk |Yk−1 , i ]

(4)

where Yk−1 denotes all measurements up to time tk−1 .
The description of conditional densities based on ﬁrst- and
second-order moments is only exact for linear models. For
nonlinear models the Extended Kalman Filter can be used
which is based on continous linerazations of the model however the forming of the conditional densitites will only be
approximate.
The structure of the Kalman Filter is thus an iterative
process with a prediction/updating scheme. The one-step
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the conditional covariance which is calculated in the Kalman
Filter.

Table 1 – The Kalman Filter written in algorithmic form.
Copied from [11].

n

i

exp(−(1/2)T
R−1  )
k k|k−1 k
L(i ; Y) =

√ dimY p(y0 |i )

Algorithm: The Kalman Filter
Given parameters and initial prediction
i , x̂1|0 and P1|0
For k = 1 to ni do
Output Prediction:
ŷk|k−1 = Cx̂k|k−1 + Duk
Rk|k−1 = C Pk|k−1 CT + S
State Update:
Kk = Pk|k−1 CT R−1
k|k−1

k=1

The negative log likelihood can be derived from Eq. (7)
by conditioning on the initial condition y0 . The negative loglikelihood is the objective function used in the parameter
estimation in the Kalman Filter.

x̂k|k = x̂k|k−1 + Kk (yk − ŷk|k−1 )
Pk|k = Pk|k−1 − Kk Rk|k−1 KTk
State Prediction:
dx̂t|k /dt = Ax̂t|k + But
dPt|k /dt = At Pt|k + Pt|k AT + T
end for

t1

P0 = Ps

T

eAs  T (eAs ) ds

k=1

1
+
2

(5)

t0

where Ps is a scaling factor. One solution method for the integral (5) is shown in [6].
In Table 1 the iterative structure of the Kalman Filter is
shown in algorithmic form.
The Kalman Filter setup requires a speciﬁc model structure
as shown in Eqs. (1) and (2). Two requirements that should be
noted are the additive noise in the observations and the state
independent Wiener component. The Kalman Filter cannot
handle a multiplicative or full error model in Eq. (2). Using
a log transformation of the observations a log normal error
model can however be dealt with. The limitation with state
independent Wiener component can only be surpassed by
transformation of the system equations or by introducing
more sophisticated methods such as higher order ﬁlters or
Markov Chain Monte Carlo methods.
The residual used in the likelihood function is deﬁned as
k = yk − ŷk|k−1

1
−1
(ln(det(Rk|k−1 )) + T
k Rk|k−1 k )
2
ni

− ln(L(i ; Y|y0 )) =

prediction will be based on the deterministic part of the
model as the Wiener component has mean zero. The measured observation should be considered as a result of the
current states including accumulated system noise since last
observation and current observation noise. An updating of the
internal states based on the residual is weigthed according to
system noise and measurement noise. The iterative structure
restarts with a prediction based on the updated states.
The initial conditions for the Kalman Filter are the initial
states x̂1|0 and initial state covariance matrix P̂1|0 . Optimally
the initial conditions and uncertainties are known a priori but
generally none or only the initial state is known. The initial
states can be either speciﬁed directly or estimated simultaneously with the remaining parameters. As the uncertainty is
rarely known the package assumes that the initial state uncertainty is equal to the integral of the Wiener noise over a time
interval equal to the interval between the ﬁrst two observations.



(7)

det(Rk|k−1 )( 2)

(6)

The likelihood of the parameters i based on data can be
calculated using the assumption of normality combined with

 n
i



dimY

ln(2)

(8)

k=1

2.3.

Mixed-effects

The use of non-linear mixed effects models in PK/PD modelling has long been the standard and has been supported
by the functionality in NONMEM. The mixed-effects approach
to model variation in pharmacokinetics was ﬁrst introduced
by Sheiner in [12]. Mixed-effects modelling is a hierarchical
division of the variation, where the ﬁxed effects describe the
population mean and the random effects describe the interindividual variation. This is often described in two stages.
The ﬁrst stage model describes the intra-individual variability and the second stage describes the inter-individual
variation.
The ﬁrst stage model is described in Eqs. (1) and (2) which
are based on the individual parameters. The inter-individual
variation in parameters is covered in the creation of the individual parameters in the function h(·) described below:
i = h(, i , Zi )

(9)

where  are the ﬁxed effects—also sometimes referred to
as the population parameters. Zi denotes subject covariates
and i ∈ N(0, ˝) are the random effects. The individual parameters can be modelled as either normally or log-normally
distributed by combining the population parameters and the
random effects in either an additive (i =  + i ) or an exponential transform (i =  exp(i )).
The likelihood function for the ﬁxed effects can be stated
as below:

L() =

N 

i=1

p1 (Yi |, i )p2 (i |˝) di =

N 


exp(li ) di

(10)

i=1

where N is the number of subjects. p1 (Yi |, i ) is the probability
for the ﬁrst stage model which is proportional to Eq. (7). p2 (i |˝)
is the probability related to the second stage model that relates
the random effects to the inter-individual variation. li is the a
posteriori log-likelihood function for the ith individual. Yi is the
complete sequence of observations for individual i. The population likelihood function in Eq. (10) rarely has a closed form
solution and therefore li is approximated by a second-order
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Taylor expansion, where the expansion is made around the
value ˆ i that maximizes li . At this optimum the ﬁrst derivative
∇li |ˆ i = 0 and the population likelihood function will under
some assumptions reduce to

L() ≈

N 


 −li −(1/2)
exp(li )| ˆ i
 2 

(11)

i=1

The approximation of the 2nd derivative li is done using
the First-Order Conditional Estimation (FOCE) method, which
is deﬁned as
ni


l∗i ≈ −

−1
−1
(∇T
ij Ri(j|j−1) ∇ij ) − ˝ ,

where

∇ij =

j=1

∂
 |∗
∂i ij i
(12)

When the random effects have a non-linear inﬂuence on
the likelihood through the ﬁrst stage model, the combined
model is called a non-linear mixed effects model.
The conditional residual covariance R−1
is calculated in
i(j|j−1)
the (Extended) Kalman Filter and the gradient in the residual
with relation to the random effects ∇ij is typically found by
numerical methods.

2.4.

Maximum likelihood estimation

The population likelihood function in (11) is used in maximum likelihood estimation of the population parameters.
This optimization becomes a nested optimization as the FOCE
approximation is based on the optimal random effects (∗i ).
Each calculation of the population likelihood thus requires N
optimizations of the random effects. This nested optimization
makes the computational effort substantial and highly dependent on the number of subjects, number of observations and
the number of ﬁxed and random effects. The optimization
in the PSM package is performed with the default optimizer
(optim) which is a quasi-Newton based optimizer.
The optimization can be constrained using boundaries
on the population parameters using a logit-transform. It
is assumed that the optimizer works on a unconstrained
parameter space so the logit transform maps the bounded
parameters into an unbounded space. In order to avoid ﬂat gradients in population parameters in the outer parts of the logit
transform a penalty function has been added. The penalty
function is deﬁned as below:

⎛
P(, ,  min ,  max ) =  ⎝

p

|jmin |
j=1

j − jmin

+

p

|jmax |
j=1

jmax − j

⎞
⎠

(13)

where p is the number of parameters and jmin and jmax
denotes the lower and upper limit for the jth parameter.
The computational effort in the parameter estimation can
as already mentioned be substantial and it is advised to ﬁnd
good initial estimates for the parameters in advance.

3.

Program description

The framework for handling mixed-effects models based on
SDEs has previously been implemented in Matlab [7]. The R
package PSM presented here is a ported and extended version. The switch in platform was motivated by R being an open
source program and its availability on different platforms. The
PSM package was extended from the Matlab framework by
extending the ﬂexibility, improving performance by low level
implementations and enabling capabilities for bolus doses.
The dosing capability is crucial for modelling in drug development.
The package is able to handle multivariate observations,
which are useful when performing simultaneous ﬁts of multivariate data such as insulin and glucose. Another feature is
that it is possible to have input into the model and include
subject covariates. Finally, the package handles missing observations.
The package is mainly implemented in the R-language
which is closely related to the S-language. Core components of
the code have been implemented in FORTRAN for faster computation.
The current PSM version is 0.8-3. The package has dependencies for three other R packages. MASS is used in the
simulation part to sample from the multivariate normal distribution. MASS is an integrated part of the R installation. The
package odesolve is used in the non-linear models to solve
systems of differential equations. The package numDeriv is
used to calculate the Hessian which is used in the calculations
of the conﬁdence intervals for the estimated parameters.
The PSM package is available as a standard R package.
Installation can be performed using the R interface or by executing the command.
> install.packages(“PSM”)
The package comes with complete documentation and
“get-started” guide. The documentation can be found by executing the command help(“PSM”). A more thorough guide to
the package and its usage can be obtained with the command
> vignette(“PSM”)
The package is divided into three parts according to functionality. The three parts are
• Simulation
• Estimation
• Smoothing
Simulation is the creation of observations based on a given
model and model inputs. The Estimation part performs a
maximum likelihood estimation of the population parameters
based on the one-step predictions in the Kalman Filter. The
smoothing functionality creates the optimal state estimates
based on the entire data series and a set of parameters.
All three functions operate on a model object and a data
object. The following sections introduce the model and data
objects before going into detail with the three functions.
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Table 2 – Model speciﬁcation.
Functions
Matrices
X0
SIG
S
h
ModelPar

3.1.

Table 3 – Data speciﬁcation.
Output

List with system matrices see Eq. (1)
Matrix with initial state condition(s)
Matrix with diffusion scaling term 
Matrix with residual covariance
Vector with individualized parameters i
List with ﬁxed effects  and inter
individual variation ˝

Model speciﬁcation

The model speciﬁcation is divided into components corresponding to the mathematical parts of the state-space model.
For the linear case the state-space model can be stated in
matrix form as seen in Eq. (1), but variance components and
initial conditions are also needed. Table 2 shows the components in the model. The components are collected in a list to
have a single object that contains the model. The individual
components are all functions that return either a matrix or a
list, if multiple outputs are needed.
Fig. 1 shows the model speciﬁcation in a diagram with
mathematical references displayed. The sequence for these
components needs some elaboration. The ModelPar function
is used to split the vector of parameters to be optimized
into the ﬁxed effects vector  and the random effects covariance matrix ˝. The individual parameters are created with the
h function that uses the ﬁxed effects, the random effects and
the subject covariates to create the i vector. The remaining
components in the dynamical system can be evaluated using
i and the system input u.

3.2.

Data speciﬁcation

The data speciﬁcation in the simulation procedure is different from the speciﬁcation in the parameter estimation and
smoothing. In the simulation part the observations are simulated based on the model. Time points for the observations
and potentially system input, doses or subject covariates still
need to be provided. The time points, system input, doses or
covariates are speciﬁed per subject in a list. Names in the list
need to be according to the PSM speciﬁcations as the refer-

Vector with dose and observation times
Matrix with observations. Multivariate
observations in columns
Matrix with input
List with Time, Stateand Amount
Subject covariates

Time
Y
U
Dose
covar

encing in the package is done with names. The naming of the
components can be seen in Table 3. The lists for all subjects are
ﬁnally collected in a list which makes the overall data object
a list of lists.
The observations are speciﬁed in the element Y which is
a matrix with dimensions [dimY, dimT]. dimT is the length of
the Time vector. As can be seen from the dimensions of Y,
multivariate observations are speciﬁed in columns. Missing
observations are indicated using the NA identiﬁer. Y can be
omitted if the data object is used in a simulation.
The Dose component contains the bolus doses information. The elements used to describe a bolus dose are the time
of dosing, the amount dosed and the state in the model into
which the bolus is given. The Time vector in Dose contains the
times to which doses are given. It is important that the time
points in the Dose component is a subset of the overall Time
vector otherwise the dose will not be given. The dose is given
post-observation and prediction. This means that predictions
to observations at times where a bolus dose is also given
are formed prior to the “injection” of the dose. The elements
State and Amount speciﬁes in which compartment/state the
dose should be given and what amount is given. Multiple doses
are allowed at the same time point. Infusions can be speciﬁed
using the input element u. The covar element contains the
subject covariates (Zi in Eq. (9)) and can be an array or list
however the choice should be consistent with the referencing
in the hfunction in Table 2.

3.3.

Package functionality

Each of the three previously mentioned functionality parts is
enclosed in a single function. The three functionality parts
with corresponding functions are described in detail in the
following sections.

3.3.1.

Fig. 1 – Model components.

Description

PSMnotation

Simulation

The function PSM.simulate performs the simulation of the
system using an Euler based scheme. The simulation also
includes inter-individual variation if the ˝ matrix is speciﬁed.
The stochastic noise term in the system equation is included
by perturbing the states after each Euler step. The size of the
pertubation is found by randomly sampling from a multivariate normal distribution with covariance proportional to the
time step scaled with the diffusion scaling term. The default
time step in the Euler scheme is 0.1 unless speciﬁed differently. It is upon the user to ensure that the observation times
are a multiple of the time step.
The function arguments to PSM.simulate are as follows:

284

c o m p u t e r m e t h o d s a n d p r o g r a m s i n b i o m e d i c i n e 9 4 ( 2 0 0 9 ) 279–289

Table 4 – Simulation output.
Element

Type
Vector
Matrix with the simulated states
Matrix with the simulated observations
Matrix with the input used in the
simulation
Dose list used in the simulation
Matrix with the random effects used in
the simulation
Matrix with states at all sub-sampled
timepoints
Matrix with observations at all
sub-sampled timepoints

Time
X
Y
U
Dose
eta
longX
longY

PSM.simulate(Model, Data, THETA, deltaTime,
longX)
where Model and Data are lists as described in previous
sections. Any observations in Data are disregarded as the simulation returns a set of observations Y. THETA is a vector with
the population parameters to be used. deltaTime is the time
step in the Euler scheme and the longX option is used to indicate whether the output should include all generated data at
all sub-sampled time points or only return observations at
prespeciﬁed time points.
The output from the simulation function is a list of lists
where each underlying list contains the data for one subject.
The list contains the elements shown in Table 4.

3.3.2.

Estimation

The function PSM.estimate performs maximum likelihood
estimation for the population parameters in the model. The
objective function for the optimization is the negative log
likelihood as deﬁned in Eq. (11). The function calculates the
numerical gradients and determines the optimal random
effects needed in optimization of the likelihood function.
Functionality has been included to allow for constrained
optimization using the logit transformation. A logit parameter transformation is used to convert the bounded parameters
to unbounded parameters. In order to stabilize the optimization with boundaries a penalty function has also been
included. The penalty increases as the parameter estimate
approaches the boundary. The penalty function is introduced
to ensure that the optimization will not get trapped in the ﬂat
regions of the logit transformation. For very large values in
the unbounded parameter domain the transformed parameter will be close to the upper boundary. This also means
that changing an extreme value in the unbounded parameter
domain will hardly change the bounded parameter estimate.
The optimizer stops when a change in the unbounded parameters does not change the likelihood function. The penalty
function stabilizes this problem.
The currently used optimizer does not allow for NaN to be
returned from the likelihood function. The search path for the
optimization can lead to parameter values that generate NaN
resulting in the search failing. This problem can be solved by
using tighter boundaries and restarting the optimization with
new boundaries in the recently found parameter values.

The parameter estimation based on the likelihood function
consists of nested optimizations which makes the likelihood
function highly nonlinear in parameters. The optimizer does
not guaranty that the found minimum is the global minimum
so the user should be aware of local minima and the importance of initial parameter values in the optimization. The user
should preferably start the minimization in different initial
parameter values to eliminate the risk of using parameter
estimates from a local minimum in the modelling onwards.
To evaluate the quality of the parameter estimates the
related uncertainties can be calculated. The uncertainties
are based on the Hessian of the likelihood function. The
parameter conﬁdence bands are returned from the estimation procedure by setting the argument CI=TRUE. The Hessian
is calculated using the numDeriv package.
The argument list for the estimation can be seen below:
PSM.estimate(Model, Data, Par, CI, trace, control, fast)
where the Model and Data are as previously described. Par
is a list containing the initial parameter value in Init and
optionally the upper and lower boundaries in UB and LB. CI
speciﬁes if the conﬁdence intervals for the parameters should
be calculated. trace is an integer controlling the amount
of output from the optimization. The control argument is
passed directly on to the optimiser—for further details see
the help ﬁles for optim. The fast argument speciﬁes whether
the FORTRAN code should be used when possible. This can be
useful for debugging purposes.
The Kalman Filter has been implemented in FORTRAN for
linear models with non-singular system matrix. Non-linear
models and singular linear models are implemented in Rcode. The matrix exponential used for solving linear systems
is also implemented in FORTRAN. Hence linear models with
full matrices are estimated faster than other models. For initial
modelling purposes it can often be extremely helpful to convert a singular model into a non-singular by adding a small
rate constant to the diagonal.
The output from the estimation function can be seen in
Table 5.

3.3.3.

Smoothing

The estimation procedure relies on one-step predictions of
observations based on previous data but in order to determine
the overall most likely proﬁle based on all data smoothing can
be employed. The inclusion of all data allows noise effects
occurring later in the time series to inﬂuence the proﬁle earlier

Table 5 – Estimation output.
Element
NegLogL
THETA
CI
SD
COR
sec
opt

Description
Negative log likelihood in the found optimum
Vector of parameters in optimum
Conﬁdence intervals based on the Hessian
Standard error for the optimal parameters
Correlation matrix for the optimal parameters
Optimization time in seconds
Messages from the optimizer
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Table 6 – Smooth output.
Element
Time
Xs, Ps
Ys
Xf, Pf
Xp, Pp
Yp, R
eta
NegLogL

Description
Sub-sampled time
Smoothed states and uncertainty
Predictions based on smoothed states
Filtered state and uncertainty
One-step state predictions and uncertainty
One-step observation predictions and uncertainty
Estimated random effects
Negative log likelihood

Fig. 2 – C-peptide PK model.
on. Smoothing constructs the optimal state vector to all time
points given both prior and future observations as opposed
to ﬁltered states that only depend on prior observations. The
smoothed estimate is commonly used in post-processing of
data as it represents the best ﬁt based on all available data.
The function PSM.smooth performs smoothing of states
using a Bryson Frazier algorithm [13].
The smoothing function argument list is shown below:
PSM.smooth(Model, Data, THETA, subsample, trace,
etaList)
where Model and Data are as described ealier. THETA is a vector with the population parameters for the evaluation, i.e.
the returned parameter vector from the estimation. subsample is the number of sub-samples in between observations.
Sub-sampling can be used to display the system behaviour
in between observations. trace is an integer controlling the
amount of text output. etaList is a matrix, where each column is the random effects for a subject. If etaList is set to
NULL the random effects will be determined.
The complete listing of output from the smoother is shown
in Table 6.
Several internal functions are used in simulation, estimation and smoothing functions and they can all be found in the
documentation. For general use the three described functions
will form a good base.
In the next section an application of the package is
described.

4.

Application: insulin secretion rates

In the article by Mortensen [7] the insulin secretion rate is
determined by stochastic deconvolution using a Matlab framework. The insulin secretion rates are modelled as random
walks and the Kalman Filter is used to determine the trajectory that most likely resulted in the observations. This section
describes an extension implementing an intervention type
model as known from Time Series Analysis in order to better
characterize the insulin secretion.
The challenge in describing the insulin secretion is that
the kinetic system for insulin is potentially non-linear and
partly unknown. This makes insulin itself a poor descriptor
for insulin secretion. During the production of insulin a byproduct called connecting peptide (C-peptide) is produced in
equimolar amounts. Insulin and C-peptide are split just as
insulin is secreted into systemic circulation.

The pharmacokinetic system for C-peptide has been
described in a population model by Van Cauter [14] with
parameters based on subject covariates. The model structure
is a linear two compartment model with elimination from
the central compartment. The well known kinetics and longer
half-life of C-peptide makes it a better descriptor of the actual
insulin secretion even though the determined secretion rates
are C-peptide secretion rates and not insulin secretion rates.
The graphical representation of the C-peptide model can
be seen in Fig. 2. The exchange rate parameters and the elimination rate are all ﬁrst order and the mathematical equations
are given in (14)–(16):
dA1
= SR − (k + k12 )A1 + k21 A2
dt

(14)

dA2
= k12 A1 − k21 A2
dt

(15)

y=

A1
+e
V

(16)

where A1 and A2 are amounts in compartment 1 and 2. S R is
the secretion rate measured as [amount/ min]. k, k12 and k21
are rate constants [min−1 ]. V is the distribution volume [L].
The data originates from a meal tolerance test where the
test subject is served three standardized meals over a period
of 24 h. The insulin, C-peptide and glucose concentrations are
measured throughout the 24 h and more frequently during
meals. The C-peptide proﬁles can be seen in Fig. 3. The subjects
are newly diagnosed type II diabetes patients with relatively
intact insulin secretion. One complication with type II diabetes
is decreasing beta cell mass, i.e. decreasing insulin secretion. To determine if the insulin secretion is intact, stochastic
deconvolution [15] can be used.

Fig. 3 – C-peptide proﬁles.
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The observation equation linking the model states to the
C-peptide observations is shown below:

y=

Fig. 4 – Intervention C-peptide model.

In the article [7] the insulin secretion is assumed to be a random walk and the most plausible trajectory is determined. The
smoothed estimate is a compromise between the expected
variation in the system and the observed variation in the
observations. The scaling diffusion term  is overestimated
due to the physiological structure of the insulin secretion,
where the secretion can only assume positive values. To remedy this assumption an intervention model is added to aid the
structure of the secretion. The intervention model scheme is
implemented by a step function located at meal time. A two
compartment structure is assumed to allow for some ﬂexibility in the form of the secretion rate proﬁle. The secretion is
furthermore assumed to have an underlying basal secretion
rate. The basal rate, the rate parameters and the ampliﬁcation
are now estimated in this underlying structure for the secretion and the random walk is used to determine the deviations
from this structure (Fig. 4).
The states of the system for further use in the equations
are deﬁned as below:
x = [A1 , A2 , SR, Q]T

1
V



, 0, 0, 0 x + e =

A1
+ e,
V

where e ∈ N(0, S)

(19)

This model is a simpliﬁcation as the secretion responses to
the meals are assumed equal over all three meals. An extension to make an individual secretion response per meal can be
made by extending the input and the parameter list accordingly. This will however increase the number of parameters
and thereby the estimation time.
Individual random effects have been added to the ampliﬁcation of the response and the basal level so that each
individual can have different secretion responses.
The parameters in the model to be estimated are the secretion parameters a1 , a2 , K, B and the variance parameter SR .
The inter-individual variance in ˝ is assumed to be 0.1. The
2
residual variance is assumed to be (50 pmol/L) which was
derived from the plot of the proﬁles.

4.1.

Model speciﬁcation

The model speciﬁcation in PSM is described element by element in the next section.

(17)

The mathematical equations describing the system can
now be written as

⎛⎡

−(k12 + k10 )
k12
⎜⎢
dx = ⎝⎣
0
0

⎡
⎢
+⎣

0
0
0
a2 K exp(1 )

k21
−k21
0
0

1
0
−a1
0

⎤

0
0 ⎥
⎦x
a1
−a2

⎤ ⎞

⎡

⎤

0
0
0
⎥ ⎟
⎢ 0 ⎥
⎦ u⎠ dt + diag ⎣ ⎦ dω
B exp(2 )
SR
0
0
(18)

where kx and ax are rate constants. The input variable ut =
[u1 , u2 ] is used to model the baseline level of secretion (u1 )
and the impulse effect from a meal (u2 ). u1 is equal to one
for the entire time series whereas u2 is only equal to one just
after meals (i.e. from meal start and 30 min on). The B parameter speciﬁes the baseline level in the secretion compartment
and K speciﬁes the amplitude of the meal impulse. Both B and
K are modelled with an individual random effect (1 , 2 ). SR
is the scaling diffusion term for remaining description of the
secretion rate.

Initially the model is setup by creating an empty list. The h
function that translates the population parameters into individual parameters is speciﬁed. Function arguments that can
be used in the creation of phi are population parameters,
random effects and covariates. It can be seen that four individual parameters are extracted from the covariates and the
two population parameters K and B are expanded with random
effects.
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Fig. 5 – Fitted C-peptide concentrations for subject 11.

The ﬁrst element created here is the time invariant matrices. In this example all four matrices need to be speciﬁed.
First the individual parameters are extracted from phi and
matrices are set up in a list named Matrices.

The initial conditions for the states are added to the list
as an element named X0. The initial conditions used here are
steady state conditions calculated using the basal secretion
and kinetic parameters. The initial conditions are speciﬁed as
a function with arguments Time, phi and U. The Time argument is the ﬁrst time point speciﬁed and can be useful if
the subjects start at different time points. The U can contain
exogenous input to the system which enters into the initial
conditions.

The diffusion scaling term and the residual variance are
speciﬁed using the elements SIG and S. Both are speciﬁed as
functions of phi. It can be seen that SIG is a 4 × 4 matrix with
only an element at position [3, 3]. S is speciﬁed as a matrix
even though it is one-dimensional.

The ﬁnal element in the model is the function that splits
the parameter vector containing parameters to be optimized
into population parameters and inter individual covariance
matrix ˝.
The list Cpep.Model now contains all the elements
required in the model speciﬁcation and the model can now be
used to estimate parameters and create the smoothed proﬁles.

4.2.

Results

The parameters in the C-peptide intervention model are
estimated using PSM.estimate with constraints on the
parameters. The optimal parameters and conﬁdence bands
are shown in the Table 7.
Two model ﬁts for C-peptide can be seen in Figs. 5 and 6. The
plots show the observations as circles and the intervention

Table 7 – Estimated parameters.
Parameter
K
B
a1
a2
SIG33

MLE
1911.2
7.019
0.029
0.011
30.3

95% CI
[1511.5; 2310.9]
[5.0; 9.037]
[0.022; 0.036]
[0.0089; 0.014]
[26.05; 34.55]

Fig. 6 – Fitted C-peptide concentrations for subject 12.
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5.

Fig. 7 – Secretion for subject 11.

model ﬁt is shown in blue. The dashed line represents the
deterministic model ﬁt where the diffusion scale term has
been ﬁxed to zero in the intervention model in order to mimic
an ODE model like in NONMEM. The dashed line is thus equal
to a simulation with the intervention model.
The failure of the assumption of equal responses to all
meals is obvious in the ﬁt between the dashed red line and
the observations. Large peaks are underestimated and small
peaks overestimated. This is clear as the model describes the
average response after a meal. The solution could be to extend
the model so that every meal has it’s own ampliﬁcation.
As the model is used for deconvolution purposes the actual
ﬁt to the observations is of less importance, but more interesting is the secretion rate proﬁle and the split between the model
and the Wiener component.
The two corresponding secretion rate proﬁles to the Cpeptide ﬁts are found in Figs. 7 and 8. The full line is the
optimal secretion rate determined by the Kalman Filter and
the dashed line represents the deterministic part of the model.
The secretion model captures the overall trends but the compromise with the equal response assumption is clear.
The deconvoluted insulin secretion rates have some jumps
which seem unphysiological. The solution could be to use
an integrated random walk as driver for insulin secretion.
This would make the deconvoluted insulin secretion rate less
erratic.
This section has shown a simple application of the PSM
package for modelling purposes. Classic log likelihood ratio
testing can also be applied in the model development as well
as visual predictive checks of the model ﬁts.

Fig. 8 – Secretion for subject 12.

Discussion and conclusion

The PSM package provides a new general framework for
handling dynamic models based on stochastic differential
equations in a population setting. The package is available
in R to ease availability, ease installation and enable a single working environment for data handling, modelling and
visualization.
The package is an extension to the Matlab framework of
the same name. The package functionality is a combination
of the functionality available in CTSM and NONMEM. CTSM
and NONMEM have also been used to validate the package as
described further on the homepage [16].
The package enables the feature of dosing capabilities
which makes the package useful in PK/PD model development.
This is further supported by the ability to handle multidimensional observations which aids in modelling work with
observations from both PK and PD.
The package includes functionality for modelling tasks
such as simulation, parameter estimation and smoothing.
The stochastic deconvolution example with an underlying
secretion model in this article showed an application of the
package.
The computational effort in working with larger models is
substantial and the use of parallelization could decrease the
time considerably in the modelling. It is currently being investigated how to implement parallelization in a general manner
in R. Parallelization is an obvious solution due to the fact that
future computer systems will be massive multicore systems.
The package is a promising tool to get started with stochastic differential equations or the inclusion of mixed-effects in
continuous-discrete state-space models.
More information can be found on the webpage http://
www.imm.dtu.dk/psm.
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