
Stochastic Mo delling of
Hydrologic Systems

Harpa Jonsdottir

KongensLyngby 2006
IMM-PHD-2006-150



TechnicalUniversity of Denmark
Informatics and MathematicalModelling
Building 321, DK-2800KongensLyngby, Denmark
Phone+45 45253351,Fax +45 45882673
reception@imm.dtu.dk
www.imm.dtu.dk

IMM-PHD: ISSN0909-3192



Summary

In this PhD project several stochastic modelling methods are studied and ap-
plied on varioussubjects in hydrology. The research waspreparedat the Depart-
ment of Informatics and Mathematical Modelling at the Technical University of
Denmark.

The thesis is divided into two parts. The ¯rst part contains an intro duction and
an overview of the papers published. Then an intro duction to basic concepts
in hydrology along with a description of hydrological data is given. Finally an
intro duction to stochastic modelling is given.

The secondpart contains the research papers. In the research papers the sto-
chastic methods are described, as at the time of publication these methods
represent new contribution to hydrology. The secondpart also contains addi-
tional description of software usedand a brief intro duction to sti® systems.The
system in one of the papers is sti®.

In Paper [A] a conditional parametric modelling method is tested. The data
originate from a waste water treatment plant in Denmark, and consistsof pre-
cipitation measurements and °ow in a sewage system. The goal is to predict
the °ow and the predictions are to be used for automatic control in the waste
water treatment plant. The conditional parametric modelling method is a black
box method. The characteristic of such a model is that the model's parameters
are not constants, but vary as a function of someexternal variables. In Paper
[A] two types of conditional parameter models were tested; a conditional FIR
model and a conditional ARX model. The parameter variation is modelled as
a local regressionand the results are signi¯cant improvements comparedto the
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traditional linear FIR and ARX models. The method of conditional parameter
modelling is also good for sensitivity analysissinceit can be usedto investigate
how parameters change when external variables/circumstanceschange. These
investigationsmight then beusedfor further (more global or evenmorephysical)
modelling development.

In Paper [B] the grey box modelling approach is used,by usingStochastic Di®er-
ential Equations. The parameter estimation is performed by useof the program
CTSM (Continuous Time Stochastic Modelling). The ¯eld of study is the tra-
ditional rainfall-runo® relationship in a large watershed with one precipitation
measurement station, one discharge measurement station and snow accumula-
tion during winter. The rainfall-runo® relationship is thus both non-linear and
non-stationary. Furthermore, the system is sti®, and advanced statistical and
numerical methods must be used for parameter estimation. The model struc-
ture is kept simple in order to be able to identify all the model parameters.
The casestudy is from a 1132km2 mountainous area in northern Iceland with
altitude range of about 1000 m. The model performs well, despite of the fact
that the input seriesis only onesingleseriesof temperature and onesingleseries
of precipitation, measuredin the valley, closeto the river mouth.

In Paper [C] the topic is a drought analysisin a reservoir related to a hydropower
plant. A stochastic model is developed and the model is usedto simulate a time
seriesof discharge data which is long enough to achieve a stable estimate for
risk assessment of water shortage. Since the available data are used to design
the hydropower plant, it is demonstrated that the only way to estimate the
risk of water shortage during a hydropower's lifetime is by using a stochastic
simulation.

In Paper [D] the data originate from a small creek in Denmark with two mea-
surement stations. The subject is °ow routing where the upstream °ow is used
as an input for modelling the downstream °ow. As in Paper [B], the grey box
modelling approach is used,by using Stochastic Di®erential Equations and the
parameterestimation is performedby useof the program CTSM. The model for-
mulation is a linear reservoir model. However, the non-measuredlateral in°ow
betweenthe two measurement stations is modelled as a state variable and thus
a dynamic estimate of the °ow is achieved. This can be useful when modelling
chemical processesin the water.

In general,the papersshow the advantagesof stochastic modelling for describing
both non-linearities and non-stationaries in hydrological systems.



Resume

I dette Ph.D. projekt er forskellige stokastiske modelleringsmetoder studeret og
afpr¿vet inden for forskellige omrºader i hydrologi. Forskningenhar v½ret udf¿rt
ved Informatik og Matamatisk Modellering, DTU.

Afhandlingem er delt i to dele. Den f¿rste del indeholder en indledning og
en oversigt over ¯re artikler, skrevet som en del af forskningsarbejdet. Dern½st
kommeren intro duktion til grundl½ggendebegreber i hydrologi samt enbeskriv-
elseaf hydrologiske data. Til slut er der en intro duktion til stokastisk model-
lering.

Anden del indeholder de 4 artikler, hvor de stokastiske metoder, og is½r hvordan
disse metoder yder nye bidrag til den hydrologiske videnskab, er beskrevet.
Anden del indeholder ogsºa en n½rmerebeskrivelseaf software samt indledning
til den matematiske analyseaf stive systemer.

I Artik el [A] er betinget parametrisk modellering afpr¿vet. De data, sombruges,
stammer fra et rensningsanl½gi Danmark. Disse data bestºar af nedb¿r i et
afstr¿mningsomrºade og afstr¿mningsmºalinger i omrºadets kloaksystem.

Formºalet er en forudsigelseaf afstr¿mningen med de formºal at bruge forudsi-
gelsernei automatisk kontrol i rensningsanl½ggetsdriftsystem. Den betingede
parametriske modelleringsmetode er en black box metode. Kendetegnet ved
dennetype af modeller er, at modellensparametre ikke er konstante, men ½n-
drer sig som funktioner af ydre forhold. I Artik el [A] er afpr¿vet to typer af
betingede parametriske modeller: Betingede FIR modeller og betingede ARX
modeller. Parametrenesdynamik er modelleret ved lokal regression,og resul-
taterne er en markant forbedring i forhold til de traditionelle line½re FIR og
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ARX modeller. Den betingede parametriske modelleringsmetode er ogsºa nyt-
tig i f¿lsomhedsanalyser,da den kan bruges til at unders¿ge,hvordan parame-
trene ½ndrer sig efter ½ndringer i de ydre forhold. Denne type af unders¿gelse
kan bruges til videre modeludvikling, eventuelt til udvikling af mere fysisk ud-
formedemodeller.

I Artik el [B] er grey box modelleringsmetoden brugt, ved at bruge Stokastiske
Di®erential Ligninger. Parameterestimationener udf¿rt ved at bruge program-
met CTSM (Continuous Time Stochastic Modelling). Sammenh½ngenmellem
nedb¿rogafstr¿mning fra et stort opland er studeret. Om vinteren falder nedb¿r
bºade som regn og snei bjergene. Sneensamlesop som vand i elven om forºaret.
Afh½ngigheden mellem nedb¿r og afstr¿mning er derfor ikke line½r og ikke
station½r. Desudener systemet stift, hvilket g¿r avanceredestatistiske og nu-
meriske metoder n¿dvendige. Modellens struktur er enkelt formuleret, sºaledes
at alle modelles parametre kan identi¯ceres. Data stammer fra en elv i det
nordlige Island. Oplandet er 1132km2 med en h¿jdeforskel pºa 1000m. Selvom
modellen kun bruger ¶en nedb¿rsserieog ¶en temperaturserie som input, virk er
modellen overordenlig tilfredsstillende.

Emnet i Arik el [C] er en analyse af risikoen for t¿mning af et vandmagasin i
en °od i Island, som vil forºarsageelsvigt fra det tilsluttede vandkraftv½rk. En
stokastisk model er udviklet, og den er brugt for at simulere en afstr¿mnings-
dataserie,somer lang nok til at opnºa et stabilt estimat for risiko for t¿mning af
vandmagasinet. Det er vist, at den enestetilfredsstillende mºade til at estimere
risikoen for t¿mning af vandmagasinet i vandkraftv½rkets ¿konomiske levetid,
brugning af stokastisk simulation, da alle de eksisterendedata er brugt til at de-
signevandkraftv½rket og magasinet. Popul½re ingeni¿rm½ssigemetoder somf.
eks. sumkurvemetoden kan ikke hºandtere h½ndelsermed l½ngeregentagelses-
perioder end mºaleseriensl½ngde.

I Artik el [D] bruges data, som stammer fra en lille ºa i Danmark med to mºale-
stationer i ºaen. Emnet er at forudsige vandh¿jdenved nedstr¿mspunktet i sys-
temet pºa basisaf mºalinger vedopstr¿mspunktet i systemetsamt nedb¿rsmºalinger.
Lige som i Artik el [B] er grey box modelleringsmetoden brugt ved at bruge
Stokastiske Di®erentialligninger, og parameterneer estimeret i programmet CT-
SM. Modellens formulering er en line½r reservoir model, dog med den utradi-
tionelle tilf¿jelse, at den ikke mºalte indstr¿mning imellem de to stationer er
indf¿rt som en tilstandsvariabel. Dette medf¿rer, at indstr¿mningen mellem
de to stationer er estimeret dynamisk. Det har den fordel, at resultaterne kan
bruges,nºar kemiske prosesserskal modelleres.

Generelt viser artiklerne fordele ved at bruge stokastisk modellering, der kan
bruges til at analyserebºade ikke linearitet og ikke stationaritet i hydrologiske
systemer.



Preface

This thesis is a part of the ful¯llmen t in completion of the PhD degreein engi-
neering at the Department of Informatics and Mathematical Modelling (IMM)
at the Technical University of Denmark. The projects where carried out at the
IMM and at the National Energy Authorit y in Iceland.

Di®erent stochastic models have been developed and tested on di®erent hy-
drological problems. The main focus is on the modelling methodology, the
parameter identi¯cation and the importance of stochastic modelling in general.

The thesis consistsof a summary report, a short intro duction to hydrology, as
well as an intro duction to stochastic modelling. Furthermore, a description of
software and intro duction to sti® system can be be found in appendices,along
with a collection of four research papers, already published or to be published.

Reykjavik, June 2006

Harpa Jonsdottir
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Chapter 1

The theme

This thesis is a compilation of a PhD project at the Institute of Informatics and
Mathematical Modelling, at the Technical University of Denmark. The ¯eld
of research is stochastic modelling in hydrology. New methods are tested and
applied to di®erent hydrological problems. A description of statistical/n umerical
methods and the results of the applications are found in the papers [A]-[D].

1.1 Overview of pap ers included

The hydrological subjects are on very di®erent scalesand with di®erent aspects.
The research is within the ¯eld of statistics aswell aswithin hydrology and in all
of the research projects, empirical measurements are usedto estimate unknown
parameters.

1.1.1 Paper [A ]
Conditional parametric mo dels for storm sewer runo®

In Paper[A], the data originates from a wastewater treatment plant in Denmark.
The treatment plant is the outlet of a sewagesystemwith a watershedof 10.89
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km2. The sewagesystemis built in the traditional manner with pipesand node
points for pumping stations. Figure 1.1 shows a sketch of a sewagesystem.

Pump
station

Pump
station

Pump
station

Pump
station

Pump
station Waste water

Treatment
plant

Figure 1.1: The sewagesystem

The input data is precipitation, measuredat the waste water treatment plant.
The output data is excess°ow data from the last pumping station before the
treatment plant.1 The goal is to predict the °ow in the last pumping station and
use the predictions for on-line automatic control in the waste water treatment
plant. Black box modelshave proven to provide good predictions in hydrological
systemse.g.,Carstensenet al. (1998)and thus such methods weretested. Linear
FIR and linear ARX models were unsatisfactory and thus non-linear methods
were used. The non-linear e®ectsare mainly due to two factors; seasonality in
the balance and saturation/threshold in the pipe system. Large parts of the
measuredprecipitation do not enter the sewage system but evaporate or in¯l-
trate into the ground. The in¯ltration rate dependson several factors and the
wetnessof the root zoneplays an important role. Similarly, many factors a®ect
the evaporation and especially the temperature plays a major role. Becauseof
seasonalvariations of temperature, plant growth and other physical factors, the
variation of in¯ltration and evaporation varies seasonallyand consequently the
water balancedoestoo. The other non-linear e®ect,the saturation/threshold is

1The base °ow in the sewage system, also known as dry weather °ow, does not originate
from rainfall. Consequently , the base °ow is subtracted from the °ow data and the resulting
°ow, the excess°ow is used in the modelling approach.
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Figure 1.2: Fnjoskadalur. (Photo Oddur Sigurdsson)

a consequenceof limited capacity of the pumps in the sewagesystem. When a
large amount of water enters the system the pump stations in the node points
cannot serve all the water. Thus, water accumulates behind the pumping sta-
tions waiting to be served. During a very heavy rain storm the water enters
the treatment plant with a delay, as compared to a normal rain storm. These
two factors were taken into account in a conditional parametric model. Condi-
tional parametric modelsare modelswhere the parameterschangeasa function
(conditioned) of someexternal variables. In this casethe parameters changed
as a function of seasonality and as a function of water quantit y in the system.
The method of conditional parametric modelling is a signi¯cant improvement
comparedto traditional linear modelling.

1.1.2 Paper [B ]
Parameter estimation in a sto chastic rainfall-runo®
mo del

The subject in Paper[B] is a classic topic in hydrology, the rainfall-runo® re-
lationship. The data originates from a 1132 km2 mountainous watershed in
Iceland. Figure 1.2 shows a part of the watershed. It shows the valley Fn-
joskadalur and the river Fnjoska. The altitude range is about 1000 meters,
stretching from 44 m to 1083m. More than 50% of the watershedis above 800
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Figure 1.3: A sigmoid function with center 4 and scaleparameter 1.

meters. The water level gaugeis down in the valley, closeto the river mouth.
Onemeteorologicalobservatory is in the watershedand it is located in the valley.
Thus no meteorologicalobservatory is located in the highlands nor closeto the
watershedin the highlands. The scarcity of meteorologicalobservatories is well
known in sparsely populated areas around the world, especially in mountain-
ous areas. Becausethe watershed is large, and with a large altitude range, the
weather condition in the watershedcan be very di®erent depending on location
in the watershed. Furthermore, during winter, snow accumulates, and melts in
spring, resulting in large spring °oods in the river. Despite of limited data, a
rainfall-runo® relationship was required. It was chosento develop a stochastic
conceptual model, and it is found necessaryto usea stochastic model sincetoo
many e®ectsare unknown and/or not measured.

The system is modelled in a continuous time by using stochastic di®erential
equations. The model structure is kept as simple as possibleand with as few
parameters as possible in order to be able to use the data to estimate the pa-
rameter values. The stochastic di®erential equationsdescribe a reservoir model
with a snow routine. The watershed is not divided into elevation zones,but a
smooth threshold function is used in the snow routine both for accumulation
and melting, using positive degreeday method. The smooth threshold function
is the sigmoid function,

Á(T) =
1

1 + exp(b0 ¡ b1T)
(1.1)

whereT is temperature, b0 and b1 are constants. The constant b0 is the center of
the sigmoid function and b1 controls the steepness.Figure 1.3 shows a sigmoid
function with center b0 = 4 and scaleb1 = 1.

In Figure 1.4 the modelling principle is illustrated. Precipitation enters the
system and is divided into snow and rain, depending on the temperature. It
can be rain only, snow only and partly snow and rain. The rain enters the ¯rst
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Figure 1.4: The modelling principles.

reservoir which delivers water partly directly into the river and partly into the
secondreservoir that ¯nally delivers the water into the river. The snow, how-
ever, enters the snow container and stays in the snow container until it melts,
and is then delivered into the ¯rst container. As mentioned earlier, the same
smooth threshold function is used for precipitation division and snow melting.
Thus, at a sametime a precipitation can be divided into partly rain and partly
snow while someratio of the snow is melting. This modelling method computes
precipitation division and melting on an averagebasis. This works well, partic-
ulary sinceno meteorologicalobservatory is located in higher altitudes so that
temperature lapse rate and precipitation lapse rate can be estimated and used
as a basis for elevation division.

During the winter the snow container, becauseof its nature, swallows the snow
and accumulates it until the temperature rises and the snow begins to melt.
During the melting, the snow container delivers water into the system until
the snow container is emptied. During summer, the snow container is inactive.
Consequently , the snow routine causesthe system to be both non-linear and
sti® and, therefore, di±cult to cope with numerically.

The parametersare estimated by using the program CTSM (Continuous Time
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Figure 1.5: The input and output for di®erent optimization principles.

Stochastic Modelling) (Kristensen et al. 2003). The estimation method is the
maximum likelihood method and the principle of extended Kalman ¯lter is
used. Three di®erent ¯ltering methods or ODE solvers are implemented and
it depends on the system's sti®nesswhich one is the "optimal" to use. Fur-
thermore, it is possible to chooseto optimize the parameters with or without
the traditional Kalman ¯lter updating. Figure 1.5 illustrates the optimization
principles. The optimized parameter values will not be the samewe call them
A and B. Optimization with Kalman ¯lter updating results in a parameter Set
A and those parameters are optimal for making model prediction. Contrarily ,
optimization without Kalman ¯lter updating results in parameter Set B which
is optimal for making model simulations if the true model exists.
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1.1.3 Paper [C]
Assessment of serious water shortage in the Ice-
landic water resource system.

The topic in Paper[C] is a risk assessment of a water shortagein a hydropower
plant. The data originates from the river Tungna¶a in southern Iceland, measured
at Mariufossar. The watershed is 3470 km2, of which 555 km2 is glacier. The
data consist, of daily values of discharge over a period of 50 years. Figure 1.6
shows a hydropower plant and the corresponding reservoir. The water in the
reservoir is led to the hydropower plant in pipes,located in the mountain, and if
necessarybypass°ow is led into the canyon which is on left sideof the reservoir.

Figure 1.6: The hydropower plant Burfell and its reservoir. (Photo: Oddur
Sigurdsson)

When a hydropower plant is designed,two major quantities are taken into con-
sideration. One is the regulated °ow, Qr eg, which is the °ow of water delivered
into the hydropower plant for electricity production. The other quantit y is the
size of the reservoir, V . For a given regulated °ow Qr eg and for a given dis-
charge series,a volume V exists, which is the smallest volume that can secure
regulated °ow Qr eg. The largest possibleQr eg which can be served without any
water shortage is the mean value of the discharge. The relationship (Qr eg,V)
is known as the regulation curve. Figure 1.7 shows the regulation curve for the
discharge seriesat Mariufossar.
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Figure 1.7: The regulation curve.

All available data are usedto construct the regulation curve, and using a di®er-
ent dischargeserieswill lead to another regulation curve. Thus, for a given point
(Qreg ; V ) on the regulation curve, the risk of a water shortageis zero using the
data serieswhich wasusedto construct the regulation curve. However, when the
hydropower plant hasbeendesignedby choosing(Qreg ; V ), the future discharge
serieswill not be exactly the sameas the past discharge seriesand, thus, water
shortage might occur. Consequently , a stochastic model must be developed in
order to construct a simulated discharge seriesto be used for risk assessment.
It is very important to have an estimation of the risk of water shortage in the
lifetime of the hydropower plants, about 30-60years.

A stochastic periodic model in the spirit of Yevjevich, (Yevjevich 1976) was
developed and the available data were used to estimate the parameters in the
stochastic model. The stochastic model is then used to simulate °ow seriesin
order to estimate the water shortageprobabilities. The goal is to estimate prob-
abilities of rare events and it turned out that it was necessaryto simulate the
daily °ow for 50000years in order to achieve a stable estimate of the risk of
water shortage. Using the simulated data it wasconcludedthat the water short-
age probabilities can be described by the Weibull distribution. However, even
though the distribution of the water shortageprobabilities is known, simulations
are required in order to estimate the parameters in the distribution.
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1.1.4 Paper [D ]
A grey box mo del describing the hydraulic in a creek.

In Paper[D] the subject is °ow routing in a creek in a small watershed, in
Northern Zealand in Denmark. The exact size of the watershed is not known.
There are two measuring stations in the creek, seeFigure 1.8. The available

L = 2191m

A B

A:  Station A

R R

                      B: Station B

R:  Rainfall runoff outlet

Kokkedal Nive mølle

Figure 1.8: A sketch of the area in Usserod river.

data are precipitation and depth at two locations in the creek. The goal is to
¯nd a relationship between the depth at the upstream station and the depth
at the downstream station and to predict the output depth at the downstream
station. The Saint Venant equation of mass balance is used as a basis and
the lateral in°ow between the two measuring stations is modelled as a ¯rst
order processwith precipitation as input. The resulting model is a stochastic
linear reservoir model described in continuous time by stochastic di®erential
equations. The model is, however, di®erent from the traditional reservoir model
in that the lateral in°ow of water betweenthe two measuringstations is a state
variable in the model and estimated by use of the Kalman ¯ltering technique.
This can be used in an environmental context so that it might be possible to
estimate the concentration of chemical concentrations in the lateral in°ow if
the corresponding chemical concentrations are estimated both upstream and
downstream. This can be very valuable in an environmental analysis. The
program CTSM was usedto estimate the parameters.

1.2 Comparison of the mo dels

The hydrological subjects in this PhD project are on very di®erent scalesand
with di®erent aspects. However, all the projects are within the theory of hy-
drology. Thus the physical law, conservation of mass is the fundamental law.
In hydrology this can be referred to as the storagee®ect, i.e., what comesin is
either stored or comesout, seeFigure 1.9.
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Figure 1.9: The storagee®ect

The storageequation is written

dS
dt

= I (t) ¡ Q(t) (1.2)

where I (t) is the input, Q(t) is the output and S(t) is the storage. The change
in storageis the di®erenceof input and output. All the projects/papers have to
do with the storagebut in di®erent aspects.

The di®erent storage interpretations can be seengraphically in Figure 1.10. In
the following the di®erent storagee®ectsare summarizedwhereasan overview
of the included papers are given in section 1.1

The subject of Paper[A] is a rainfall-runo® relationship in a sewage system.
The input is precipitation and the output is excess°ow. The storageis twofold
Firstly the storageis the time lag betweeninput and output and, secondly, the
storageis the long term storage. The model is an input-output model or a black
box model, and since the input is precipitation and not e®ective precipitation
the mass balance is not conserved in the model. This can be interpreted so
that the storage container either swallows the rain or stores it on a long term
basis. However, water comesout of the system eventually . Part of the water
evaporates and some is permeated by plants. However, large part in¯ltrates
into the root zoneand becomesgroundwater and can eventually be observed in
creeksand rivers.

The subject in Paper[B] is alsoa rainfall-runo® relationship, the input is precipi-
tation and the output is discharge. The model is not a massbalancemodel, since
evaporation/transpiration are not taken into account, and the base°ow is repre-
sented by a constant. However in this project there is no swallowing, a balance
betweeninput and output exists, only the "up-scaling" of the precipitation mea-
surements is underestimated due to the amount of evaporation/transpiration
and groundwater contribution. In this project the storage is time delay. It is
a short-term time delay between rain and discharge during the summer and
becauseof the snow storage it is a long-term time delay during winter time.

The topic in Paper[C] is in a di®erent category. The topic is a risk assessment
of a water shortage in a hydropower plant, i.e., the risk of emptying the reser-
voir. The input data is discharge seriesand the output is risk assessment, i.e.,
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Figure 1.10: Overview of the storagee®ect.

probabilities versusvolume of water shortage. This subject certainly involves
storage, and in fact this might be the most obvious form of storage, a storage
of water in a reservoir, measuredin giga-liters, long-term storageof water from
year to year.

Finally the subject in Paper [D] is a °ow routing in a creek, the input is both
a precipitation and the upstream depth. The water level at the downstream
station is modelled as a function of the water level at the upstream station and
precipitation. This is a small creek with short distance between the stations
and no sub-creekmerging in between. Consequently , the upstream water level
has the largest impact on the downstream water level. Hence,Sthe storage is
mostly the retention time betweenthe two measuringstations.



12 The theme

1.3 Wh y sto chastic mo delling?

In an ideal world, where all phenomenahave been bought in the supermarket
of physics, all occurrence can be described completely by physical equations.
However, this is not the reality in our world, and particulary not in the ¯eld of
hydrology. Consequently , useof stochastic models can be a useful option.

Models described by deterministic physical equation are often referred to as
white box models. The stochastic models can be grouped into grey box models
and black box models. The grey box modelsare described by physical equations
and a noisefactor. The noisefactor is an extra term which is due to factors that
are not described by the physical factors. The black box models are built up in
such a way that statistical methods are usedto ¯nd relation betweeninput and
output not necessarilybasedon physical processes.

The basicphysical equation in hydrology is the equation of conservation of mass
Eq. (2.1). The change of masswithin a volume equalsnet out°ow of the vol-
ume, i.e., the di®erenceof the massof in°ow into the volume minus the mass
of out°ow out of the volume. In hydrology the control volume unit is a wa-
tershed. The total volume is found by integrating over the entire watershed,
and the changeof massis found by the time derivative of the water inside the
volume (watershed). The net out°ow is found by in°ow and out°ow through
the watershed'sboundary. To carry out thesecalculations detailed information
about precipitation, evaporation, transpiration, in¯ltration, surfaceruno® and
groundwater runo®must be known. Information must be available in the whole
watershed. In general such information does not exist and it is, therefore nec-
essary to intro duce stochastic terms in the models. Moreover, many of these
processesare highly non-linear and cannot be described perfectly with mathe-
matical equations,e.g., the in¯ltration (Viessman& Lewis 1996). Presently not
enough is known about the processesto describe the perfectly. These model
uncertainties re°ect the inabilit y to represent the physical processby use of
deterministic equations and thus provide evidencefor the stochastic modelling
approach.

In addition it can be arguedthat both geophysical factors like the soil and many
of the meteorologicalfactors, indeed,havea stochastic behaviour. Moreover, use
of a stochastic model can provide information about uncertainties in prediction
(extrapolation) of the future.

Last but not the least, it is well known that the hydrological data are corrupted
by errors due to measurement errors, both in the input data and output data.
Additionally , errors exist due to the transformation from the measuredvalues
to the values requestede.g., transformation from water level measurements to
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discharge.

1.4 Conclusion and discussion

The topic of this PhD project is stochastic modelling in hydrology and in all
of the papers, parameters are estimated by using data. However, the statisti-
cal methods are of di®erent types. One paper presents conditional parametric
modelling, which is a black box type of model. Two paperspresent a parameter
estimation in models described by stochastic di®erential equations, which are
semi-physical models, or grey box models. Finally, one paper presents results
which can be achieved by stochastic simulations only.

The topic of the rainfall-runo® relationship hasbeena study of interest for cen-
turies. Numerousmodels of the rainfall-runo® relationship exist and it depends
on the circumstanceswhat kind of model is good to use, or possible to use.
Sometimesdetailed information about the watershedis available while in other
casesthe information is scarce.Models like SHE (Abb ott et al. 1986a), (Abb ott
et al. 1986b), MIKE-SHE (Refsgaard& Storm 1995)and WATFLOOD (Singh &
Woolhiser2002)arephysically based,distributed models. Thesetypesof models
areoften referredto aswhite box models. In a physically basedmodel the hydro-
logical processesof water movement are modelled either by ¯nite di®erencerep-
resentation of the partial di®erential equationsof mass,momentum and energy
conservation, and/or by empirical equations derived from independent experi-
mental research. Spatial distribution of catchment parameters such as rainfall
input and hydrological responseis achieved in a grid network. All the physical
processesare captured in the model, such as; interception, evapotranspiration,
etc. However, as stated in (Refsgaard& Storm 1995), the application of a dis-
tributed, physically basedmodel like MIKE SHE requires the provision of large
amounts of parametric and input data. Moreover, the ideal situation where¯eld
measurements are available for all parametersrarely occurs. Hence,the problem
of model calibration (parameter estimation) arises(Refsgaardet al. 1992) and
also a decisionof optimization criteria (Madsen 2000).

Contrarily , black box models have also been used in rainfall-runo® modelling.
Black box models are completely data based,i.e., the model structure is deter-
mined by statistical methods and the data is used to estimate the parameters
of the model.

In the 1970'ieslinear black box models such as FIR and ARMAX models were
quite popular, and in somecasesthey provide acceptableresults. Nevertheless
the rainfall-runo® processis believed to be highly non-linear, time-varying and
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spatially distributed, e.g., (Singh 1964). With increasedcomputer power non-
linear models have becomemore popular. (Todini 1978) presented a threshold
ARMAX model in a state spaceform. (Young2002)model time variations by in-
tro ducing the SDP approach, (State Dependent Parameter approach), which in
the caseof a non-linearity results in a two stageDBM approach. In recent years,
various typesof non-linear modelshave beendeveloped such asneural networks
e.g., (Shamseldin1997) or (Hsu et al. 2002), Bayesianmethods like (Campbell
et al. 1999), fuzzy methods, e.g., (Chang et al. 2005)and non-parametric models
e.g., (Iorgulescu & Beven 2004). In Paper [A] and Paper [B] several models are
mentioned and (Singh & Woolhiser 2002)provides an overview of mathematical
modelling of watershedhydrology.

In Paper [A] the method of conditional parametric models is intro duced in
hydrological modelling. A conditional parametric model is a semi parametric
model, a mixture of a non-parametric, (HÄardle 1990) and a parametric black
box model. The name of the model originates from the fact that if the ar-
guments of the conditional variables are ¯xed, then the model is an ordinary
linear model, (Hastie & Tibshirani 1993), and (Anderson et al. 1994). In Paper
[A] the basic modelling formulation are FIR and ARX models, except that the
models parameters are non-parametrically described as a function of external
variables. In the actual case,the parametersdepend on the seasonand on the
volume of water in the sewage system. The conditional variation is estimated
by useof local polynomials asdescribed in (Nielsen et al. 1997). The estimation
is accomplishedby using a software packageLFLM (Locally weighted Fitting of
Linear Models), which is an S-PLUS library package, see(Nielsen 1997). This
approach turns out to provide improvements comparedto linear modelling. By
studying how the parameters vary as the conditional variables changes. This
approach can also be used in a search for a more global modelling or structure
identi¯cation. Hence, the approach is also valuable as a tool for an analysis,
that might provide understanding of the system studied, usable in a grey box
model interpretation.

In Paper [B] the modelling principle of white box modelling and black box
modelling is combined in the grey box modelling approach. The principle is
to develop a simple model, but still physically based in some sense,so that
the parametershave at least a semi-physical or average-physical interpretation.
However, the model is kept simple enoughsothat the available data can be used
for parameterestimation. The model is formulated in a continuous-discretetime
state spaceform. The system equations consist of stochastic di®erential equa-
tions. Hence the estimated parameters can be directly physically interpreted.
The parameter estimation is a Maximum likelihood method, basedon Kalman
¯lter technique, for evaluating the likelihood function. This is implemented
in a software package called CTSM (Continuous Time Stochastic Modelling),
(Kristensen et al. 2003). One advantage of the stochastic state spaceapproach
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is that the model structure can be usedfor both prediction and simulation. The
parameterization canbecontrolled in the softwareCTSM dependingon, whether
the model is to be usedfor prediction or simulation. In order to be able to esti-
mate all the parameters, the model is kept more simple in structure than many
of the existing conceptual models, such as the HBV model, (BergstrÄom 1975)
and (BergstrÄom 1995)or the Tank model (Sugawara 1995). Someattempts have
beenmade for parameter estimation in a state spacemodels of similar type as
the model in Paper [B]. (Lee & V.P.Singh 1999)applied an on-line estimation to
the Tank model, but only for one storm at a time, calibrating the initial states
manually. In (Georgakakoset al. 1988)the Sacramento model, org. in (Burnash
et al. 1973), is modi¯ed and formulated in a state spaceform, but due to the
model's complexity only someof the parameters are estimated, which, indeed,
might result in locally optimal parameter values. The structure of the model
presented in Paper[B] is simpler than in the two models mentioned above. In
(Bevenet al. 1995)it is stated that a number of studieshavesuggestedthat there
is only enoughinformation in a set of rainfall-runo® observations to calibrate 4
or 5 parameters,which is about the number of physical parametersestimated in
Paper[B]. By using a smooth threshold function for separatingthe precipitation
into snow and rain instead of elevation division keepsdown the number of para-
meters. Physically this can be interpreted as somekind of averaging. The only
data required for estimating the parameters of the model is two input series;
precipitation and temperature and oneoutput series,the discharge. In the light
of limited data comparedto the sizeand altitude range of the watershed. It is,
in indeed,very satisfactory how well the model performs in the casestudy. The
watershedis 1132km2, with an altitude rangeof about 1000m, and 50%of the
watershedis located above 800m. The input series;temperature and precipita-
tion are measureddown in the valley, closeto the river mouth. The number of
physical parameter estimated is 8, additionally the initial states and the states
variancesare estimated. The calibration period is 6 years,while the validation
period is 2 years (not used in calibration). This modelling approach provides
a promising tool for further modelling in hydrology. Furthermore, (Kristensen
et al. 2004a) showed that the stochastic state spacemodel formulation gives
signi¯cantly lessbiasedparameter estimate than parameter estimatesobtained
by the optimization method basedon deterministic model formulation. Seealso
Section 4.7.

The topic in Paper [C] is a risk assessment of electrical power shortage in a
hydropower plant. This is the same as risk assessment of a water shortage
in the corresponding water resourcesystem. A water shortage is met by °ow
augmentation from reservoirs. The management of these reservoirs are human
interventions in the natural °ow. One of the major questions in a simulation
analysis of the Icelandic power system is the performance of the reservoirs as
the electrical power system is hydropower based. During a heavy drought, the
available water storagein the reservoir may not besu±cient to ful¯ll the demand
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and, consequently , there will bea shortageof electrical power. It is thereforevery
important to have mathematical tools to estimate the risk of water shortage,
when searching for management methods. The method of using all available
°ow seriesin order to design a reservoir, large enough to sustain a prede¯ned
°ow output is well known in hydraulic engineering. The graphical version of
the method can be seenin (Crawford & Linsley 1964) and this principle is still
widely used. However, the method cannot predict the risk of water shortage.
Stochastic methods in hydraulic design have been known for quite sometime,
e.g., (Plate 1992), but they are not yet extensively usedin risk assessment. All
the available data are usedfor designof the hydropower plant. Thus it is clear
that the recurrence time of a drought in the reservoir is large. Consequently ,
the subject is to estimate small probabilities, probabilities which are in the tail
of the corresponding distribution. A stochastic formulation of water shortageis
a peak below threshold study, see(Medova & Kyriacou 2000). The casestudy
is the river Tungna¶a in southern Iceland. The data seriesconsist of daily °ow
values over a period of 50 years. The mean value of the °ow is 80.7 m3/s.
As an example, the results in the casestudy showed that the probabilit y of a
water shortage of 155 million m3 is 0.5% and thus the recurrence time is 200
years. A water shortageof this magnitude meansthat the power station is out
of order for about 3 weeks. If the economicallifetime of the hydropower station
is 50 years, the probabilit y that a large drought like that will occur is 25%.
It is demonstrated that the only way to obtain a discharge serieslong enough
for calculating a stable estimate of the drought risk is to produce a seriesby
stochastic simulation.

The topic in Paper [D] is °ow routing. In a broad sensethe °ow routing may be
consideredas an analysis to trace the °ow through a hydrologic system, given
the input. Numerous routing techniques exist, e.g., (Chow et al. 1988) and
(Viessman& Lewis 1996). In Paper [D] a lumped stochastic model is developed
to describe the downstream water level as a function of the upstream water
level and precipitation. The Saint-Venant equation, e.g., (Chow et al. 1988),
is used for deriving a stochastic linear reservoir model, represented as a state
spacemodel in continuous time by using stochastic di®erential equations. The
parametersare estimated by using the program CTSM (Kristensen et al. 2003).
The principle of linear reservoir model was proposedby (Nash 1957) and the
concept was ¯rst intro duced by (Zoch 1934, 1936, 1937) in an analysis of the
rainfall-runo® relationship. The fact that the model in Paper [D] is stochastic
allows for data to be usedfor parameter estimation including the parametersre-
lated to the systemand observation errors. Furthermore, the model di®ersfrom
the traditional reservoir model since the non-measuredlateral in°ow of water
between the two measuring stations is a state variable in the model and esti-
mated by useof the Kalman ¯ltering technique. Using this in an environmental
context meansthat it might be possibleto estimate concentration of chemical
concentrations in the lateral in°ow if the corresponding chemical concentrations
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are measuredboth upstream and downstream. This can be useful in an envi-
ronmental analysis. It is found that the grey box modelling approach provides
a strong modelling framework in °ow routing. The possibility to combine the
physical knowledgewith data information valuable. It enablesan estimation of
non-measuredvariablesand the stochastic approach makesit possibleto provide
uncertainty bounds on predictions and on parameter estimates.

In general it has been concluded that stochastic modelling in hydrology has
the advantagesof describingboth non-linearities and non-stationaries. Further-
more, the grey box modelling approach provides a strong modelling approach
which opens up to possibility for combine prior physical knowledge with data
information. Hence, it bridges the modelling gap between the statistician and
the physical expert.
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Chapter 2

Intro duction to hydrology

Water is the most vital substanceon the Earth, the principal ingredient of all
living things and a major force constantly shaping the surfaceof the earth. The
¯rst imagesof the surfaceof the Earth, asseenfrom the moon over two decades
ago helped visualizing the Earth as a unit, an integrated set of systems; land
masses,atmosphere,oceans,and the plant and animal kingdom.

This chapter provides a brief intro duction to the conceptsin hydrology usedin
this project. The chapter is mostly based on the books (Mays 1996), (Chow
1964) (Chow et al. 1988), (Burnash 1995), (Viessman& Lewis 1996), (McCuen
1989) and (Singh & Woolhiser 2002).

2.1 The history of water resources

The book (Mays 1996) gives an excellent overview of the history of water re-
sourcesand human interaction with water up to 18th century . The following
paragraphsare mostly basedon this book.

Water is the key factor in the progressof civilization and the history of water
resourcescannot be studied without studying humanity. Humans have spent
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most of their history ashunting and food gathering beings. It is only during the
last 9000to 10000years that human beingshave discovered how to raise crops
and tame animals. From Iraq and Syria the agricultural evolution spreadto the
Nile and Indus valleys. During this agricultural evolution, permanent villages
took the placeof a wanderingexistence.About 6.000to 7.000yearsago,farming
villages of the Near and Middle East becamecities. Farmers learned to raise
more food than they needed,allowing others to spend time making things useful
to their civilization. Peoplebeganto invent and develop technologies,including
how to transport and managewater for irrigation.

The ¯rst successfule®orts to control the °ow of water were made in Egypt
and Mesopotamia. In ancient Egypt the construction of canals was a major
endeavor of the Pharaohs. One of the ¯rst duties of provincial governors was
the digging and repair of canals, which were used to °ood large tracts of land
while the Nile was °owing high. Problems of the uncertainty of the Nile °ows
were recognized. During very high °ows the dikes were washedaway and the
villages were °ooded, drowning thousands. During low °ow the land did not
receive water and no crops could grow. The building of canals continued in
Egypt throughout the centuries.

The Sumeriansin southern Mesopotamia built city walls and temples and dug
canals that were the world's ¯rst engineering work. Flooding problems were
more seriousin Mesopotamia than in Egypt becausethe Tigris and Euphrates
carried several times more silt per unit volume of water than the Nile. This
resulted in rivers rising faster and changing their coursesmore often.

The Assyrians developed extensive public works. SargonI I invadedArmenia in
-714,discovering the ganat (Arabic name). This is a tunnel usedto bring water
from an underground sourcein the hills down to the foothills. This method of
irrigation spreadover the Near East into North Africa over the centuries and is
still used.

The Greekswere the ¯rst to show the connection betweenengineeringand sci-
ence,although they borrowed ideas from the Egyptians, the Babylonians and
Phoenicians. Ktesibius (-285 - -247), invented several things e.g., the force
pump, the hydraulic pipe, the water clock. Shortly after Ktesibius, Philen of
Byzantium invented several things, one of which was the water wheel. One
application of the water wheel was a bucket-chain water hoist, powered by an
undershot water wheel. This water hoist may have beenthe ¯rst recordedcase
of using the energy of running water for practical use. Probably the greatest
Hellenistic engineer, was Archimedes (-287 to -212). He founded the ideas of
hydrostatics and buoyancy. The Hellenistic kings began to build public bath
houses.
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The early Romans devoted much of their time to useful public projects. They
built roads, harbor works, aqueducts,baths, sewers etc. The Romans and He-
lenesneededextensive aqueduct systemsfor their fountains, baths and gardens.
They also realized that water transported from springs was better for their
health than river water. Knowledgeof pipe making was in its infancy and the
di±cult y of making good large pipeswas a hindrance. Most Roman piping was
made of lead, and even the Romans recognizedthat water transported by lead
pipes is a health hazard.

The fall of the Roman Empire in 476extendedover a 1000year transition period
called the Dark Ages. After the fall of the Roman Empire, water and sanitation
in Europe declined, resulting in worsepublic health.

During the Renaissance,a gradual changeoccurred for purely philosophical con-
cepts toward observational science. Leonardo da Vinci (1452-1519)made the
¯rst systematic studies of velocity distribution in streams. The French scien-
tist Bernard Palissy (1510-1589)showed that rivers and springs originate from
rainfall, thus refuting an ageold theory that streamswere supplied directly by
the sea. The French naturalist Pierre Perrault (1608-1680)measuredruno®,
and found it to be only a fraction of rainfall. Blaise Pascal (1623-1662)clari-
¯ed principles of the barometer, hydraulic press,and pressuretransmissibilit y.
Isaac Newton (1642-1727)explored various aspects of °uid resistance(inertia,
viscosity and waves).

Hydraulic measurements and experiments °ourished during the eighteenth cen-
tury . New hydraulic principles were discovered, such as the Bernoulli (1700-
1782) equation for forces present in a moving °uid and Chezy's (1718-1798)
formula for the velocity in an open channel °ow, also better instruments were
developed. Leonard Euler (1707-1783)¯rst explained the role of pressure in
°uid °ow and formulated the basic equation of motion.

Conceptsof hydrology advancedduring the nineteenth century . Dalton (1802)
establisheda principle for evaporation, Darcy (1856)developedthe law of porous
media °ow and Manning (1891) proposedan open channel °ow formula. Hy-
draulics research continued in the nineteenth century , with Louis Marie Henry
Navier (1785-1836) extending the equations of motion to include molecular
forces. Jean-ClaudeBarre de Saint-Venant wrote in many ¯elds on hydraulics.
Others, such asPoiseulle,Weisbach, Froude, Stokes,Kirc ho®,Kelvin, Reynolds
and Boussinesq,advancedthe knowledgeof °uid °ow and hydraulics during the
nineteenth century .

At the beginning of the twentieth century quantitativ e hydrology was basically
the application of empirical approachesto solve practical hydrological problems.
Gradually, hydrologists did combine empirical methods with rational analysis
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of observed data. One of the earliest attempts to develop a theory of in¯ltra-
tion was by Green and Ampt in 1911,who developed a physically basedmodel
for in¯ltration and in 1914Hazen intro duced frequencyanalysisof °ood peaks.
Shermande¯ned the unit hydrograph in 1932,asthe unit impulse responsefunc-
tion of a linear hydrologic systemi.e., a function relating excessrainfall to direct
runo®. In 1933Horton developed a theory of in¯ltration to estimate rainfall ex-
cessand improved hydrograph separationtechniques. In 1945Horton developed
a set of "laws" that are indicators of the geomorphologiccharacteristics of wa-
tersheds,now known as Horton's laws. In the years 1934 to 1944Lowdermilk,
Hursh and Brater, observed that subsurfacewater movement constituted one
component of storm °ow hydrographs in humid regions. Subsequently , Hoover
and Hursh reported signi¯cant storm °ow generationcausedby a dynamic form
of subsurface°ow. The underground phaseof the hydrologic cycle was inves-
tigated by Fair and Hatch in 1933, who derived a formula for computing the
permeability of soil and in 1944 Jacob correlated groundwater levels and pre-
cipitation on the long Island, N.Y. The study of groundwater and in¯ltration
led to the development of techniques for separation of base°ow and inter°ow
in a hydrograph. McCarthy and others developed the Muskingum method of
°ow routing in the 1934-1935and the concept of linear reservoirs was ¯rst in-
tro duced by Zoch in the years 1934-1947,in an analysis of the rainfall and
runo® relationship. In 1951 Kohler and Linsley developed the Antecedent in-
dex approach, which have been used in various models. The principle is that
weighted summation of past daily precipitation amounts, is usedas an index of
soil moisture.

In 1960' the digital revolution broke out and sincethen numerousmathematical
models have beendeveloped. The models are of di®erent types and developed
for di®erent purposes,although many of the modelssharestructural similarities,
becausetheir underlying assumptions are the same. There exists models for
simulation of watershed hydrology, for °ood forecasting warning systemsand
for environmental managements. The type of models are di®erent, there exists
conceptualand modelsand detailed physically baseddistributed models. There
existsnumerousblack box modelsand alsogrey box models,e.g.,Paper [B]. The
development of hydrological modelling will proceedon and on, mostly because
of constantly improving modelling techniques. In Papers [A] and [B] several
watershed models are mentioned and a ¯ne overview of watershed models can
be found in (Singh & Woolhiser 2002).
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2.2 The hydrological cycle

Water on earth exists in a spacecalled the hydrosphere which extends about
15 km up into the atmosphereand about 1 km down into the lithosphere, the
crust of the earth. The cycle hasno beginning or end. Figure 2.1 illustrates the
hydrological cycle; the water evaporatesfrom oceansand land surfaceto become
part of the atmosphere,water vapor is transported and lifted in the atmosphere
until it condensesand precipitates on the land or the ocean. Precipitated water
may be intercepted by vegetation, become overland °ow in¯ltrates into the
ground, °ows through the soil as subsurface°ow and discharge into streamsas
surfaceruno®. Much of the intercepted water and surfaceruno® returns to the
atmosphere through evaporation. The in¯ltrated water may percolate deeper
to recharge groundwater, later emerging in springs or seepinginto streams to
form surface runo®, and ¯nally °owing into the sea or evaporating into the
atmosphereas the hydrologic cycle continues.

Figure 2.1: The hydrologic cycle, (Chow et al. 1988).

Although the conceptof the hydrologic cycle is simple, the phenomenonis enor-
mously complex and intricate. It is not just one large cycle but rather is com-
posedof many interrelated cyclesof continental, regional and local extents. The
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hydrology of a region is determined by its weather patterns and by physical fac-
tors such astopography, geologyand vegetation. Also ascivilization progresses,
human activities gradually encroach on the natural water environment, altering
the dynamic equilibrium of the hydrologic cycle and initiating new processes
and events.

2.3 The storage e®ect

By analogy, a hydrologic system is de¯ned as a structure or volume in space,
surrounded by a boundary, that accepts water and other inputs, operates on
them and producesoutputs. The basic physical law, is the law of conservation
of mass, i.e., mass cannot be created or destroyed. Thus, for a ¯xed time
independent region V , the net rate of °ow of mass into the region is equal to
the rate of increaseof the masswithin the surface. Figure 2.2 demonstratesthis
principle.

v

v

v

Figure 2.2: Flow in a control volume.

Mathematically this is can be written:
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where the d stands for the total derivative V stands for the volume, ½is the
density, v is the velocity of the °uid, A is the area vector and @V is the surface
of the control volume, i.e., the surfaceto be integrated over. The velocity of the
°ow is de¯ned positive out of the surface. This is known asthe integral equation
of continuit y for an unsteady, variable-density °ow. If the °ow has a constant
density, the density ½can be divided out of both terms of Eq. (2.1) leaving

d
dt

ZZZ

V

dV = ¡
ZZ

@V

vdA: (2.2)

The integral
RRR

V
dV is the volume of °uid stored in the control volume, denoted

by S, thus the ¯rst term in Eq. (2.2) is the time rate of changeof the storage
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dS=dt. The secondterm is the net out°ow and it can be split into in°ow, I (t),
and out°ow, Q(t). The resulting equation is the storageequation

dS
dt

= I (t) ¡ Q(t) (2.3)

which is the integral equation of continuit y for an unsteady, constant density
°ow. When the °ow is steady, dS=dt = 0. Figure 2.3 shows a schematic repre-
sentation of the storageequation. Input enters the system, the systemoperates

Figure 2.3: A system operation

on the input and delivers an output. In a systematic representation the op-
eration function is often referred to as impulse response function, seeSection
4.4.2.

The system consideredin hydrologic analysis is the watershed. The watershed
is de¯ned as all the land area that shedswater to the outlet during a rainstorm
i.e., all points enclosedwithin an area from which rain is falling at thesepoints
will contribute to the outlet. Big watersheds are made up of many smaller
watershedsand thus it is necessaryto de¯ne the watershed in term of a point.
The shadedarea of Figure 2.4 represents the watershedwith outlet at point A
whereasthe watershedfor point B is the small area enclosedwithin the dashed
lines.

2.4 Surface water hydrology

Surfacehydrology is the theory of movement of water along the surfaceor the
Earth as a result of precipitation and snow melt. Runo® occurs when precip-
itation or snowmelt moves acrossthe land surface. The land area over which
rain falls is called the catchment while the land area that contributes surface
runo® to any point of interest is called a watershed. The relationship between
precipitation and runo® hasbeenstudied for decades.The hydrological subject
in Papers [A], [B] and [D] is surfacewater hydrology.

A stream°ow hydrograph is a graph (or table) showing the °ow rate asa function
of time at a given location in a stream. The spikes,causedby rain storms, are
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Figure 2.4: Delineation of a watershedboundary. (McCuen 1989).

called direct runo®or quick°ow, while the slowly varying °ow in rainlessperiods
is called base°ow.

Excessrainfall, or e®ective rainfall, is the rainfall which is neither retained on
the land surface nor in¯ltrated into the soil. After °owing acrossthe water-
shed, excessrainfall becomesdirect runo® at the watershed outlet. The graph
of excessrainfall vs. time is a key component in the study of rainfall runo®
relationships. Figure 2.5 shows a hydrograph and some of the hydrographs
components. The time baseof a hydrograph is consideredto be the time from

Figure 2.5: Storage°ow relationship, (Viessman 1996).

which the concentration curve beginsuntil the direct runo® component reaches
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zero. Watershedlag time or basin lag time, is de¯ned asthe time from the center
of massof e®ective rainfall to the center of massof direct runo®. If a uniform
rain is applied on a tract, the portions nearest the outlet contribute to runo®
at the outlet almost immediately. As rain continues, the depth of excesson the
surfacegrows and dischargerates increasethroughout. A time of concentration,
tc, is de¯ned as the time required, with uniform rain, so that 100 percent of
watershed(all portions of the drainagebasin) is able to contribute to the direct
runo® at the outlet. (Singh 1988) argues that the time of concentration t c is
1.42 times the basin lag time. This fact is usedin Paper [A].

2.4.1 The theory of unit hydrograph

The unit hydrograph is the unit pulse responsefunction of a linear hydrologic
system. First proposedby (Sherman1932), the unit hydrograph of a watershed
is de¯ned as a direct runo® hydrograph resulting from 1 cm of excessrainfall
generated uniformly of the drainage area at a constant rate for an e®ective
duration.

A unit hydrograph is basically an impulse response function between excess
rainfall to direct runo®. It ful¯lls the equation of continuit y and thus the mass
balanceis conserved.

In practice the total rainfall and the total runo® (the discharge) are measured1.
Thus, for hydrograph calculations e®ective rainfall must be calculated and the
runo® must be divided into base°ow and direct runo®. Thesecalculations may
be interpreted as data processingand not as an integral part of hydrograph
theory. Several methods for base °ow separation are used, such as, normal
depletion curve, the straight line method, the ¯xed base method or the vari-
able slope method, to mention some, for a description of these methods see
e.g., (Chow et al. 1988). Likewise, for calculations of e®ective rainfall and
total runo® many methods are used. These are methods for calculations of
evaporation and in¯ltration. Methods for evaporation calculations might be
the energy balance method, aerodynamic method, the combination method
and e.g., Priestlay-Taylor's method. Methods for in¯ltration calculations might
be the Horton's equation, the Philip's equation, Green-Ampt's method (Chow
et al. 1988), Huggin-Monke model and Holtan model (Viessman& Lewis 1996)
and calculations of in¯ltration. For all the above reasonsit is clear that the
identi¯cation of a hydrograph very much dependson calculations earlier, it can-
not be identi¯ed from the measuredprecipitation. The topics in Paper [A] and

1 In general only the water level is measured and not the discharge. The discharge is not
measured in general, but the water level. The discharge is calculated from the water level
data by use of rating curves, seeSection 3.2
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[B] are related to the theory of unit hydrograph as the °ow is modelled as a
function of precipitation. However, the input variable is total precipitation as
it has proven advantage to develop models which do not rely on earlier calcu-
lations. Particularly , sincea perfectly quanti¯ed general formula for separating
the e®ective precipitation from the total precipitation doesnot exists (Viessman
& Lewis 1996). The linear modelling approach is only an approximation of the
relationship betweene®ective rainfall and direct runo®.

2.4.2 Flo w routing

In a broad sensethe °ow routing may be consideredas an analysis to trace the
°ow through a hydrologic system. Thus given the input, i.e., a hydrograph at
an upstream location, the °ow routing is a procedureto determine the time and
magnitude of the °ow at a given point downstream. The °ow routing techniques
are divided into lumped °ow routing and distributed °ow routing. When dis-
tributed °ow routing methods are used, the °ow is calculated as a function of
spaceand time through the systemwhereasif lumped routing methods are used
the °ow is calculated as function of time aloneat a particular location. Routing
by use of lumped methods is sometimesreferred to as hydrologic routing, and
routing by distributed methods is sometimesreferred to as hydraulic routing.
The topic in Paper [D] is °ow routing.

2.4.2.1 Lump ed °o w routing

Lumped °ow routing techniques are all founded on the equation of continuit y
represented in the operational form asEq. (2.3) In general,the storagefunction
may be written as an arbitrary function of I (t), Q(t) and their time derivatives

S = f
µ

I ;
dI
dt

;
d2I
dt2 ; : : : ; Q;

dQ
dt

;
d2Q
dt2

¶
(2.4)

Sometimes it is possible to describe the storage as a function of only Q as,
single-valued storagefunction S = f (Q) as shown in Figure 2.6. For such reser-
voirs (control volumes), the peak out°ow, occurs when the out°ow hydrograph
intersects the in°ow hydrograph, becausethe maximum storage occurs when
dS=dt = I ¡ Q = 0, and the storage and out°ow are related by S = f (Q).
This is shown in Figure 2.6, the point denoting the maximum storage, R and
the point denoting the maximum out°ow P, coincide. Hence, when the °ow
is steady, a single-value storage function always exists. When the reservoir is
long and narrow like open channelsor streamsthe storage-out°ow relationship
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Figure 2.6: Storage°ow relationship. (Chow et al. 1988).

is variable. The amount of storagedue to backwater dependson the time rate
of changeof °ow through the system. Figure 2.6 shows the relationship between
the discharge and the systemstoragein a variable storage-out°ow relationship.
The relationship is no longer a single-valued function but exhibits a curve. Be-
causeof retarding e®ectdue to backwater, the peak out°ow usually occurs later
than the time when the in°ow and out°ow hydrographs intersects,as indicated
in Figure 2.6, i.e., the points R and P do not coincide.

The variable storageout°ow relationship is oneof the factors, which contributes
to error in the Q ¡ h rating curve which is usedto calculate the discharge form
water level data, seeSection 3.2.

Several lumped °ow routing exists. The level pool method is an analytical
method and can be used in situations where the storage function is single val-
ued. The Muskingum method is a well known method in a variable discharge-
storage relationship. Several other methods for variable discharge-storagere-
lationship are commonly used, such as the SCS convex method, Muskingum-
Chungemethod and multiple storagemethod. For details see(Chow et al. 1988)
and (Viessman & Lewis 1996).

Finally, the linear reservoir routing model will be described as the principles
of the linear reservoir model is used in the °ow routing model in Paper [D].
Furthermore, the modelling principle in the rainfall runo®model in Paper [B] is
a reservoir model even though the model in Paper [B] is a non-linear threshold
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model.

A linear reservoir is a reservoir wherethe storageis linearly related to its output
by a storageconstant k, which has the dimension time,

S = kQ (2.5)

(Nash 1957) stated that a watershedmay be represented by a seriesof n linear
identical linear reservoirs, each having the samestorageconstant k. Figure 2.7
demonstratesthis principle.

Figure 2.7: Linear reservoirs in series.Chow et al. (1988).

A transfer function (in continuous time) of the n linear reservoir model with
storageconstant k is

Q(t) =
1

(1 + kD); : : : ; (1 + kD)
| {z }

n times

I (t) (2.6)

where D is the di®erential operator. A deterministic state spacerepresentation
of this system is:
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The impulse responsefunction in this system,representing the out°ow from the
n-th reservoir is

h(t) = Qn (t) =
1

k¡( n)

µ
t
k

¶ n ¡ 1

e¡ t=k (2.8)

which is the gamma distribution function.
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2.4.2.2 Distributed °o w routing

The °ow of water through the soil and stream channels of a watershed is a
distributed processbecausethe °ow rate, velocity, and depth vary in space
throughout the watershed. This is described in a three dimensional spaceand
time by the continuit y equation Eq. (2.1)

For a description of °ow routing in a channel the spatial variation in veloc-
it y across the channel can often be ignored. Hence, the °ow processcan be
approximated as varying in one spacedimension along the °ow channel. The
Saint-Venant equations, ¯rst developed by Barre de Saint-Venant in 1871, de-
scribe one-dimensionalunsteady open channel °ow. The Saint-Venant equation
for massbalanceis:

@Q
@x

+
@A
@t

¡ q = 0 (2.9)

Where Q is the °ow, x is the geometrical variable along the channel. Hence,
@Q=@x is the rate of changeof the °ow along the channel. The averagecross-
sectional is denotedA and q is the lateral in°ow betweenthe upstream location
and downstream location.

The Saint-Venant equation for massbalancecan be derived from the continuit y
equation, if following assumptionsare true:

² The °ow is one-dimensional,depth and velocity vary only in the longitu-
dinal direction of the channel. This implies that the velocity is constant
and the water surfaceis horizontal acrossany sectionperpendicular to the
longitudinal axis.

² The °ow is assumedto vary gradually alongthe channelsothat hydrostatic
pressureprevails and vertical accelerationscan be neglected.

² The longitudinal axis of the channel is approximated as a straight line.

² The bottom slope of the channel is small and the channel bed is ¯xed,
that is the scour e®ectsand deposition are negligible.

² Resistancecoe±cients for steady uniform turbulent °ow are applicable so
that relations such as Manning's equation can be used to describe resis-
tance e®ects

² the Fluid is incompressibleand of constant density throughout the °ow.
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2.5 Subsurface water and groundw ater

Surface water in¯ltrates into the soil and becomessoil moisture, subsurface
°ow (unsaturated °ow) through the soil and groundwater °ow (saturated °ow)
through soil or rock strata.

Soil properties control the rate at which water in¯ltrates into the soil, percolates
through the subsurfaceand travels through the soil to surface water bodies.
This rate a®ectsthe proportions of rainfall that appears as surfaceruno® and
groundwater losses.Subsurfaceand groundwater out°ow occur when subsurface
water emergesto becomesurface°ow in a stream or spring.

In¯ltration is the processof water penetrating from the ground surfaceinto the
soil. When precipitation reaches the ground it hits the intercepting surfaces,
such as trees, plants, grassand other structures. The water in excessof inter-
ception capacity then beginsto ¯ll surfacedepressions,and a ¯lm of water is also
built up above the ground surface. Then someproportion of the water in¯ltrates
downward through the surfaceof the earth and becomessoil moisture, recharges
the aquifers that again support base°ow during dry periods. The rate at which
the in¯ltration occursdependson the in¯ltration capacity of the soil, which i.e.,
to a large extent dependson the wetnessof the soil. As a result of great spatial
variation and the time variations in soil properties occurring asthe soil moisture
content changes,in¯ltration is a very complex processand mathematical equa-
tions can only describe it approximately (Chow et al. 1988),and, thus perfectly
quanti¯ed general relation doesnot exits, (Viessman & Lewis 1996).



Chapter 3

Hydrological data

Hydrological data are the basis for hydrological analysis. The essential data
are precipitation, stream °ow, evaporation and transpiration. Evaporation and
transpiration data have not beenavailable in the projects of this PhD program
and therefore they will not be described here.

3.1 Precipitation

Precipitation data is the main factor in hydrological models. The precipita-
tion data determine the total amount of water input into the model, and good
precipitation data are very important for the quality of the model simulations
(S½lthun & Killingtv eit 1995).

Many types of rain gaugesexist. The data used in this PhD project are both
from Iceland and Denmark. Two countries usedi®erent rain gauges.

The meteorological institute in Iceland uses rain gauge with a Nipher wind
shield. The gaugesare located at 1.5 m height above ground, and even higher
at somefew locations becauseof the snow. Figure 3.1 shows a sketch of a gauge
with a Nipher wind shield.
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Figure 3.1: A rain gaugewith a Nipher wind shield.

Rain drops into the gaugein a bottle. The bottle is emptied by manual labour
twice within 24 hours.

In the projects wheredata originated from Denmark, the rain gaugesusedwere
tipping buckets. Figure 3.2 shows a sketch of a tipping bucket. The water drops

1: Filter
2: Syphon
3: Bucket assembly with two buckets
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Figure 3.2: A tipping bucket rain gauge.

through a ¯lter down to a syphon and then into a bucket with two boxes. The
water enters only one box at a time. When this box has collected 0.2 mm of
rain, it tips over, and the water starts to enter the secondbox. When the second
box has collected 0.2 mm of rain, the bucket tips over again. Consequently , the
precipitation data have valueswhich are a multiplication of 0.2 mm.
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3.1.1 The error

It is a well known fact that the amount of precipitation measuredis an under-
estimate of the "ground true" precipitation. Experiments have been made in
order to develop models to correct the underestimate. However such modelsde-
pend on many factors, mainly the weather condition and the type of rain gauge
used.

The main precipitation measurement error in Iceland is causedby aerodynam-
ical e®ectsnear the rim of the gauges. No scienti¯c experiments have been
performed in Iceland in order to achieve a model to correct the underestimate.
In 1987 a complete experimental ¯eld in Jokioinen in Finland was put up in
order to develop models for operational correction of nordic precipitation data,
see(F¿rland et al. 1996). Several models were developed. All of them included
wind speed as a factor in the correction model. The Swedish, Danish and
Norwegian countries included their national gaugesin the experimental ¯eld.
Unfortunately the accuracy of the models can be questionedsince the average
wind speedat Jokioinen is about 4 m/s whereasin the other Nordic countries
the averagewind speed is much higher. Hence, the models need to be extrap-
olated extensively. Furthermore, for practical purposes,the wind speed data
must be available which often is not the case,at least not in Iceland.

The meteorologist Flosi Hrafn Sigurdssonstates that measurements, not dis-
turb ed by wind, can be achieved by using a precipitation gauge, located in a
hole in the ground with the gaugesopening located at ground level. This type
of gaugecan only be usedfor measuringrain. During a summer period, May -
September the ground level gaugein Reykjavik measured21.7%more rain than
the nipher gaugeat 1.5 m height. Basedon the ground level measurements and
someother data, Flosi assumesthat an averagecorrection causedby wind for
rain is 28%in Reykjavik and 32%in Hveravellir 1 The di®erenceis mainly caused
by stronger wind in Hveravellir. Furthermore, Flosi assumesthat averagewind
correction for snow is 80% in Reykjavik and 100% in Hveravellir. More about
Sigurdssonexperiment and results can be seenin (Sigbjarnarson 1990).

3.2 Disc harge

The discharge is a °ow of water, having the unit [m3=s]. Considering a cross
sectional area acrossa river the discharge is the velocity, integrated over the

1Hveravellir is located between HofsjÄokull and Lang jÄokull in middle of Iceland at a 646 m
height.
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crosssectional area. In general, the discharge is not measuredon-line but the
water level is measured.

The most commonly used methods for measuring water level are the °oating
principle and pressuremeasurements. Figure 3.3 shows a sketch of the °oating

Pipe

Floating

Bottom

Surface
matter

indicates that water is flowing from the viewpoint

Cross section profile

Figure 3.3: The °oating principle

principle. An L shaped pipe (open in both ends) is installed in the river. One
part of the pipe is in the river, parallel to the bottom, so that the stream is at
the same level as the open area. The other part stands perpendicular to the
river's surface. The water level inside the pipe is the sameas outside the pipe.
The water remains undisturb ed in the pipe (no wind disturbance etc.) and the
water level can be measured.This is doneby using a °oating devicein the pipe.

By using the one to one relationship of pressureand depth, pressuremeasure-
ments are also used to construct water level data. Figure 3.4 shows an outline

measured
pressure

Bottom

Figure 3.4: Sketch of a pressuretransducer.

of a pressuretransducer instrument. The transducer has a membrane and the
pressureon the membrane is measured. (The measuredpressureis corrected
due to air pressure.) The pressure is sometimesmeasuredby using bubbles.
Then a tube is led into the river and small quantit y of gas is put in the tube
continuously. The pressurein the tube depends on the pressureat the tubes
opening in the river.

The measureddept is used to calculate the discharge by using the fact that
the °ow equals the velocity intergrated over the cross sectional area. Conse-
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quently , velocity measurements are required. Several methods and instruments
for velocity measurements exist. The ¯rst mentioned method, and probably the
oldest one, is to usea screw,asshown in Figure 3.5. The crosssectionis divided

Figure 3.5: Outline of a screwvelocity-measurement instrument

into sectionsas shown in Figure 3.6. The screwis usedto measurethe velocity

velocity mesured

Bottom

Surface

Cross section profile

Figure 3.6: Principles of the velocity-area method.

in each section, and then an approximativ e velocity map can be drawn. This
method is commonly usedin Iceland

Another commonly used method is the use of magnetic °ow meter. The oper-
ation of a magnetic °ow meter is basedupon Faraday's Law, which states that
the voltage induced acrossany conductor as it moves at right angle through a
magnetic ¯eld is proportional to the velocity of that conductor. Figure 3.7shows
a magnetic °ow meter. This method is also quite commonly used in Iceland.
However it is not convenient when the velocity is very large as the rocks in the
bottom then move along the river.

The last mentioned method is the laser Doppler velocity meter, as shown in
Figure 3.8. It sendsa monochromatic laserbeamtoward the target and collects
the re°ected radiation. According to the Doppler e®ectthe wavesemitted from
a sourcemoving toward an observer are squeezed.Hence, the velocity of the
object can be obtained by measuring the change in wavelength of the re°ected
laser light.
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Figure 3.7: Magnetic °ow meter
(Figure is from http://www.omega.com/pro dinfo/magmeter.html).

3.2.1 The rating curv e

Using velocity/°o w measurements the relation betweenwater level and discharge
is found. This relation is known as the rating curve, or the Q ¡ h relationship
(Q for discharge and h for depth/stage). The most commonly usedformula is

Q = k(h ¡ h0)N (3.1)

where h0 is the stage at which discharge is zero. Figure 3.9 shows water level
and °ow data.

3.2.2 The error

It is clear that the dischargedata are far from being without a noise. The water
level has to be measuredand this processincorporates measurement errors as
no instruments are perfect. Furthermore, the velocity has to be measuredfor
corresponding measurement errors. Last but not the least, the Q ¡ h relation
has to be found and this relationship is not perfectly described. Additionally
the Q ¡ h relationship is dynamic since the crosssection can change in time.
Furthermore, in most real casesthe Q ¡ h relationship is not unique. When Q
varieswith time it makesa loop, similar to the variable storage°ow relationship
Q ¡ S, as shown in Figure 2.6. The hysteresis(i.e. loop-rating) in the Q ¡ h
graph is created as for a ¯xed depth (h) the velocity is larger when the °ow is
increasing and smaller when °ow is decreasing. Thus two points on each side
of the top of a hydrograph will have di®erent °ow velocities and discharge (Q)
even though the depth is the same. Usually the time variation of the °ow is slow
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Figure 3.8: Laser Doppler velocity meter
(Figure is from http://www.efunda.com/designstandards/sensors
/laser doppler/laser doppler e®ecttheory.cfm).

Q

hh0

Figure 3.9: Water level data, °ow data and a rating curve.

enough so this di®erenceis negligible. But when that is not the case,enough
data is usually not available to determine the complete loop.

3.3 Riv er ice

In a colder climate icing in rivers disturbs water level measurements. The fol-
lowing section is basedon; (Bengtson 1988), (Chow 1964), and (Rist 1962).
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3.3.1 Construction of riv er ice

When the temperature of the surfacewater has dropped to the freezing point,
net heat loss due to the atmospherewill causeice production. Ice formation
frequently starts with the development of many tiny disk formed crystals called
frazil as shown in Figure 3.10, left. Frazil ice particles, frequently collected by

Figure 3.10: To left frazil ice and to right is ice pan.
(http://www.clarkson.edu/ htshen)

adhesion, form larger masseswhich move along with the current. As the ice
content of the water increases,the water becomesoily or milky in appearance
and the viscosity of the water increases.

Ice rapidly forms on the surfaceof most °owing rivers. At ¯rst this consistsof
agglomerationof broken surfacecrystals and frazil ice which unite to form round
pans. Figure 3.10, right shows an ice pan. Thesepansgrow by accretion and the
open water between them becomessmaller. When the ice cover on the surface
is complete, the river regime changesfrom open water °ow to °ow beneath the
ice cover. However, the same °ow is to be carried and as a consequencethe
water level is increased.

Ice can also form on underwater objects. This is called anchor ice, shown in
Figure 3.11. The coating of anchor ice may be several inches thick and may
then grow more rapidly on sharp corners. This anchor ice may eventually dam
up the stream. Thus, it is possibleto develop a staircaseof a seriesof small ice
dams with somestill water trapped behind them. The increasedviscosity due
to the ice content, the damping of turbulent eddies,and the rise of the river bed
due to the formation of anchor ice also causean increasein the river stage.
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Figure 3.11: Anchor ice. (http://www.clarkson.edu/ htshen)

3.3.2 Melting of riv er ice

The melting of ice in an icecovered river causesthe river stage to rise in the
spring. At onepoint the ice cover beginsto break and to move with the stream.
This initiates a chain reaction so that a complete ice cover can be removed in a
matter of hours.

If the water risesfast the ice cover can be fragmented and forced to move while
it still has almost its full strength. At particular locations depending on river
morphology ice jams are formed. Very high water levels are causedby ice jams
present during break-ups.
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3.3.3 Ice reduction

The term icereduction is usedfor the completeprocessof correcting the observed
water levelssothat thesereach the levels that would have beenobserved if there
wereno ice present in the entire river system. The di®erencebetweenthe water
level with ice present and the water level during summerconditions at the same
discharge, is referred to as backwater from ice formation.

In countries with a predominantly continental climate, the river state can be
catagorizedinto following phases:

1. Freezing-over period

2. Ice cover period from early to late winter and

3. Breaking-up period in early spring

4. Ice free summer season

In somecountries this cycle is so stable that the beginning and the end of each
of its phasesor periods may be predicted with an error of a few days only. In
such circumstancea wintertime rating curve can be made and usedduring the
winter.

In Iceland, this regularity is more or lessabsent. Freezing-over may start during
a cold period in early winter, but before the rivers are frozen the temperature
rises, the ice is broken up without any intervening ice cover period and an ice
free period may then follow. Each winter this may be repeated several times.

The winter period in Iceland is rather long and the weather is changing. It is
sometimesvery hard to detect when an icing begins and if there is still ice in
the river after a thawing period.

The Hydrological Service(HS) has no automatic proceduresfor detecting sus-
picious periods. All seriesare treated manually, and it is up to the operator to
detect the period. At most gaugingstations in Iceland, the Hydrological Service
(HS) doesnot employ a local observer to follow and report on the building-up
of ice jams in the river. Consequently , the usual situation is that no information
from local sourceson potential ice problems is available. In this casethe ex-
pertise of the hydrologist working on ice correction is the only thing to rely on.
The usual procedureis to useweather data from a nearby meteorologicalstation
showing both temperature and precipitation. The water level data is compared
with the meteorologicaldata and usually backwater e®ectsare identi¯ed as an
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abrupt increasein water level during periods where this would not be expected
due to cold and dry weather. Sometimesthis could be very di±cult procedure
especially if the backwater e®ectsare not very remarkable and only last for short
periods of time. Also, the e®ectsof frazil ice and in particular anchor ice can
be very di±cult to detect, but ice problems due to thesetypesof ice formation
are quite common in Icelandic rivers. Discharge measurements during winter
conditions are performed onceevery winter.

Finally, Figure 3.12shows a graph of ice corrupted water level data in the River
Fnjoska in northern Iceland in late winter 1996. Furthermore, the temperature
and precipitation at Akureyri, also in northern Iceland, is shown. The temper-
ature in January is cold and at the beginning of February the water level rises
drastically and stays high until a long warm period in March sets in. Then the
water level falls.
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Figure 3.12: Ice disturbance.

The problem of river ice is, indeed, one of the reasonsfor applying stochastic
models in hydrology.
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Chapter 4

The stochastic dynamic
modelling

This PhD thesis consistsof stochastic modelling of hydrological systems. Four
projects have beenstudied and the results are illustrated in Papers [A], [B] [C]
and [D].

Journal papers are often written in a compact form as only a limited number
of pagesare allowed. In this section the modelling approaches will be further
described.

4.1 Mo del categorization

Modelling approach may be grouped into three categories;Black box models,
white box models and grey box models.

Black box models are purely data basedmodel. They approach the system in
terms of input and output with the internals hidden in a black box.

White box models are the opposite of the black box ones. The internal of the
systemis fully known. In order the develop a white box the modeller must know
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the system in details and occasionally the model becomesover-speci¯ed.

Grey box models are placed in between black- and white- box modelling ap-
proaches. A model is viewed as grey box if physical knowledge about the sys-
tem is used along with the data. Thus the model is not completely described
by physical equations but the equations and the parameters are physically in-
terpretable.

In this project both grey box models and black box models have been used.
The choiceof model dependson the aim and on the available knowledgein each
situation.

Models can be developed in continuous time and discrete time. As the time
is continuous all the physical systemsstudied are de¯ned in continuous time.
However, the data are sampled in discrete time and occasionally it is more
convenient to describe the model in discrete time. The dynamical data series
studied are called the time series.

The systems,or the models, can be grouped into linear models and non-linear
models, black box systemscan be both linear and non-linear.

4.2 Non-linear mo dels in general

Broadly speaking, the way a modeller often prefers to think about a non-linear
system is a system where non-linear equations are used for describing it. In a
discrete time a systemis linear if the output, y(t), is described as a linear func-
tion of past valuesof y, y(t ¡ 1); : : : ; y(1) and past valuesof input (if necessary)
u(t); : : : ; u(1) and a white noise residuals. For model described in continuous
time it is referred to as linear if the di®erential equations used to describe the
systemare linear. Furthermore the linearit y can alsobe studied in the frequency
domain, a linear system will respond to a single harmonic input with a single
harmonic output.

A proper mathematical description of a non-linear systeminvolvesthe Volterra
series,who ¯rst published his ideasnearly a century ago. Later, Wiener, Varrett
and Kalman took up the theme but from di®erent standpoints (Tong 1990).

The aim of the modelling e®ortmay begenerallyexpressedas,¯nding a function
h such that f ² t g de¯ned by

h(yt ; yt ¡ 1; : : : ) = ² t (4.1)
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where² t is a sequenceof independent random variables. Supposethat the model
is causally invertible, i.e., the equation above may be 'solved' such

yt = h0(² t ; ² t ¡ 1; : : : ): (4.2)

Suppose that h0 is su±ciently well-behaved so that it can be expanded in a
Taylor series:

yt = ¹ +
1X

k=0

gk ² t ¡ k +
1X

k=0

1X

l =0

gk l ² t ¡ k ² t ¡ l

+
1X

k=0

1X

l =0

1X

m =0

gk l m ² t ¡ k ² t ¡ l ² t ¡ m + : : : (4.3)

The functions:

¹ = h0(0); gk = (
@h0

@² t ¡ k
); gk l = (

@2h0

@² t ¡ k @² t ¡ l
); etc: (4.4)

arecalledthe Volterra series for the processf X g. The sequencesf gk g; f gk l g; : : :
are called the kernels of the Volterra series.

For linear systemsthe following is true:

gk l = gk l m = gk l mn = ¢¢¢= 0 (4.5)

Hence,the system is completely characterized by either

f gk g : Impulse responsefunction

or

H(! ) : Frequencyresponsefunction

In general there is no such thing as a transfer function for non-linear systems.
However, an in¯nite sequenceof generalizedtransfer functions may be de¯ned
as:

H1(! 1) =
1X

k=0

gk e¡ i! 1 k

H2(! 1; ! 2) =
1X

k=0

1X

l =0

gk l e¡ i ( ! 1 k+ ! 2 l )

H3(! 1; ! 2; ! 3) =
1X

k=0

1X

l =0

1X

m =0

gk l m e¡ i ( ! 1 k+ ! 2 l + ! 3 m )

...
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Let ut and yt denote the input and the output of a non-linear system, respec-
tiv ely.

² For linear systemsit is well known that:

L1 If the input is a single harmonic ut = A0ei! 0 t then the output is a
singleharmonic of the samefrequencybut with the amplitude scaled
by jH (! 0)j and the phaseshifted by argH (! 0).

L2 The principle of superposition is valid, and the total output is the sum
of the outputs corresponding to the individual frequencycomponents
of the input. (Hence, the system can be completely described if
the responseto all frequenciesis known { that is what the transfer
function supplies).

² For non-linear systems, however, neither of the properties (L1) or (L2)
holds. More speci¯cally:

NL1 For an input with frequency ! 0, the output will, in general, also
contain components at the frequencies2! 0; 3! 0; : : : (frequency mul-
tiplication).

NL2 For two inputs with frequencies! 0 and ! 1, the output will contain
components at frequencies! 0; ! 1; (! 0 + ! 1) and all harmonics of the
frequencies(inter-modulation distortion).

Further description can be found in, e.g., (Tong 1990) and (Madsen & Holst
2000).

4.3 Sto chastic di®eren tial equations and para-
meter estimation

One of the most successfulapproach of grey box modelling is to useSDE, (Sto-
chastic Di®erential Equations). The advantages of modelling in a continuous
time is that the continuous time is a realization of the physical world and thus
the models parametersare directly interpretable.

The modelling approach in papers [B] and [D] is by useof SDE's.
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4.3.1 Con tin uous-discrete state space mo dels

A general formulation of a continuous-discretestochastic state spacemodel is
written as,

dx t = f (x t ; u t ; t; µ)dt + ¾(x t ; u t ; t; µ)d! t (4.6)

y k = h(x k ; u k ; tk ; µ) + ek

wheret 2 R + is time, x t 2 R n is a vector of state variables,u t 2 R m is a vector
of input variablesand µ 2 R p is a vector of parameters. The functions f (¢) 2 R n

and ¾(¢) 2 R n £ q are generalnon-linear function. The vector y k 2 R l is a vector
of measurements, x k = x t = t k and u k = u t = t k . The vector ! t is a q-dimensional
standard Wiener processand ek 2 N (0; S(u k ; tk ; µ)) is an l-dimensional white
noiseprocess.The function h(¢) 2 R l is a non-linear function.

Measurements can be used to estimate the parameter vector µ. This is per-
formed by using the software CTSM which is basedon the principle of maximum
likelihood method (ML) for parameter estimation. In order for this to work out
it is necessaryto assumethat the function ¾(¢) is independent of the state vari-
able x t . Thus, a general formulation of a continuous-discretestochastic state
spacemodel of which parameterscan be estimated by useof CTSM is:

dx t = f (x t ; u t ; t; µ)dt + ¾(u t ; t; µ)d! t (4.7)

y k = h(x k ; u k ; tk ; µ) + ek

In Paper [B], the function f (¢) is non-linear, the function h(¢) is linear and inde-
pendent of the input and the function ¾ is a constant, representing, a standard
deviation of the increments. The equationsin Paper [B] can thus be written as:

dx t = f (x t ; u t ; t; µ)dt + ¾(µ)d! t (4.8)

y k = C (µ)x t + ek

Contrarily , in the Paper [D] the model is a linear time invariant model, and is
written as

dx t = A (µ)x t dt + B (µ)u t dt + ¾(µ)d! t (4.9)

y k = C (µ)x t + ek

The measurements y k are usedto estimate the parameter vector µ. It is a well
known fact that the likelihood function for time seriesis a product of conditional
densities

(µ ; YN ) =

Ã
NY

k=1

p(y k j Yk ; µ)

!

p(y 0jµ): (4.10)
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In order to obtain an exact evaluation of the likelihood function, the initial
probabilit y density p(y 0jµ) must be known and all subsequent conditional den-
sities must be determined. This can in theory be determined by Kolmogorov's
forward equation (Jazwinski 1970). However, this is not very suitable in prac-
tice, and with the right assumptionsthis can be approximated with the Normal
distribution

L(µ ; YN ) ¼
NY

k=1

1
2¼l =2

exp(² T
k R ¡ 1

k jk ¡ 1² k )

det(R kjk¡ 1)1=2
(4.11)

with mean

² k = y k ¡ by k jk ¡ 1 = y k ¡ h(bx k jk ¡ 1; u k jk ¡ 1; tk ¡ 1; µ)

and variance
R k jk ¡ 1 = V(y k ¡ by k jk ¡ 1):

Conditioning on y 0 and taking the negative logarithm gives:

¡ ln(L (µ ; YN )) ¼
1
2

NX

k=1

³
ln(det(R kjk¡ 1) + ² T

k R ¡ 1
kjk¡ 1² k )

´
+

1
2

N l ln(2¼) (4.12)

which involvescalculating a sum rather than a product.

When the stochastic di®erential equation in Eq.(4.8) is LTI (Linear Time In-
variant) or LTV (Linear Time Variant) the result in Eq.(4.11) is exact while in
the caseof a non-linear stochastic di®erential equation the result in Eq.(4.11) is
approximativ e.

The calculations which lead to Eq. (4.11) are basedon the Kalman ¯lter equa-
tions. Thus, the continuous-discreteKalman ¯lter equationsarewritten in Table
4.1, whereafter the assumptionsand perquisitesare discussed.The continuous-
discrete Kalman ¯lter equationscan be seenin (Jazwinski 1970).

The ¯rst equation is the output prediction , the secondone is the one-step
prediction error / inno vation . The third one is the covariance of the pre-
diction error . The fourth one is known as the Kalman gain . The ¯fth one is
the state up dating , E [x t jYt ], and the sixth one is the up dating's variance ,
V [x t jYt ]. The seventh one is the one-stepstate prediction and the eight one
is the state prediction's variance .

It is clear that for calculation of the output prediction by k jk ¡ 1 and its variance
R k jk ¡ 1 the variables bx k jk ¡ 1 and P k jk ¡ 1 must be known. The change in time
of x t j k ¡ 1 and P t j k ¡ 1 is described in continuous time. Thus the transition from
one time to another involves integration.
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Table 4.1: The Kalman ¯lter equations

Linear SDE Non ¡ linear SDE
by k jk ¡ 1 = C bx k jk ¡ 1 + D u k by k jk ¡ 1 = h(bx k jk ¡ 1; u k ; tk ; µ)

² k = y k ¡ by k jk ¡ 1 ² k = y k ¡ by k jk ¡ 1

R k jk ¡ 1 = C P k jk ¡ 1C T + S t R k jk ¡ 1 = C P k jk ¡ 1C T + S t

K k = P k jk ¡ 1C T R ¡ 1
k jk ¡ 1 K k = P k jk ¡ 1C T R ¡ 1

k jk ¡ 1
bx k jk = bx k jk ¡ 1 + K ² k bx k jk = bx k jk ¡ 1 + K ² k

P k jk = P k jk ¡ 1 ¡ K k R k jk ¡ 1K T
k P k jk = P k jk ¡ 1 ¡ K k R k jk ¡ 1K T

k
dbx t j k

dt = A bx t j k + B u t
dbx t j k

dt = f (bx t j k ; u k ; tk ; µ)
t 2 [tk ; tk+1 [ t 2 [tk ; tk+1 [

d bP t j k

dt = A bP t j k + P t j k A T + ¾¾T d bP t j k

dt = A bP t j k + P t j k A T + ¾¾T

t 2 [tk ; tk+1 [ t 2 [tk ; tk+1 [

Shorthand notation Shorthand notation

A = A (µ) ; and B = B (µ) A = @f
@x t

¯
¯
¯
x = bx k j k ¡ 1 ;u = u k ;t = t k ;µ

C = C (µ) ; and D = D (µ) C = @h
@x t

¯
¯
¯
x = bx k j k ¡ 1 ;u = u k ;t = t k ;µ

¾ = ¾(µ) ; and S = S(µ) ¾ = ¾(u t ; t; µ) ; S = S(u k ; tk ; µ)

A fundamen tal assumption before integrating is to de¯ne the stochastic in-
tegral. The stochastic processmust be de¯ned as an Ito pro cess and then the
stochastic integral is an Ito in tegral , see(Âksendal 1995) for details.

In the caseof a linear time invariant model like Eq. (4.9) the stochastic di®er-
ential equation is

dx t = Ax t dt + B u t dt + ¾d! t t 2 [tk ; tk+1 [ (4.13)

and then the solution is,

x t k +1 = eA (t k +1 ¡ t k ) x t k +
Z t k +1

t k

eA (t k +1 ¡ s) B u sds +
Z t k +1

t k

eA (t k +1 ¡ s) ¾d! s:

(4.14)
The prediction is the expectation value

bx k+1 jk = Ef x t k +1 jx t k g:

Becauseof the fact that the stochastic processis an Ito processit follows that

E f
Z t k +1

t k

eA (t k +1 ¡ s) ¾d! sg = 0
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which actually is not true for all stochastic integralse.g.,the Statonovich integral
(Âksendal 1995). Thus, the Ito processassumption is fundamental. Given bx k jk

the ¯rst two terms in Eq.(4.14) do not include a stochastic part. It follows that

bx k+1 jk = Ef x t k +1 jx t k g = eA (t k +1 ¡ t k ) x t k +
Z t k +1

t k

eA (t k +1 ¡ s) B u sds (4.15)

The state predictions covariance is

bP k+1 jk = V f x t k +1 x T
t k +1

jx t k g

= V
h
eA (t k +1 ¡ t k ) x t k

i
+ V

· Z t k +1

t k

eA (t k +1 ¡ s) B u sds
¸

(4.16)

+ V
· Z t k +1

t k

eA (t k +1 ¡ s) ¾d! s

¸
: (4.17)

The ¯rst term is

V
h
eA (t k +1 ¡ t k ) x t k

i
= eA (t k +1 ¡ t k ) V[x k jk ]

³
eA (t k +1 ¡ t k )

´ T

= eA (t k +1 ¡ t k ) P k jk

³
eA (t k +1 ¡ t k )

´ T
(4.18)

(using V [Ax ] = AV [x]AT and V [x k jk ] = P k jk ). While the secondterm

V
· Z t k +1

t k

eA (t k +1 ¡ s) B u sds
¸

= 0; (4.19)

becauseno stochastic part is involved. Finally, becauseof the fact that the noise
term in Eq.(4.8) is independent of the state variables

V
· Z t k +1

t k

eA (t k +1 ¡ s) ¾d! s

¸
= E

· Z t k +1

t k

eA (t k +1 ¡ s) ¾d! s

Z t k +1

t k

eA (t k +1 ¡ s) ¾d! s

¸

= E
· Z t k +1

t k

eA (t k +1 ¡ s) ¾¾T
³

eA (t k +1 ¡ s)
´ T

ds
¸

(4.20)

sincefor an Ito integral the following is true

E

2

4

ÃZ b

a
g(s)d! s

! 2
3

5 = E

" Z b

a
g2(s)ds

#

: (4.21)

Again, the Ito processassumption is fundamental. Furthermore, becauseof
the normal distribution assumption of the measurements noise term ek , and
the Wiener processassumption for the state spacevariables, the conditional
distribution also becomesa normal distribution.
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For the non-linear systemslike Eq.(4.8) then

x t k +1 =
Z t k +1

t k

f (x s; u s; s;µ)ds +
Z t k +1

t k

¾(µ)d! s: (4.22)

The state prediction bx k+1 jk = Ef x t k +1 jx t k g is the evaluation of the ¯rst integral
as the expectation value of the latter integral is zero due to the Ito process
assumptions. The evaluation of the integral can be calculated by linearizing the
function f () and then usemethods for linear models, or numerical methods can
be applied, seemore about this in Appendix E. For calculation of the covariance
matrix bP k+1 jk = V f x t k +1 x T

t k +1
jx t k g the non-linear function f () is approximated

by its ¯rst derivative, as can be seenin the Kalman ¯lter equations.

Finally, it is reasonableto believe that the conditional distribution can be well
approximated by the normal distribution whether or not the function f () is
linearized, or numerical methods for integration are applied.

4.4 The family of linear sto chastic mo dels

In this thesis it is argued that grey box modelling constitutes a very powerful
modelling framework, allowing modelling for both non-linear and non-stationary
systems. Furthermore, if attention is restricted to linear and time-invariant
models, then a rich family of well-known linear stochastic models are obtained
as a special case.

In this section the family of linear stochastic modelsare described, basedon the
general formulation of linear time invariant SDE's as in Eq. (4.9)

4.4.1 The transfer function form

The form of the linear, discrete time, transfer functions is also frequently called
the Box-Jenkins transfer functions, since(Box & Jenkins 1976) are responsible
for the great popularit y of this classof models.

The relation between the discrete state spaceform and the transfer form is as
follows: Consider the following well known formulation of a discrete time state
spacemodel with constant coe±cients:

x (t + 1) = Áx (t) + ¡ u (t) + v(t) (4.23)

y = C x (t) + e(t)
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where f u (t)g is the input and f v(t)g and f e(t)g are mutual uncorrelated white
noiseprocesseswith variance R 1 and R 2, respectively.

This state spacemodel might the solution of the linear time invariant SDE in
Eq., (4.9) as shown in Eq. (4.14). Denote the constant sampling time as ¿,
where ¿ = tk+1 ¡ tk , the notation in Eq.(4.23) implies ¿ = 1. Then

Á(¿) = eA ¿: (4.24)

By assumingthat the input u s is constant in the time interval [t; t + ¿[ then

¡ (¿) =
Z t + ¿

t
eA (t + ¿¡ s) B ds =

Z ¿

0
eA sB ds (4.25)

where the last equation is true becauseof the time-invariant assumption. Fi-
nally,

v(t; ¿) =
Z t + ¿

t
eA (t + ¿¡ s) ¾d! s (4.26)

v(t; ¿) the variance R 1 of the white noiseprocessis R 1 =
Rt + ¿

t Á(¿)¾¾T Á(¿)T

The z-transformation of the state spaceequations in Eq. (4.23)

zx (z) = Áx (z) + ¡ u (z) + v(z) (4.27)

y (z) = Cx (z) + e(z)

Elimination of x (z) in the system of linear equationsEq. (4.27) yields

y (z) = C (zI ¡ Á)¡ 1¡ u (z) + C (zI ¡ Á)¡ 1v(z) + e(z) (4.28)

The rational polynomials in u (z) are found aheadof z and v(z).

If f y t g is a stationary process(the matrix A is stable) the noise processesin
Eq. (4.28) can be combined into onestationary noiseprocessonly, (Goodwin &
Payne 1977)

y (z) = C (zI ¡ Á)¡ 1¡ u (z) + [C (zI ¡ Á)¡ 1K + I ]² (z) (4.29)

or alternativ ely in the transfer function form,

y (z) = H 1(z)u (z) + H 2(z)² (z) (4.30)

where f ² t g is white noise with variance R, and H 1(z) and H 2(z) are rational
polynomials in z:

H 1(z) = C (zI ¡ Á)¡ 1¡ (4.31)

H 2(z) = C (zI ¡ Á)¡ 1K + I (4.32)
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The function H 1(z) is referred to asthe transfer function (Box & Jenkins 1976).

The matrix K is the stationary Kalman gain. R is determined from the values
of R 1, R 2, Á and C , since

K = ÁP C T (C P C T + R 2)¡ 1 (4.33)

R = C P C T + R 2 (4.34)

where P is determined by the stationary Ricatti equation

P = ÁP ÁT + R 1 ¡ ÁP C (C P C T + R 2)C P ÁT (4.35)

The ARMAX classof models are obtained in caseswhere the denominators in
(4.30) for H 1 and H 2 are equal. Hence,the models are written:

A (z)y (z) = B (z)u (z) + C (z)² (z) (4.36)

where A , B , and C are polynomials in z. In the time domain this is written as

A (q¡ 1)y (t) = B (q¡ 1)u (t) + C (q¡ 1)²(t) (4.37)

where q¡ 1y (t) = y (t ¡ 1). In the caseA(z) = 1, the model is a FIR model
(Final Impulse Responsemodel).

As shown above a transfer function can be found from the state spaceform by
eliminating the state vector. In contrast, for a given transfer function model a
wholecontinuum of state spacemodelsexists. The most frequently usedsolution
is to choosea canonical state spacemodel - see,e.g., (Goodwin & Payne 1977).
Eventually , physical knowledgecanbeusedto state a proper connectionbetween
desirablestate variables, to be intro duced for the state spaceform.

Note that comparedto the discrete time state spacemodel:

² The decomposition of the noiseinto systemand measurement noiseis lost.

² The state variable is lost, i.e., the possibility for physical interpretation is
further reduced.

4.4.2 Impulse response function mo dels

A non-parametric description of the linear system is obtained by polynomial
division, i.e.,

y ( t ) =
1X

i =0

h i u(t ¡ i ) + N (t) (4.38)
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where N i is a correlated noise sequence. The sequencef hi g is the impulse
resp onse (matrix) function.

In the frequency (or z-) domain:

y (z) = H (z)u (z) + N (z) (4.39)

where H (z) is the transfer function, and for z = ei! the frequency resp onse
function (gain and phase) is obtained.

Comparing a state spacemodel with a transfer function model the following is
observed:

² The description of the noiseprocessis lost.

² The non-parametric model hides the number of time constants, etc.

4.4.3 Perio dic mo dels

Periodic models can be linear in the stochastic terms. In Paper [C] the mea-
surements are discharge and, as in all Icelandic rivers the discharge is periodic.
The model is written as

Q(t) = P(t) + S(t)y(t) (4.40)

y(t) = ay(t ¡ 1) + ²(t) ²(t) 2 N (0; ¾2) (4.41)

In order to ensurenon-negative °ow in the stochastic simulations, the discharge
serieswastransformed by using the logarithm. Q(t) denotesthe log transformed
discharge, P(t) denotesthe periodic mean and S(t) denotesperiodic standard
deviation. The estimations of P(t) and S(t) were basedon the log transformed
discharge data. By inserting Eq. (4.41) into Eq.(4.40) it becomes

Q(t) = P(t) + S(t)[ay(t ¡ 1)²(t)] (4.42)

and by induction

Q(t) = P(t) + S(t)[
tX

i =1

at ¡ i ²(i )] (4.43)

(the term at S(t)y(0) can be neglectedas jaj < 1). Thus, the Volterra series,
de¯ned in Eq.(4.3) and Eq.(4.4), doesnot include more than a single sum, i.e.,
¹ = P(t) and gk = S(t)at ¡ k and gk l = gk l m = gk l mn = ¢¢¢= 0. This proves
that the system is linear in the stochastic terms.
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The periodic mean P(t) is subtracted from the data Q(t) and this di®erenceis
scaledby the periodic standard deviation S(t). The resulting process,y(t) in
Eq. (4.40) is an AR(1) processas denoted from Eq. (4.41) Hence,the transfer
function is

y(z) = (z ¡ 1)¡ 1²(z): (4.44)

4.5 Non-linear mo dels in discrete time

4.5.1 Parametric mo dels

A discrete time system is said to be non-linear if its present output is not a
linear combination of past input and output signal elements (Cadzow 1973).

An example of a non-linear discrete time series models are ARCH models,
Autoregressive Conditional Heteroskedasticity models. An ARCH (2) is written
as:

yt = et

q
° + Á1y2

t ¡ 1 + Á2y2
t ¡ 2 et 2 N (0; ¾) (4.45)

Á1, Á2, and ° are parameters. The ARCH modelsare commonly usedin ¯nance
modelling to model assetprice volatilit y over time.

A wide classof non-linear modelsare socalled threshold models. The presence
of a threshold, r speci¯es an operating mode of the system, i.e., there are di®er-
ent models in di®erent regimes,where the regimesare de¯ned by the threshold
value r .

Examplesof threshold modelsare the SETAR models, Self-Exciting Threshold
Auto-regressivemodelsand the TARSO models(Open-loop Threshold AutoRe-
gressiveSystem). The SETAR modelsareextensionsof the AR modelswhereas
the TARSO models are extensionsof the ARX models.

A SETAR model consists of k AR parts, one part for each di®erent regime.
A SETAR model is often referred to as a SETAR(k; p) model where k is the
number of regimesand p is the order of the autoregressive parts. If the auto
regressive parts have di®erent orders it is referred to as SETAR(k; p1; : : : pk ).
The regimes are de¯ned by values related to the output values and the shift
from one regime to another depends on the past values of the output seriesyt

(hencethe Self-Exciting part of the name). An exampleof a SETAR(2; 1) is:

yt =
½

0 ¡ 0:9yt ¡ 1 + eat yt ¡ 1 < 0; eat ; 2 N (0; ¾a)
0:9 + 0:9yt ¡ 1 + ebt yt ¡ 1 ¸ 0; ebt ; 2 N (0; ¾b)

(4.46)
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A TARSO model consistsof k ARX parts, one part for each di®erent regime
and it is often referred to as a TARSO(k; p). However, the regimesare de¯ned
by valuesr related to the input. The switch from oneregimeto another depends
on past valuesof the input seriesx t .

In (Gudmundsson1970) and (Gudmundsson1975) both SETAR and TARSO
models are tested for modelling river °ow discharge in Icelandic rivers. The
results can also be seenin (Tong 1990).

The threshold modelling principle is used in Paper [B]. However the model is
de¯ned in continuous time and by using a smooth threshold, i.e., shift between
regimesis de¯ned by a smooth function.

The classof non-linear discretetime modelsis enormousand extensive literature
on the topic exists.

4.5.2 Non-parametric regression

The non-parametric regressionanalysistracesthe dependenceof a responsevari-
able without specifying the function that relates the predictor to the response.
In the caseof time seriesanalysis, the predictor can be an input variable (ex-
ternal variable), past values of the output, and/or past values of the error.
Denoting the regressorvariable as x as it can be a vector, i.e., more than single
regressionvariable, the response is denoted as y. The idea is to ¯nd a curve
which relates x and y. This is often referred to as smoothing.

Smoothing of a data set f x t ; yt g involvesthe approximation of the meanresponse
curve m in the regressionrelationship

yt = m(x t ) + et t = 1; : : : N (4.47)

If repeated observations at a ¯xed point x are available the estimation of m(x )
can be done by using the averageof the corresponding y-values. However, in
the majorit y of casesrepeated responsesat a given point cannot be obtained
and only a single responsevariable y and a single predictor variable x exists.

In the trivial casewhen m(x t ) is a constant, an estimation of m reducesto
the point estimation of location, since average over the response variables y
yields an estimate of m. However, in practical studies it is unlikely that the
regressioncurve is constant. Rather the assumedcurve is modelled asa smooth
continuous function of a particular structure which is 'nearly constant' in small
neighborhoods around x . This local averageshould be constructed in such a
way that it is de¯ned only from observations in a small neighborhood around
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x , sincey-observations from points far away will, in general,have very di®erent
mean values. This local averaging procedurecan be viewed as the basic idea of
smoothing. More formally this procedurecan be de¯ned as

bm(x ) =
1
N

NX

t =1

wt (x )yt : (4.48)

The estimator bm(x ) is called smoother (HÄardle 1990). It is a weighted average
of the response yt in a neighborhood around x . The amount of averaging is
controlled by the weight sequencef w(x )N

t =1 g which is tuned with a smoothing
parameter. This smoothing parameter regulates the size of the neighborhood
around x .

If the weights wt (x ) are positive and if the sum of the weights is one for all x
then bm(x ) is a least squaresestimate at point x since

argmin
µ

1
N

NX

t =1

wt (x )(yt ¡ µ)2 (4.49)

Thus, the basic idea of local averaging is equivalent to the procedureof ¯nding
local least squaresestimate.

A local averageover too large a neighborhood would cast away the good with
the bad. In this situation an extremely \over-smooth" curve would be produced,
resulting in a biased estimate. On the other hand, de¯ning the smoothing pa-
rameter so that it corresponds to a very small neighborhood would not sift the
cha®from the wheat. Only a small number of observations would contribute to
the estimate, which makesthe non-parametric regressioncurve rough and wig-
gly. Finding the choice of the smoothing parameter that balancesthe trade-o®
betweenover-smoothing and under-smoothing is called the smoothing parame-
ter selectionproblem.

A simple approach to a de¯nition of the weight sequencewt (x ); t = 1; : : : N
is to describe the shape of the weight function by a density function with a
scale parameter that adjusts the size and the form of the weights near x . It
is common to refer to the shape function as a kernel (HÄardle 1990). A kernel
is a continuous, bounded and symmetric real function k which integrates to
one. A kernel has a shape parameter and scaleparameter, the scaleparameter
is also referred to as the bandwidth (HÄardle 1990). Commonly used kernel
functions area Gaussbell, a tricub e function and an Epanecnikov kernel (HÄardle
1990). The choice of weight function does not have a large impact (Silverman
1986). Thus, in kernel smoothing the choice of the bandwidth is the smoothing
parameter selectionproblem.
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An extension of the kernel estimation is local-polynomial regression. The ¯t-
ted values are produced by locally weighted regressionrather than by locally
weighted averaging. A local linear regressioncan be formulated as

argmin
µ

1
N

NX

t =1

wt (x )(yt ¡ (µ0 + µ1(X t ¡ x ))2 (4.50)

where X t denote the regressorat time t and x is a grid point and thus wt (x )
de¯nes a neighborhood of points around x and the local linear estimate of m(x )
is

bm(x ) = µ̂0: (4.51)

Local polynomial regressiontends to be lessbiasedthan kernel regression,par-
ticularly on the boundary. Figure 4.1 shows a kernel estimate and a local-line
regression. Note that the kernel is more biased in the boundaries. Using lo-
cal lines instead of local constant allows a larger bandwidth without at bias
problem.
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�0.5
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1.5
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Kernel estimate and Locally weighted linear model, bandwidth 0.4

Locally linear
Traditional Kernel

Figure 4.1: A comparisonof the kernel estimated and locally linear models.

Several other smoothing techniques exists, e.g., orthogonal polynomials, spile
smoothing and others. For more see(HÄardle 1990) or (Burden & Faires 1989).



4.5 Non-linear models in discrete time 61

4.5.3 Conditional parametric mo dels

A generalizationof linear modelsarevarying-coe±cient models(Hastie & Tibshirani
1993). A varying-coe±cient model is formulated as a linear model where the
coe±cients are assumedto change smoothly as an unknown function of other
variables. When all the coe±cients depend on the samevariable the model is
denoted as a conditional parametric model. The general formulation is

yt = zT
t µ(x t ) + et ; t = 1; : : : ; N ; et 2 N (0; ¾2) (4.52)

The variablesz and x arepredictors, zt 2 R k is the traditional predictor variable
and x t 2 R r is a predictor variable which a®ectsthe variation of the coe±cients,
referred to as the explanatory variable. When the functional relationship µ(x t )
is unknown (i.e., cannot not be parameterized) the relationship, be modelled
by the principle of local estimation. This can be accomplishedby using kernels
and local polynomials

In a linear regressionmodel the parameters µ1; : : : µk are constants. In a con-
ditional parameter model each of the µj j = 1; : : : k is modelled as a smooth
function, estimated locally. Using a linear function this results in:

µj (x ) = µj 0 + µT
j 1x (4.53)

Hence,
yt = z1t µ10 + z1t µ

T
11x + : : : + zk t µk0 + zk t µ

T
k1x (4.54)

whereµ is estimated locally with respect to x . If z j = 1 for all j this becomesa
local polynomial regression,in line with the method intro ducedby (Cleveland &
Develin 1988). If µ(¢) is alsoa local constant, the method of estimation reduced
to determining the scalar µ̂j (x ) so that

P n
t =1 wt (x )(yt ¡ µ̂(x ))2 is minimized,

i.e., the method is reduced to traditional kernel estimation, see(HÄardle 1990)
or (Hastie & Loader 1993).

In practice a new designmatrix is de¯ned as:

sT
t = [(z1t ; z1t x1t ; : : : ; z1t x r t ); : : : ; (zk t ; zk t x1t ; : : : ; zk t x r t )] (4.55)

and a new column vector as:

µj x =

0

B
B
B
@

µj 0

µj 1
...

µj r

1

C
C
C
A

(4.56)

and
µx = [µT

1x ; : : : ; µT
j x ; : : : ; µT

kx ]T : (4.57)
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The vector y t can then be written as

yt = sT
t µx + et t = 1; : : : ; N ; (4.58)

The parameter vector µx is ¯tted locally to x . This is accomplishedby using the
traditional weighted least squares,where the weight on observation t is related
to the distance from x to x t , so that

wt (x ) = W (jjx t ¡ x jj=d(x )) ; (4.59)

where jjx t ¡ x jj is the Euclidean distance between x t and x and d(x ) is the
bandwidth. Hence,it is clear that the ¯tted values byt are a linear combination
of the measurements y1; : : : yt .

When the local estimate in Eq. (4.58) bµx is obtained, the elements of bµ(x )

µ̂j (x t ) = [1; x1t ; x2t ]bµj x (j = 1; : : : k): (4.60)

In caseof an ARX model as in Paper [A] the vector z consistsof laggedvalues
of the output y and laggedvaluesof the input u. An ARX(2,6) with time delay
2 as in Paper [A]

yt = a1(x t ¡ m )yt ¡ 1 + a1(x t ¡ m )yt ¡ 2

b2(x t ¡ m )ut ¡ 2 + : : : + b7(x t ¡ m )u7 et 2 N (0; ¾) (4.61)

where m is the time delay in the explanatory variable x if any. In time series
notation this is written as

Ax t ¡ m (q¡ 1)yt = Bx t ¡ m (q¡ 1)ut + et et 2 N (0; ¾) (4.62)

where

Ax t ¡ m (q¡ 1) = 1 ¡ a1(x t ¡ m )q¡ 1 ¡ a2(x t ¡ m )q¡ 2 (4.63)

Bx t ¡ m (q¡ 1) = b2(x t ¡ m )q¡ 2 + : : : + b7(x t ¡ m )q¡ 7 (4.64)

Thus, for each, ¯xed valueof the explanatory variable x t ¡ m the transfer function
form in the z domain is

y(z) =
¡
Ax t ¡ m (z)

¢¡ 1
Bx t ¡ m (z)u(z) +

¡
Ax t ¡ m (z)

¢¡ 1
et : (4.65)

4.6 Overview of the statistical metho ds

The statistical methods used in this PhD project have been described. This
sectionprovides an overview of the methods and the model relations are shown.
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Two models are grey box models, formulated by SDE's: one model is linear
(Paper [D]) and the other is a non-linear threshold model (Paper [B]). Two
models are black box models; of which one model is periodic model but linear
in the stochastic terms (Paper [C]). The other model is a conditional black box
model (Paper [A]).

Figure 4.2 shows an overview of the models and demonstrateshow the models
are related. A linear time invariant stationary di®erential equation can be writ-
ten in a discrete state spaceform, which can be rewritten in the well known
transfer function form. The periodic model can also be rewritten in a transfer
function form. The non-linear di®erential equation can in each time step t be
written as a discrete state spaceequation, either by using a 1st order Taylor
approximation and derive the discrete state spaceequation from the linearized
equation, or a numerical solution to the non-linear equation can be found and
thereby relate x (t + 1) and x (t) in a discrete state spaceequation. This can
then be simpli¯ed further and written asa transfer function model. Finally, the
conditional parametric model can be written on the transfer function form for
each ¯xed value of the conditional variable.
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Fx(t+1) = x(t)+Gu(t)+v(t)
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y(t+1) = Cx(t+1)+e(t)
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Figure 4.2: An overview of the statistical methods and their relations
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4.7 Motiv ation for using grey box mo delling

The advantage of the grey box modelling approach in continuous time is that
it combines the bene¯ts of both the white box and black box modelling princi-
ples. Hence,the grey box approach delivers a strong modelling framework, the
possibility of combining prior physical knowledgewith data information.

White box models often tend to be over speci¯ed and in hydrology sometimes
the physical processesare so complicated that true physical equationshave not
yet be proposed(Viessman & Lewis 1996). However, in most casesit will be
almost impossibleto establish an exact model of all the subprocessneededfor
describing the true system. Furthermore, the ideal situation of knowing all
the parametersof the model is often absent, especially in hydrology (Refsgaard
et al. 1992). This calls for someform of calibration or estimation from data. It
is quite common that physical models are formulated as:

dx t = f (x t ; u t ; t; µ)dt (4.66)

y k = h(x k ; u k ; tk ; µ) + ek

Compared to Eq.(4.7) there is no noise in the system equation, i.e., the dy-
namical part in Eq. (4.66), indicates that the physical dynamics is perfectly
described in the model used.

Figure 4.3: The line demonstratesa dynamic processmodelled with di®erential
equations without system noise, whereasthe dots denote typical observations
related to such a system.

A physical modelling typically results in deviations betweenthe output predicted
by the model and observations asindicated in Figure 4.3. Hence,the model error
is serial correlated. This autocorrelation in the model errors calls for a dynamic
model which includessystemnoise,becauseif no systemnoiseis present for the
true system then the prediction errors must be independent. In conclusion a
situation assketched in Figure 4.3calls for usingstochastic di®erential equations
(SDEs) as an alternativ e to ordinary di®erential equations (ODEs).

Furthermore, in (Kristensen et al. 2004a) it is shown that in caseswhere true
system contains noise in the system equation (the system is not perfectly de-
scribed by the system equation) a calibration method which doesnot take this
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into account will lead to biasedestimates,whereasparameter estimation meth-
ods which account for the system noise,as the method implemented in CTSM,
will provide the true valuesof the parameters.

A modelling framework basedon SDE's alsoprovides useful techniquesfor ¯nd-
ing the most adequate proposal for an extension of a given model. Consider
a given model basedon a dynamic description provided by a SDE. The SDE
contains, asmentioned previously, a drift term and a di®usionterm. If the SDE
providesa perfect description of the systemthen the di®usionpart vanishes,and
hencethe di®usion terms describe the part of the dynamics which is not ade-
quately described by the drift part of the model. The in°uence of the di®usion
part is described by the incremental covariances(t ypically of a Wiener process).
This implies that large elements in the diagonal of the covariance matrix indi-
cate that the relevant dynamic part of the model calls for someimprovement.
In (Kristensen et al. 2004b) a systematic approach for modelling extension is
proposed. The idea is to locate the dynamic equations with large incremental
covariances,and then to extend the state spacewith extra equations to enable
a random walk variation of someof the parameters in the original equation.

However, occasionally, su±cient knowledge about the system so that grey box
model can be developed does not exist. Someblack box modelling approaches
can be used as a ¯rst step in the modelling development. In Paper [A] con-
ditional parameter modelling approach is used for °ow prediction in a sewage
system. The model performs well and signi¯cantly better than the traditional
linear black box models. The modelling approach can be used for a further
analysis of the system which. This might provide an understanding which can
then be usedfor formulating a grey box model.

The direct arguments for including the noise part of the system equation are
the following:

² The ODE or drift part of the model contains only an approximation of
the true system.

² The measurements of the input to the system are encumbered with mea-
surement noise.

² Unrecognizedinputs. Somevariables,not directly consideredin the model,
might a®ectthe time evolution of the states.

Above it hasbeenarguedthat the SDE basedmodelling approach contains many
advantagescomparedto the traditionally ODE approach with observation noise.

For statistical modelling discrete time stochastic state spacemodels are often
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considered. Compared to this modelling classthe continuous time basedmod-
elling o®eredby the SDE approach o®ersseveral advantages:

² Non-linearity and non-stationary systemsare easily modelled.

² The model in continuous time contains less parameters than equivalent
models in discrete time.

² Prior physical knowledgecan be directly incorporated into the model.

² The models parametersare directly physically interpretable.

² Non-equidistant data can be useddirectly for estimation { hencemissing
data can be dealt with by using the SDE basedapproach directly.

² The framework enablesa direct collaboration betweenthe physical expert
and the statistician.

The fact that the direct formulation of the dynamics in continuous time creates
a background for a direct collaboration betweenthe expert and the statistician,
is most likely one of the most important aspects of the grey box modelling
approach. Traditionally , the statistical models (ARMA, Box-Jenkins, GLM,
etc.) are rather easy to deal with for the statistician, but the physical expert
most often arenot able to interpret the parametersand the results. On the other
hand, for white box models, the physical expert is able to formulate a model
describing the dynamics, but the statistician, in general, is not able to estimate
the all the model parameters. Thus, the grey box approach basedon stochastic
di®erential equationsbridge the modelling gap betweenthe statistician and the
physical expert.
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Condit ional par amet r ic models for st or m sewer r uno®

H. Jonsdot t ir,1,2 H. Aa Nielsen,1 H. Madsen,1 J. Eliasson,2 O. P. Palsson2

and M. K. Nielsen3

A bst r act . The method of condit ional parametric modeling is int roduced for ° ow pre-
dict ion in a sewage system. It is a well known fact that in hydrological modeling the re-
sponse (runo®) to input (precipitat ion) varies depending on soil moisture and several
other factors. Consequent ly, nonlinear input -output models are needed. The model for-
mulat ion described in this paper is similar to the t radit ional linear models like FIR (Fi-
nal Impulse Response) and ARX (Auto Regressive eXogenous) except that the parame-
ters vary as a funct ion of some external variables. The parameter variat ion is modeled
by local lines, using kernels for local linear regression. As such, the method might be re-
ferred to as a nearest neighbor method. The results achieved in this study were com-
pared to results from the convent ional linear methods, FIR and ARX. The increase in
the coe± cient of determinat ion is substant ial. Furthermore, the new approach conserves
the mass balance bet ter. Hence, this new approach looks promising for various hydro-
logical models and analysis.

1. I nt r oduct ion

Hydrology is one of the oldest ¯ elds of interest in science
and has been studied on both small and large scales for
about 6000 years. The goal of the present work is to achieve
good predict ions of ° ow in a sewage system. Black box
models have been providing good predict ion results, often
much bet ter than conceptual or physical models, depending
on how well the actual system is known. Carstensen et al.
[1998] showed that data driven models are more reliable for
on-line applicat ions in sewers than stat ionary determinist ic
models.

Black box models have been used in hydrology for
decades; Sherman [1932] presented the ¯ rst black box model
by int roducing the theory of unit hydrograph. The unit hy-
drograph is an impulse response funct ion and as such is es-
t imated direct ly as a FIR model, i.e. the ° ow is modeled
as lagged values of precipitat ion. The unit hydrograph de-
scribes the relat ion between e®ect ive precipitat ion and quick
° ow. Hence, for the ° ow data, a base ° ow separat ion must
be performed and the e®ect ive precipitat ion must be cal-
culated from the precipitat ion data. Quite often physical
equat ions are used for e®ect ive precipitat ion calculat ions,
e.g. Horton's in¯ lt rat ion formula, Horton [1935] or Philip's
equat ion, Phi lip [1969]. E®ect ive rain ident i¯ cat ion can also
be incorporated in the hydrograph modeling process itself,
e.g. Hsu et al. [2002].

For the purpose of ° ow predict ions, ARX and ARMAX
(Auto Regressive Moving Average eXogenous) models are
in most cases more successful than FIR models. This means
that the ° ow is modeled not only as a funct ion of precipita-
t ion, but also by using past ° ow values and in that case all
the available informat ion is applied. Todini [1978] used an
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ARMAX model for on-line ° ow predict ions and Novotny and
Zheng [1990] used an ARMAX model for deriving watershed
response funct ion and their paper provides an overview of
how ARMAX models, t ransfer funct ions, Green's funct ions
and the Muskingum rout ing method are related.

Both the FIR models and the ARMAX models are linear
t ime-invariant models. These models are simple and easy
to use and in many cases provide acceptable results, par-
t icularly when the volume of the ° ood is large compared
to the in¯ lt rated volume. Nevertheless, the rainfall runo®
process is believed to be highly nonlinear, t ime-varying and
spat ially dist ributed, e.g. Singh [1964], Chiu and Huang
[1970], or Pi lgr im [1976]. With increased computer power,
nonlinear models have become increasingly popular. Cap-
kun et al. [2001] handle the nonlinearity by using an ARX
model and by modeling the variance as a funct ion of past
rainfall. Bayesian methods have also been applied; Campbell
et al. [1999] used such a procedure for parameter est imat ion
in their nonlinear ° ood event model. Iorgulescu and Beven
[2004] used nonparamet ric techniques for the ident i¯ cat ion
of rainfall-runo® relat ionship using direct mapping from the
input space to the output space with good results. Dur-
ing the last decade neural networks have been popular as
in Hsu et al. [1995], Shamseldin [1997] and more recent ly
the SOLO-ANN model by Hsu et al. [2002]. Kar lson and
Yakowitz [1987] used a nonparamet ric regression method,
which they refer to as the nearest neighbor method. They
compare FIR, ARMAX and nearest neighbor models. Their
results favor the nearest neighbor and the ARMAX models;
however, they do not dist inguish between the ARMAX and
the nearest neighbor models. Porporato and Ridol¯ [1996]
used a nearest neighbor model and found that the local lin-
ear model with small neighborhoods gave the best results.
In Porporato and Ridol¯ [1997] st rong nonlinear determinis-
t ic components were detected in the discharge series. They
used noise reduct ion techniques speci¯ cally proposed for the
¯ eld of chaos theory to preserve the delicate nonlinear in-
teract ions, and then used nonlinear predict ion (NLP) with
good results. In Porporato and Ridol¯ [2001] these method-
ologies are followed up for mult ivariate systems. Prevdi and
Lovera [2004] tackle the nonlinearity by using t ime-varying
ARX models, which they refer to as Non-Linear Parameter
Varying Models (NLPV). The parameter variat ion is dē ned
as an output of a non-linear funct ion and the opt imizat ion is
performed by using Neural Networks. In Young et al. [2001]

1



72 Appendix A

X - 2 JONSDOTTIR ET. AL.: CONDITIONAL PARAMETRIC MODELS

the t ime variable parameters are considered to be state de-
pendent and the method is thus referred to as the SDP ap-
proach. For non-linear phenomena this approach results in a
two stage approach, called the DBM approach (Data Based
Mechanist ic approach) Young [2002]. In recent years fuzzy
methods have been tested for ° ood forecast ing, e.g. Chang
et al. [2005] and Nayak et al. [2005].

In the present paper condit ional paramet ric models are
used to develop models for ° ow predict ions in a sewage sys-
tem. A condit ional paramet ric model is a linear regression
model where the parameters vary as a smooth funct ion of
some explanatory variable. Thus the method presented here
are in a line with the SDP and the NLPV methodologies.
The name condit ional paramet ric model originates from the
fact that if the argument of the funct ions is ¯ xed then the
model is an ordinary linear model, Hastie and T ibshirani
[1993] and Anderson et al. [1994]. In the models presented
here, the parameters vary locally as polynomials of external
variables, as described in Nielsen et al. [1997]. In cont rast
to linear methods like FIR and ARX, this methodology al-
lows ¯ xed input to provide di®erent output depending on
external circumstances.

This paper is organized as follows: In Sect ion 2 the mod-
els are described, followed by Sect ion 3 with a descript ion of
the parameter est imat ion method. Sect ion 4 contains results
and in Sect ion 5 there are discussions about on-line predic-
t ion and cont rol in sewage systems. Finally, in Sect ion 6
conclusions are drawn.

2. T he M odels

In the present paper the excess out ° ow is modeled as a
funct ion of total precipitat ion (the base ° ow in the sewage
system does not originate in rainfall). To avoid the calcu-
lat ion of in¯ lt rat ion it was decided to use the total precip-
itat ion as measured on-line. This is very convenient , par-
t iculary since the in¯ lt rat ion rate depends on several phys-
ical factors and no perfect ly quant i¯ ed general formula ex-
ists, Viessman and Lewis [1996]. Some of the more recent ly
developed models ident ify the e®ect ive precipitat ion along
with the hydrograph e.g. Nalbantis et al. [1995]. The goal
is to predict ° ow in the sewage system as a funct ion of mea-
sured precipitat ion; consequent ly division of the precipita-
t ion into e®ect ive rain and in¯ lt rat ion/ evaporat ion is not
important . For the purpose of ° ow predict ion, condit ional
paramet ric models are applied, Nielsen et al. [1997]. These
models are an extension of the well known linear regression
model where the parameters vary as funct ions of some ex-
ternal variable. In this research two types of models were
tested: condit ional paramet ric FIR models and condit ional
paramet ric ARX models. The models are formulated as:

FIR : yt =
q1X

i = 0

hi (x t ¡ m )zt ¡ i + et et 2 N (0; ¾2
F I R ) (1)

ARX : yt =
pX

i = 1

ai (x t ¡ m )yt ¡ i (2)

+
q2X

i = 0

bi (x t ¡ m )zt ¡ i + et et 2 N (0; ¾2
A R X )

where yt is the output (° ow), zt is the input (precipitat ion),
x t is the explanatory variable and m is the t ime delay if any.
Here, the explanatory variable is season and/ or threshold,
see Sect ion 4. The order of the FIR model in Eq. (1) is
denoted q1 and the order of the ARX model in Eq. (2) is
denoted (p; q2).

In the FIR model the funct ion h, represented by the co-
e± cients hi (x t ¡ m ) i = 1; : : : q1 is known as the impulse re-
sponse funct ion. I t demonst rates how the system responds
to the input . In the ARX model A x t ¡ m (q¡ 1) is dē ned as

the p-th order polynomial operator

A x t ¡ m (q¡ 1) = a1(x t ¡ m )q¡ 1 + : : : + ap (x t ¡ m )q¡ p (3)

where q¡ 1 is the backward shift operator. Similarly
B x t ¡ m (q¡ 1) is dē ned as:

B x t ¡ m (q¡ 1) = b0(x t ¡ m )

+ b1(x t ¡ m )q¡ 1 + : : : + bq2 (x t ¡ m )q¡ q2 (4)

as the q2-th order polynomial operator. Then for a ¯ xed
x t ¡ m the impulse response funct ion can be derived from the
t ransfer funct ion A x t ¡ m (q¡ 1)=B x t ¡ m (q¡ 1) as described for
example by Ljung [1987]. In this case the impulse response
funct ion includes coe± cients h0 ; h1 ; : : : up to in¯ nity. How-
ever, in pract ice, only the ¯ rst n coe± cients are used.

Ashan and O'Connor [1994] dē ne the gain factor G of a
unit hydrograph as

G =
1
A

nX

0

hi (5)

where A is the area of the watershed, n is the order of the
model, the coe± cients hi are the coe± cients in a unit hy-
drograph, where the input is e®ect ive rain and the output
is excess ° ow. In an ideal situat ion the gain factor is one,
but H¿ybye and Rosbjerg [1999] state that such a linear rela-
t ionship does not exist . Furthermore, Ashan and O'Connor
[1994] state that the overall model e± ciency is in general
very sensit ive to the magnitude of the gain factor. In this
paper the input is total precipitat ion; however, the value in
Eq. (5), will be referred to as the gain factor. The gain
factor will not be one. However, the gain provides valuable
informat ion about the system, it provides the fract ion of
the total precipitat ion that becomes excess rainfall and thus
also the fract ion that in¯ lt rates into the ground. Further-
more, the change in the gain factor as the external variable
x changes provides a valuable informat ion for understanding
the system.

3. T he Est imat ion M et hod

The models used are locally linear regression. In order to
describe the ARX and FIR models together the notat ion is
changed to the notat ion of a linear regression

yt = zT
t µ(x t ) + et ; t = 1; : : : ; N ; et 2 N (0; ¾2) (6)

where the output or the response, yt is a stochast ic variable;
zt 2 R k is the input ; x t 2 R r is an explanatory variable.
The parameter vector µ(¢) 2 R k is a vector of smooth func-
t ions of x t , and t = 1; : : : ; N are observat ion numbers. In
the case of a FIR model, the variable zt is the lagged val-
ues of the precipitat ion and µ(x t ) are the coe± cients in a
hydrograph. In the case of an ARX model, the zt consist
of the lagged values of precipitat ion and the lagged values
of ° ow, where µ(x t ) consists of the corresponding parame-
ters. I f x t is constant across all the observat ions, the model
reduces to a t radit ional linear regression model, hence the
name. The est imat ion of µ(¢) is accomplished by est imat ing
the funct ions at a number of dist inct values of x . Given
a point x , each µj , j = 1; : : : k is approximated by a local
linear funct ion

µj (x t ) = µj 0 + µT
j 1x t j = 1; : : : ; k (7)

The coe± cients µj 0 and µT
j 1 are est imated by using weighted

least squares (by using kernels).
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I f x t is 2-dimensional µj (x t ) can be writ ten as

µj (x t ) = µj 0 + µj 1x1t + µj 2x2t j = 1; : : : ; k (8)

hence

yt = z1t µ10 + z1t µ11x1t + z1t µ12x2t

+ : : : + zk t µk 0 + zk t µk 1x1t + zk t µk 2x2t + et (9)

Then a row in a new design mat rix can be dē ned as

uT
t = [z1t ; z1t x1t ; z1t x2t ; : : : ; zj t ; zj t x1t ; zj t x2t ;

: : : ; zk t ; zk t x1t ; zk t x2t ] (10)

and by dē ning the column vector

µj x = [µj 0 ; µj 1 ; µj 2 ] (11)

and

µx = [µT
1x ; : : : ; µT

j x ; : : : ; µT
k x ]T (12)

the ° ow vector y t can be writ ten as

yt = uT
t µx + et t = 1; : : : ; N ; (13)

The parameter vector µx is ¯ t ted locally to x . This is ac-
complished by using the t radit ional weighted least squares,
where the weight on observat ion t is related to the distance
from x to x t , so that

wt (x ) = W (jjx t ¡ x jj=d(x )); (14)

where jjx t ¡ x jj is the Euclidean distance between x t and x .
The funct ion W : R ! R is a nowhere increasing funct ion.
In this paper the t ricube funct ion

W (v) =

½
(1 ¡ v3)3 ; v 2 [0; 1)
0; v 2 [1; 1 )

(15)

is used. The scalar d(x ) > 0 is called the bandwidth. I f
d(x ) is constant for all values of x , it is denoted a ¯ xed band-
width. On the other hand, if d(x ) is chosen so that a certain
fract ion of the observat ions is within the bandwidth, it is de-
noted as nearest neighbor bandwidth. The advantage of the
t ri-cube weight ing funct ion is that it is a smooth funct ion
like the Gauss bell, but unlike the Gauss bell the t ri-cube
funct ion is zero outside the bandwidth, which makes the
computat ional e®ort smaller. The choice of weight ing func-
t ion or kernel does not have a large impact , see Silverman
[1986].

In general, if x has a dimension of two or larger, scaling
of the individual elements of x before applying the method
should be considered, e.g. Cleveland and Develin [1988]. A
rotat ion of the coordinate system, in which x is measured,
could also be relevant . When the local est imate in Eq. (13)
bµx is obtained, the elements of µ̂(x ) in Eq. (6) are calculated
as

µ̂j (x t ) = [1; x1t ; x2t ]bµj x (j = 1; : : : k): (16)

When zj = 1 for all j this method is almost ident ical to the
method int roduced by Cleveland and Develin [1988]. Fur-
thermore, if µ(¢) is a local constant , then the method of
est imat ion reduces to determining the scalar µ̂j (x ) so thatP n

t = 1 wt (x )(yt ¡ µ̂(x ))2 is minimized, i.e. the method re-
duces to t radit ional kernel est imat ion, see also HÄardle [1990]
or Hastie and Loader [1993].

Furthermore, it is worth ment ioning that , as for t radi-
t ional linear regression, the ¯ t ted values byi ; i = 1; : : : ; N
are linear combinat ions of the observat ions, see Nielsen et al.
[1997].

As noted earlier, the method of condit ional paramet ric
modeling has certain similarit ies to the SDP method, e.g.
Young et al. [2001], as well as the NLPV as used in Prevdi
and Lovera [2004]. All these models are t ime varying AR-
MAX type of models. In the NLPV approach, the nonlinear
opt imizat ion is by use of neural network, which is completely
black box oriented. The nonlinear SDP methodology results
in the two stage DBM approach Young [2002]. In the ¯ rst
stage an appropriate model st ructure is ident i¯ ed by consid-
ering a class of linear t ransfer funct ion models whose para-
meters areallowed to vary over t ime. In thesecond stageany
ident i¯ ed (signi¯ cant ) parameter variat ion is modeled using
a paramet ric approach, and the parameters of the result ing
paramet ric non-linear model are est imated using non-linear
least squares or maximum likelihood est imat ion. Hence, the
result ing model is a non-linear model with ¯ xed parameters.
Young [2005] provides a ¯ ne overview and comparison of the
SDP and NLPV modeling approaches.

The suggested method is typically a one-stage approach.
The result ing model is a condit ional paramet ric model,
where the total paramet rizat ion is a combined paramet ric
and non-paramet ric model. Consequent ly, in every neigh-
borhood, there exists an approximately linear paramet ric
model. Furthermore, by studying the values of the para-
meter µ(x ) as the external variable x changes, a complete
parameterized model might be developed if that is desired.
A complete parameterized model has both advantages and
disadvantages: I t often provides a bet ter " physical" under-
standing of the system. However, the parameters are under
all circumstances est imated by use of exist ing data and if
the external circumstances change, this involves ext rapola-
t ion. Local est imates (est imates in a neighborhood, kernel
est imat ion) will adapt to new circumstances quickly. In this
paper the non-linearity is described direct ly without any use
of recursive/ adapt ive est imat ion. In the case of t ime-varying
models, adapt ive est imat ion, as described in Nielsen et al.
[2000], can be superimposed on the method. Hence, the
approach makes it possible to t rack t ime variat ion in a non-
linear model, this extension is however, not the focus of the
present paper.

4. R esult s
4.1. D escr ipt ion of t he D at a and t he Cir cumst ances

The data originate from the company Waste Water Con-
t rol aps. in Denmark and consist of 68 rain events which
occurred in the period 1st January 2003 to 4th May 2004.
The 68 rain events cover many types of rain, of a varying
intensity and length. The data consist of pairs of measured
precipitat ion [mm/ (6 min)] and excess ° ow [m3 / (6 min)].
The sampling t ime is, as indicated, 6 minutes. The excess
° ow is calculated from the total ° ow by subt ract ing the sys-
tem's base ° ow. The base ° ow, or the dry weather ° ow,
in the sewage system does not originate from rain and is
dē ned as a constant plus a daily variat ion, see Carstensen
et al. [1998]. The sewage system is built up in the t radit ional
manner as a net , with pumping stat ions located at some of
the node points. During heavy rain events the volume of
water entering the pipes can exceed the pumping stat ion's
capacity causing some a kind of saturat ion/ threshold in the
system.

The area of the watershed is 10.89 km2 . The impermeable
area is dominated by urban area and the soil is most ly clay.
The data contained 3 heavy rain events where the thresh-
old/ saturat ion phenomena can be seen. A water balance
study was performed which showed a yearly variat ion in the
water balance. This seasonality is most ly due to the soil
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moisture content in the root zone and variat ion in ground-
water level; the soil is much drier during the summer than
during the winter.

4.2. M odel Const r uct ion

An analysis of the data using linear models with non-
varying coe± cients showed that the t ime delay from input
to output is 2 lags, i.e. 12 minutes. I t has been found that
at most 19 lags are needed in a FIR model, as in Eq. (1).
In the ARX models, as in Eq. (2), the " best " linear model,
using AIC criteria, is ARX (2; 6) with a t ime delay of 2, i.e.
the output yt is a funct ion of yt ¡ 1 ; yt ¡ 2 ; zt ¡ 2 ; : : : zt ¡ 7 . For
the sake of convenience these model degrees were used in
the whole study, i.e. the same number of lags was used for
in the condit ional paramet ric models.

The numerator in the ARX models is quite high com-
pared to what is often seen in hydrology. However, most
rainfall runo® studies are on a daily basis. In this project
the sampling t ime is 6 minutes, consequent ly the numera-
tor needs to be higher. The linear model order was chosen
by use of AIC/ BIC criteria (the AIC and BIC indicated the
same model order) and use of some other criteria might have
led to lower orders. However, Porporato and Ridol¯ [1996]
indicate that the degree of the numerator should not be less
than the basin concent rat ion t ime, and in order to capture
the ent ire subsequent runo® the numerator should be even
greater. The basin concent rat ion t ime in the sewage system,
using the 6 minute sampling t ime is about 6 lags (the basin
lag is est imated to be 4 lags and, referring to Singh [1988],
the t ime of concent rat ion is 1.42 t imes the basin lag t ime,
which is close to 6 lags). The order of the numerator in
the ARX model is 6. Evident ly the FIR model has a larger
model degree than the ARX model.

As ment ioned earlier the non-linear e®ects are most ly due
to seasonal variat ions and the saturat ion/ threshold e®ects
in the pipes. The seasonal variat ion is modeled as the ¯ rst
term in a Fourier series, i.e. a sinus wave

xs
t = C sin(! t + Á) (17)

where xs
t is the explanatory variable due to season. The wa-

ter balance study showed the largest response to precipita-
t ion in February and the smallest in August . Consequent ly
the parameters ! and Á are chosen such that xs

t peaks in mid
February. The parameter C is set to 100 which is a neces-
sary scaling in the 2-dimensional model presented later in
this sect ion. In pract ise the seasonal variat ion is not as reg-
ular as a sinus wave. However, since only 16 months of data
are available it is not possible to est imate a seasonality func-
t ion without rest rict ions as in Eq. (17). The seasonality in
the parameters can most likely be modeled globally as in a
PARMA model e.g. Rasmussen et al. [1996].

The saturat ion/ threshold e®ect is modeled either as a
funct ion of the rain-intensity or as a funct ion of the ° ow,
depending on the model type. In a FIR model the condi-
t ional variable represent ing the saturat ion/ threshold is pre-
cipitat ion intensity, xp

t and set as

xp
t = (ut ¡ 2 + ut ¡ 3 + ut ¡ 4 + ut ¡ 5 + ut ¡ 6)=5 (18)

i.e. the average rain intensity in lags 2 to 6. This choice
is based on the facts that the t ime delay is 2 lags, and the
t ime of concent rat ion is 6 lags.

In the ARX models the saturat ion/ threshold is modeled
as a funct ion of the ° ow itself instead of the rain intensity.
This is in fact more physically correct because the thresh-
old occurs because there is more water in the pipes than the
pumps in the node points can serve, even though all this wa-
ter is caused by heavy rain. Hence, the explanatory variable
is dē ned as

x f
t = yt ¡ 1 (19)

There were only 3 heavy rain events during this period and
since 19 coe± cients need to be ident i¯ ed in the FIR model,
the 3 events with heavy rainfall were not quite enough to
ident ify the 19 coe± cients within an acceptable con¯ dence
level, meaning that several combinat ions of solut ions might
be possible. However, some solut ions were found and those
were used for predict ion. As a consequence of this sparse
data it was not possible to ident ify a FIR model where the
coe± cients varied both with the season and the threshold.
On the other hand in the ARX models the constants are
rather well ident i¯ ed and it was possible to ident ify coe± -
cients depending on two variables, season and ° ow.

The local est imat ion requires bandwidth decisions. The
bandwidth determines the smoothness of the est imate. I f
the bandwidth is small the variance is large and the bias is
small. I f the bandwidth is large the variance is small but
the bias increases. An " opt imal" bandwidth is a bandwidth
which is a compromise of these two factors. In the t radi-
t ional kernel est imat ion, as in HÄardle [1990], the est imates
are local constant ; here the est imates are local lines. This
allows a larger bandwidth without the cost of a bias prob-
lem. The bandwidths are di®erent , depending on the model
types. In each case the bandwidths where found by manual
opt imizat ion, the bandwidth needs to be small enough to
detect di®erences in the condit ional variable. However, the
larger it is, the less variat ion in the est imates. For exam-
ple in the ARX model where the condit ional variable is the
season, it was possible to use a large bandwidth. The sea-
sonal variable is almost evenly dist ributed, and the opt imal
bandwidth included 2400 data points, which is about 65%
of the data. On the other hand in the FIR model with rain
intensity as a condit ional variable, the bandwidth included
only 55 data points, which is about 1.5% of the data. This
is because there are few events with heavy rain and thus,
by using a larger bandwidth the few data-points no longer
have an e®ect .

The calculat ions are performed by using a program
named LFLM (locally weighted ¯ t t ing of linear models)
which is an S-PLUS/ R library package. For a descript ion
see Nielsen [1997].

4.3. M odel ing R esult s

Model validat ion demands some measure of the model's
quality. This measure is not a single number which can be
used for each and every model and in each and every situa-
t ion. In this project the main goal was to achieve accurate
predict ions. Thus, the opt imizat ion (model calibrat ion) is a
least squares method and as such the model's performance
is validated with respect to that . In hydrology several other
factors might be of higher importance, like the overall water
balance, the t iming of the peak ° ow or other things.

The coe± cient of determinat ion R2 , often referred to as
the Nash e± ciency, is a widely used model criterion in hy-
drology and it is a ¯ ne measure of the model's e± ciency
with respect to the least squares minimizat ion. The residu-
als used for model validat ion are one step predict ion errors,
using the calibrat ion data series. A cross validat ion would
have been adequate. However, the model's parameters were
est imated locally and will thus adapt to the data in use;
hence, cross validat ion does not have the same meaning as
when the parameters are est imated globally. Table 1 shows
the R2 for the condit ional paramet ric models. As the mass
balance is an important dimension in hydrology, the mean
value of the error was also calculated. The mean value of the
error demonst rates the mass balance on average. If the mass
balance is well conserved, the mean value of the error will
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be zero. Table 2 shows the mean value of the error. The ta-
bles both show the overall performance and also the seasonal
performance. For each season the seasonal calculat ions are
based two months in each season for bet ter dist inct ion be-
tween the seasons. For the seasonal calculat ions the 3 most
heavy rain events were excluded. These were events, where
the saturat ion/ threshold e®ect exists, those were grouped
together and the calculat ions were performed for them sep-
arately in order to measure how the models perform in that
situat ion. As a reference R2 was also calculated for the cor-
responding well known linear models FIR and ARX. It is
well known that the coe± cient of determinat ion does not
penalize over-parameterizat ions. However, both AIC and
BIC studies led to this model order as does a physical study
like the basin concent rat ion t ime as discussed in Sect ion 4.2.
Speci¯ cally the condit ional parameter models are compared
to a linear models of same orders. Thus the FIR models are
comparable, and the ARX models are as well. The est ima-
t ion was based on all the events, and the tables show total
results for all the 68 rain events.

Table 1. T he coe± cient of determinat ion R2 for various
models and di®erent condit ions. T he unit is m3=6 mi n as
the sampling t ime is 6 minutes. T he models are: L inear FIR
model, Seasonal FIR model and T hreshold/ Saturat ion FIR
model. L inear ARX model, seasonal ARX model, T hesh-
old/ Saturat ion ARX model and both seasonal and thresh-
old/ saturat ion ARX model. T he R2 calculat ions are 1-step
predict ion, performed using overall data. For winter, spring,
summer and fall, only 2 months were used for bet t er seasonal
dist inct ion. Finally, t he R2 is calculated for t he three heaviest
rain events, T hose events are excluded in the seasonal calcu-
lat ions.

Heavy
Cond. A ll W Sp. Su. F rain

8 ev. 13 ev. 13 ev. 12 ev. 3 ev.
FIR Lin. 0.79 0.64 0.73 0.68 0.90 0.83

Seas. 0.84 0.70 0.78 0.85 0.92 0.89
T hr. 0.82 0.63 0.75 0.79 0.93 0.93

ARX Lin. 0.94 0.91 0.94 0.91 0.96 0.93
Seas. 0.95 0.92 0.94 0.93 0.96 0.94
T hr. 0.96 0.93 0.95 0.94 0.97 0.97
S£ T hr 0.97 0.95 0.96 0.97 0.98 0.99

In a comparison of the three FIR models, the seasonal
FIR model has the best performance both with respect to
the R2 and to the mass balance. The seasonal FIR is clearly
an improvement of the t radit ional FIR model with constant
parameters. Even in a situat ion with heavy rain, the sea-
sonal FIR outperforms the t radit ional FIR. The threshold
FIR is the best during heavy rain events, as a result of it s
design, however the bias is quite large.

All the condit ional paramet ric ARX models outperform
the t radit ional ARX, both the 1-dimensional models and the
2-dimensional model, which is the best both with respect to
the Nash-e± ciency and the bias.

In Table 2 it can be seen how the t radit ional linear mod-
els underest imate the runo® during the winter and overes-
t imate it during the summer, especially the FIR models.
The FIR models have a larger bias, and even the seasonal
FIR is not quite acceptable in all seasons, especially in the

spring season. Thus, the FIR models are not acceptable for
predict ions.

Table 2. T he mean value of t he error, m3=6 mi n. (For
nomenclature see Table 1).

Heavy
Cond. A ll W Sp. Su. F rain

8 ev. 13 ev. 13 ev. 12 ev. 3 ev.
FIR Lin. 1.13 11.18 19.54 -22.80 -2.4 -37.22

Seas. 0.23 0.76 15.79 -1.14 -6.8 -10.23
T hre. 3.40 14.13 20.47 -17.12 -2.3 -17.50

ARX Lin. 0.05 1.67 2.79 -3.84 -0.48 -7.58
Seas. -0.20 0.01 2.72 -0.27 -1.45 -2.58
T hre. 0.12 1.77 3.3 2.85 -1.29 -4.74
S£ T hr. -0.01 0.02 2.37 0.19 1.48 -1.76
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January 27th 2003

F igur e 1. Event in winter. The data is shown as points
and the precipitat ion as bars, with the scale on the right
axis. The t ime lag is 6 minutes and the ¯ gure shows a
condit ional ARX model, where the parameters depend
on season and ° ow, and a condit ional FIR model where
the parameters depend on season. For comparison the
convent ional t ime-invariant linear models FIR and ARX
are also shown.
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October 11th 2003

F igur e 2. Event in autumn. The data is shown as points
and the precipitat ion as bars, with the scale on the right
axis. The t ime lag is 6 minutes and the ¯ gure shows a
condit ional ARX model, where the parameters depend
on season and ° ow, and a condit ional FIR model where
the parameters depend on season. For comparison the
convent ional t ime-invariant linear models FIR and ARX
are also shown.
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As expected, the ARX models outperform the FIR mod-
els. However, it must be st ressed that the FIR models and
the ARX models need di®erent inputs for predict ion. Using
a FIR model, 1-step predict ion demands past precipitat ion
which is also required when using an ARX model, but past
values of the ° ow are addit ionally required. For k-step pre-
dict ion both the FIR and the ARX models need past and
present values of the precipitat ion and also (k ¡ 2) predict ion
of the precipitat ion. Addit ionally the ARX models demand
past , present and (k ¡ 1) step predict ion of the ° ow. It
must be ment ioned though that using predicted values of
precipitat ion as input will never be quite as reliable as using
measured values since the predicted values have much larger
variance; this is also t rue for the predicted values of the ° ow.
Moreover, the parameter est imates are performed with the
assumpt ion that the input is measured not predicted.

For visual comparison two events were chosen. These are
a 'typical' event in winter t ime and an event with heavy rain,
showing the saturat ion/ theshold. Note that even though
single events are shown in the ¯ gures, the est imate is based
on all the events. A single condit ional ARX model and a
single condit ional FIR model will be drawn along with the
t radit ional linear models. The ¯ gures show the best condi-
t ional FIR model, the 1-dimensional seasonal FIR and the
best condit ional ARX model, the 2-dimensional ARX along
with the linear FIR and ARX, for comparison.

Figure 1 shows an event in the winter t ime; the durat ion
of the event is about 6.5 hours. Note that the linear FIR
model underest imates the runo® as demonst rated in Table
2, and a seasonal FIR model is clearly an improvement on
the t radit ional linear FIR. The linear ARX model is bet ter,
but not as good as the condit ional paramet ric ARX. Fig-
ure 2 shows the same for an event with heavy rain and thus
the threshold/ saturat ion e®ect ; the durat ion of this event is
about 2.5 hours. In this case both the linear FIR and the
linear ARX overest imate the ° ow peak, as does a seasonal
FIR, while the condit ional ARX nicely captures the ° at and
long peak.

I t might be argued that in real applicat ions a con¯ dence
interval for the predict ions would be required. This is indeed
t rue; con¯ dence intervals for the predicted output are valu-
able. However, since the model is non-linear, it is believed
that predict ion intervals should be est imated by methods
like quint ile regression as in Nielsen et al. [2006]. This is
not covered in this paper.

Finally, condit ional paramet ric models with local est i-
mates can also be used to study the circumstances of the
watershed and thus provide a useful informat ion for devel-
oping a non-linear global paramet ric model if wanted.

For example, the seasonality can be studied. For this
purpose a seasonal ARX model is used. In this study the
condit ional variable represent ing the seasonality is a sinus
wave and the parameters are est imated as local lines, de-
pending on the values of the sinus. Table 3 shows est imated
coe± cients in the ARX for ¯ xed values of the season. Due
to symmet ry, it is not possible to dist inguish between spring
and autumn. A comparison of the autoregressiveparameters
a1 and a2 , shows that a2 is larger than a1 during the winter
while a2 is close to zero during the summer and a1 is the
dominat ing autoregressive parameter. The negat ive value
of the parameter b5 in August is physically incorrect , and
this is probably due to sparse data, since there is only one
summer season and August is close to and on the boundary
of the seasonal variat ion parameter.

Table 3. Local parameter est imates in a sea-
sonal ARX model. S1= February, S2= April/ December,
S3= June/ October, S4= August .

Seas. a1 a2 b2 b3 b4 b5 b6 b7
S1 0.34 0.51 33.45 42.75 68.56 21.98 19.13 5.48
S2 0.62 0.20 32.66 50.67 48.33 23.57 21.12 5.23
S3 0.82 -0.03 23.80 52.73 22.09 21.88 11.95 18.04
S4 0.73 0.08 20.36 70.23 21.59 -13.30 14.13 19.44

Using the est imated parameters, the impulse response
funct ion can be calculated, as shown in Figure 3, which
also shows the sum of the coe± cients and the corresponding
gain factor, calculated by Eq. (5). Note that the impulse
response funct ion has the longest tail during the winter and
shortest tail during the summer, and it also reaches larger
values during the winter than the summer. Consequent ly,
during the winter about 10% of the total water reaches the
sewage system, while during the summer about 6% enters
the sewage system. A similar analysis has been performed
for the ° ow dependence of the impulse response funct ion
and it most ly shows that when the ° ow is large the impulse
response funct ion is ° at ter, it peaks later, the values are
smaller, and the tail is longer.
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F igur e 3. Impulse response funct ion est imates for four
di®erent seasons calculated using a seasonal ARX model.

5. D iscussion

The FIR models provide 2-step predict ion i.e. informa-
t ion 12 minutes ahead, since the t ime delay between precip-
itat ion and ° ow is 2 lags. The ARX models provide 1-step
predict ion, since ° ow at t ime t ¡ 1 is used for predict ion. For
real t ime on-line predict ion and automat ic cont rol it might
be necessary to achieve informat ion with longer a t ime hori-
zon, say 30 minutes i.e. 5-step predict ion. For both the FIR
and the ARX models a 5-step predict ion requires 3-step pre-
dict ion of precipitat ion, i.e. on-line weather forecast . How-
ever, since it is only a quest ion of a couple of minutes, it
might be possible to use on-line precipitat ion measurements
a bit further from the t reatment plant , i.e. a weather sta-
t ion capturing the frontal rain a lit t le bit earlier. Evident ly
this depends on the wind and front ier movement direct ion
although in many cases the wind during rain is from the
(south) west , which is the dominat ing wind direct ion. The
wind direct ion might also be a condit ional variable in the
model if enough data are available. On the other hand, for
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the ARX model the situat ion is a lit t le bit more complicated
because the ° ow yt ¡ 1 is a condit ional variable. The most
pract ical thing would be to provide on-line ° ow data from a
couple of node points in the sewage system net , node points
which are dist ributed geographically in the sewage system.
The ° ow in the node points is naturally delayed compared to
the ° ow in the waste water t reatment plant , and obviously
the delay is di®erent depending on the geographical local-
izat ion. However, if data from the node points are available
in general, it would be most convenient to use the ° ow in
the node points as an input in a model for on-line predict ion
and cont rol, at the waste water t reatment plant , and thereby
remove much of the unaccountable rain dist ribut ion.

6. Summar y and Conclusion

Condit ional paramet ric models have been developed and
tested for rainfall-runo® modeling in a sewage system. The
models are FIR and ARX models with the coe± cients vary-
ing as a funct ion of external variables. The input of the
models is the total precipitat ion as measured on-line, and
the output is the excess ° ow predict ion. The base ° ow is
separated by using simple equat ions since the base ° ow in
the sewage system does not originate in rainfall.

Both the condit ional paramet ric FIR and the condit ional
paramet ric ARX provide results which are signi¯ cant ly su-
perior to results from convent ional linear models. As ex-
pected the ARX models provide the best 1-step predict ions.

In this study the condit ional variables are used to cap-
ture seasonal ° uctuat ions and threshold/ saturat ion due to
the limited capacity of the system pumps and pipes.

Use of this modeling approach has a good potent ial for de-
veloping good predict ion models. Furthermore, the method
can also be used for sensit ivity analysis while const ruct ing
a physical model of the system ° ow. The method of con-
dit ional modeling is a useful cont ribut ion to the tools of
nonlinear modeling techniques used in hydrology.

A ck now ledgm ent s. T he authors wish to thank the com-
pany Waste Water Cont rol aps in Denmark for delivering the
data and informat ion about the system. Furthermore, t he au-
thors wish to thank the Hydrological Service at t he Nat ional En-
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Abstract

A parameter estimation method for stochastic rainfall-runoff models is presented. The model considered in the paper is a
conceptual stochastic model, formulated in continuous-discrete state space form. The model is small and a fully automatic
optimization is, therefore, possible for estimating all the parameters, including the noise terms. The parameter estimation
method isamaximum likelihood method (ML) where the likelihood function isevaluated using aKalman Þlter technique. The
ML method estimates the parameters in a prediction error settings, i.e. the sum of squared prediction error isminimized. For a
comparison the parameters are also estimated by an output error method, where the sum of squared simulation error is
minimized. The former methodology is optimal for short-term prediction whereas the latter is optimal for simulations. Hence,
depending on thepurposeit ispossibleto select whether theparameter valuesareoptimal for simulation or prediction. Thedata
originatesfrom Iceland and themodel isdesigned for Icelandic conditions, including asnow routinefor mountainousareas. The
model demands only two input data series, precipitation and temperature and one output data series, the discharge. In spite of
being based on relatively limited input information, themodel performswell and theparameter estimation method ispromising
for future model development.
q 2005 Elsevier B.V. All rights reserved.

Keywords: Conceptual stochastic model; Rainfall-runoff model; Parameter estimation; Maximum likelihood; Extended Kalman Þlter;
Prediction and simulation

1. Introduction

All hydrological models are approximations of
reality, and hence the output of a system can never be
predicted exactly and the problem is how to achieve
an acceptable and operational model.

The numerous hydrological models which already
exist vary in their model construction, partly because
the models serve somewhat different purposes. There
aremodels for design of drainage systems, models for
ßood forecasting, models for water quality, etc. Singh
and Woolhiser (2002) giveacomprehensiveoverview
of mathematical modelling of watershed hydrology,
however, a brief overview will be given here. The
HBV model, see Bergstro¬m (1975, 1995), is a
standard model in the Scandinavian countries

Journal of Hydrology 326 (2006) 379Ð393
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and has also been used around the globe. The HBV
model has been classiÞed as a semi-distributed
conceptual model and is based on the theory of linear
reservoirs. The model has a number of free
parameters, which are found by calibration. The
model presented here is in the spirit of the HBV
model, but additionally, the approach suggested in
this paper includes a procedure for fully automatic
parameter estimation. The NAM/MIKE11/MIKE21
models, see e.g. Nielsen and Hansen (1973); Gottlieb
(1980); Havn¿ et al. (1995), are used for ßood
forecasting in Denmark and other European countries.
The NAM model is based on similar principles as the
HBV model and a further development of the model
led to the MIKE11 software package which is a one
dimensional modelling system for simulation of ßow,
sediment-transport and water quality. MIKE21 is a
two dimensional version. The TOPMODEL, Beven
and Kirkby (1979), has been used in Great Britain.
Themodel isaset of conceptual tools that can beused
to reproduce the hydrological behaviour of the
catchment area in a distributed or semi-distributed
way. The parameters are physically interpretable and
the watershed is classiÞed by using the so-called
topographic index. The SHE model is a physically

based, distributed watershed modell ing system,
developed jointly by the Danish Hydraulic Institute,
the British Institute of Hydrology and SOGREAH in
France. The SHE model is widely used, see Abbott
et al. (1986); Bathurst (1986); Singh and Woolhiser
(2002); Jain et al. (1992); Refsgaard et al. (1992). The
MIKE SHE model is a further development of the
SHE modelling concept Refsgaard and Storm (1995)
and it has been used in many European counties. The
ARNO model, Todini (1996), is a semi-distributed
conceptual model, and it is well known in Italy. Like
the HBV and NAM models the Tank model,
Sugawara (1995), is a model based on linear
reservoirs and it has been used in Japan. The
Xinanjiang model, Zhao and Liu (1995); Zhao
(2002), is a distributed, basin model for use in
humid and semi-humid regionswhere theevaporation
playsamajor role. Themodel hasbeen widely used in
Chinasince1980. In Canada, theWATFLOOD model
Singh and Woolhiser (2002), is being used. The
WATFLOOD model is a distributed hydrological
model based on the GRU (Group Response Unit)
concept, i.e. all similarly vegetated areaswithin asub-
watershed aregrouped asoneresponseunit. TheNWS
River Forecast system, based on the Sacramento

Nomenclature

a Low pass Þltering constant [1/day]
b Constant in j ($), controlling the

smoothness
b Center of the threshold function f ($)
b1 Sharpness of the threshold function f ($)
c: Precipitation correction factor
f Filtration from upper reservoir to lower

reservoir [1/day]
K Constant representing the base ßow

[m/day]
k Constant in j ($), controlling the

smoothness
k1 Routing constant, from upper surface

reservoir [1/day]
k2 Routing constant, from lower surface

reservoir [1/day]
M Constant in j ($), controlling the upper

limit value

N Snow cover [m]
P Measured precipitation [mm]
pdd Positive degree day constant for melting

[m/([8C]day)]
S1 Upper surface water reservoir [m]
S2 Lower surface water reservoir [m]
s11 White noise process for the observations
T(t) Measured temperature [8C]
Ts(t) Low pass Þltered temperature [8C]
Y Measured discharge [m/day]
du I One dimensional Wiener process
f (x) Smooth threshold function (sigmoid

function) 1=ð1C expðb0C b1xÞÞ
j (x) Indicator function for the snow j (x)Z

Mexp(-bexp(-kx))
s ii Incremental covariance of the Wiener

process
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Model, Burnash (1995), is a standard model in the
United Statesfor ßood forecasting and in Australiathe
RORB model, Layrenson and Mein (1995), is
commonly employed for ßood forecasting and
drainage design.

Increased computer power and data storage
capabilities have opened the possibility for working
with more detailed distributed models. Hence, many
of the recently developed modelsarephysically based
distributed models, and they are occasionally used
together with GIS(Geographic Information Systems).
These models both uti l ize a large amount of
information, but can also providevariousinformation,
however, if the input data (or information) are not
available the model is of little use.

Black box models have also been used for ßood
forecasting, starting with linear transfer function
models in the beginning of 1970s and since then
variouskindsof linear and nonlinear models. In recent
years neural network models have been popular.
Sajikumar and Thandaveswara (1999) used an
artiÞcial neural network as a nonlinear rainfall-runoff
model for the river Lee in the UK and for the river
Thuthapuzha in India. Shamseldin (1997) used neural
networks for rainfall-runoff modelling which was
tested on six different catchment areas.

The main advantage of black box models in
hydrology is that they are not as data demanding as
thephysical models; thisrefersto all kindsof physical
information about the watershed as well as long
record of ßow and precipitation.

Some of the conceptual models are not very data
demanding and it is important to work with thosekind
of modelsaswell, i.e. modelswith few input data, few
parameters and limited prior information. The
parameters in a lumped conceptual model can be
interpreted as some kind of an average over a large
area, but in general the most likely parameter values
cannot be given, and the Þnal parameter estimation
must, therefore, be performed by calibration against
observed data. Refsgaard et al. (1992) stated that in
principle the parameters in a physically based model
can be estimated by Þeld measurements, but such an
ideal situation requires comprehensive Þeld data,
which cover all the parameters. This situation rarely
occurs and the problem of calibration will arise.
Because of the large number of parameters in a
physically based model the parameter estimation can

not be done by free optimization for all parameters,
however, an over all parameter estimation is possible
for simpler models.

The state space formulation and the Kalman Þlter
has been used in hydrology for years, representing
both black box models and grey box models, i.e.
conceptual physical models where parameter values
areestimated using data. Szollosi-Nagy (1976) used a
state space formulation for on-line parameter esti-
mation in linear hydrography using a FIR model
(Finite Impulse Response model). Todini (1978)
presented a threshold ARMAX model, formulated in
a state space form and the parameters estimated off
line, i.e. in a batch form. Refsgaard et al. (1983)
reformulated the NAM model in a state space form
where two of themodel parameterswere timevarying
i.e. on-line estimated. Haltiner and Salas (1988) used
ARMAX models, both with off-line(batch) parameter
estimation and on-line parameter estimation method
in the SRM model, see also Martinec (1960);
Martinec and Rango (1986). All theabove-mentioned
models are formulated in a discrete time. In
Georgakakos (1986a,b) rather large physical models
are presented using a state space formulation.
However, the model parameters are constants and
not estimated. In Georgakakos et al. (1988) the
Sakramento model (org. in Burnash et al. (1973)), is
modiÞed and formulated in statespace form and some
of the parameters are estimated. Rajaram and
Georgakakos (1989) represent a model for acid
decomposition in a lake watershed system formulated
in a continuous-discrete state space form, and they
estimated the parameters. Lee and V.P. Singh (1999)
applied an on-line estimation to the Tank model (see
e.g. Sugawara (1995)), for single storm at a time,
calibrating the initial states manually. Lee and V.P.
Singh (1999) also gave a short overview of
application of the Kalman Þlter to hydrological
problems upto 1999. In Ashan and OÕConnor (1994)
a general discussion about the use of Kalman Þlter in
hydrology is found.

In the following a stochastic lumped, conceptual
rainfall-runoff model is developed. The model is
formulated as a continuous-discrete time stochastic
state space model. The dynamics are described by
stochastic differential equations and the observations
are described by equations relating the discrete time
observationsto thestatevariablesat timepointswhere
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observationsareavailable. Themain advantageof this
model formulation is that thestochastic part permitsa
description of both the model and the measurement
uncertainty, and hence more rigorous statistical
methods can be used for parameter optimization.
Furthermore, the stochastic modelling approach
allows a much simpler model structure than a
deterministic modelling approach since some of the
variations observed in data are described by the
stochastic part of themodel. The model presented isa
watershed model designed for discharge forecasting.
It is a simple lumped reservoir model with two input
variables, precipitation and temperature and one
output variable, the discharge. Because of the
simplicity of the model and few parameters it is
possible to estimate all the parameters including
threshold parameter in the snow routine and the
system noise, which often hasbeen difÞcult to identify
in hydrology. The method suggested for parameter
estimation (in batch form) is a maximum likelihood
method, where the one step ahead prediction errors
required for evaluating the likelihood function are
evaluated using the Kalman Þlter technique. More-
over, the state space formulation allows the model to
be used for simulation as well, however, good
simulation results require different parameter values,
Kristensen et al. (2004). Parameter values, which are
suitable for simulation can be achieved by Þxing the
system noise to a small value and then estimating the
remaining parameters. Conversely good prediction
results are obtained by using parameter values where
all the parameters have been optimized, including the
parameters describing the system noise.

The paper is organized as follows. In Section 2 the
availability of data is discussed. The model is
described in Section 3 and the method for parameter
estimation is described in Section 4. Section 5
includes discussion of some estimation principles. In
Section 6 results are demonstrated and in Section 7
conclusions are drawn.

2. The data

The goal is to develop a model, which can be used
in mountainous areas with snow accumulation. Such
areas are often thinly populated and the meteorologi-
cal observatories are often rather spread. However,

there is a need for ßood forecasting for various
reasons, such aswarning related to thespring ßoodsor
for operational planning of hydropower plants. The
dataused in thisproject originatesfrom Iceland which
has in general only mountainous catchment areas and
it certainly is thinly populated with only 2.8
inhabitants per km2, and only a few meteorological
observatories exists.

Precipitation is the main input for hydrological
models as the precipitation and the evaporation
control the water balance. In Iceland, the evaporation
plays only a minor role, but the precipitation is
important. However, there is a shortage of good
precipitation data, which indeed has an effect on the
prediction performanceof themodel. Thepoor quality
of precipitation data arises both from a rain gauges
biastowardstoo small values, and alimited number of
rain gaugemeasurement stations. Dueto the inßuence
of wind the amount of precipitation measured is an
underestimate of the Ôground trueÕ precipitation.
Unfortunately, no experiments have been made in
Iceland in order to develop models to adjust for this
bias. Experiments, like for instancetheNordic project
in Jokioinen in Finland during the years 1987Ð1993
(F¿rland et al. (1996)), had the purpose of developing
models to describe the underestimate of the different
rain gauges depending on weather condition. This
experiment isof littleuseheresince thewind speed in
Iceland in general is much higher than in Finland.
Furthermore, most of the meteorological stations in
Iceland are located along the coastal line in the
inhabited areas and most rivers, especially the larger
ones, stretch far into the country and have thus
watershed in high mountainous areas. Occasionally,
there are no meteorological stations in the whole
watershed and if any they are typically located near
the coast. Precipitation lapse rate is also difÞcult to
track sincein practicethelapseratedependshighly on
wind speed and direction in the mountainous areas.

The discharge data are calculated from water level
data using the QK h formula. The errors of the
discharge data are caused both by uncertainty of the
water level data and uncertainty of the parameters in
QK h formula. The errors of the water level
measurements more or less only occur during the
winter because of the icing, which causes the water
level to rise even though the ßow of water is not
increasing. This has to be corrected manually.
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In Iceland few discharge measurements with very
large discharge exist. This is due to the fact that even
though annual spring ßoods occur, it is difÞcult to
predict peaks several days ahead, and the number of
rivers that can be measured simultaneously is limited.

The discharge used in this project originates from
the river Fnjo«ska«in Northern Iceland, see Fig. 1. The
river is a direct runoff river with no glacier in the
watershed, whereasmany larger riversin Iceland have
aglacier factor. Thewatershed isabout 1132 km2, the
altitude range is between 44 and 1084 m, and 54% of
the catchment area is above 800 m. The catchment
area is dominated by grit and rocks; a very small part
of the region in the valley is copse and grassland. A
meteorological observatory is located in the water-
shed, at Lerkihlid, about 20 km from the outlet of the
watershed, and it issituated 150 m abovesealevel. No
meteorological observatory is located in thehighlands

which could have given information about the
weather condition in the catchment area there. The
data used are diurnal averages of the discharge,
diurnal averages of the temperature and the total
precipitation for the past 24 hours. Fig. 2 shows the
discharge, the temperature and the precipitation for
the whole period of 8 years, starting 1st of September
1976 and ending 31st of August 1984.

3. The stochastic model

The stochastic model proposed is a simple smooth
threshold model with a snow routine, and the basic
idea is similar to the idea behind the HBV and NAM
models, see Bergstro¬m and Fossman (1973); Berg-
stro¬m (1975); Nielsen and Hansen (1973), and

Fig. 1. The watershed of the river Fnjo«ska« is about 1132 km2 and located in Northern Iceland.
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Gottlieb (1980). A diagram of the model structure is
shown in Fig. 3.

Thewater isstored in reservoirsand theoutßow of
the reservoirs are routed to the stream with different
timeconstants. Themain distinction between thenon-
stochastic HBV and NAM models and the stochastic
model suggested here is that the water ßow is
modelled as a function of only precipitation and
temperature, and there are no factors for evaporation
and inÞltration into the ground. On the other hand no
manual calibration is required since the stochastic
model allows for statistical methods for parameter
estimation. The total precipitation is divided into
snow and rain using a smooth threshold function
f (T(t)), where T(t) is the air temperature. The
threshold function is formulated as the sigmoid
function

f ðTðtÞÞZ
1

1C expðb0K b1TðtÞÞ
(1)

The same smooth threshold is used for the melting
process, where the melting M(t) is formulated using
the positive degree day method

MðtÞZ pdd TðtÞ f ðTðtÞÞ (2)

where pdd is the positive degree day constant, which
typically is calibrated. No attempt is made to model

theactual physical processof melting, i.e. thefact that
in the beginning of the melting process the water Þrst
stays in the snow pack and is not released until the
snow pack is wet enough. However, in order to take
this into account the temperature T(t) is low pass
Þltered

dTsðtÞZ ½KaTsðtÞC aTðtÞ�dt C dwðtÞ (3)

Fig. 2. The data series for discharge, temperature and precipitation starting 1st of September 1976 and ending 31st of August 1984.

Fig. 3. The model structure. The precipitation is divided into snow
and rain, N is snow a container, S1 and S2 are upper and lower
surfacereservoirs, M ismelting, f isÞltration between thereservoirs
and k1 and k2 are the routing constants. K is a constant representing
the base ßow and Q is the discharge.
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The consequence is that a single warm day does not
give as much impact as a warm day followed by
another warm day.

The suggested stochastic state space model is:

dTsðtÞZ ½KaTsðtÞC aTðtÞ�dt C s1dw1ðtÞ (4)

dNðtÞZ ½KpddTsðtÞf ðTsðtÞÞj ðNðtÞÞC

ð1K f ðTsðtÞÞÞcPðtÞ�dt C s2dw2ðtÞ
(5)

dS1ðtÞZ ½pddTsðtÞf ðTsðtÞÞj ðNðtÞÞK

ðf C k1ÞS1ðtÞC ðf ðTsðtÞÞcPðtÞÞ�dt C s3dw3ðtÞ

(6)

dS2ðtÞZ ½fS1ðtÞK k2S2ðtÞ�dt C s4 dw4ðtÞ (7)

YðtÞZ k1S1ðtÞC k2S2ðtÞC K C e1ðtÞ (8)

where N is the amount of snow in the snow container
in meters and the function j is a smooth indicator
function, controlling whether there is snow to melt
or not,

j ðNÞZ MexpðKbexpðKkNÞÞ (9)

S1 and S2 are water content reservoirs, f is Þltration
from the upper surface reservoir to the lower surface
reservoir, k1 and k2 aretherouting constants, and c isa
precipitation correction factor. s1,. ,s4 are constants
representing thevariancesof thesystem noise and the
noise terms dw1(t),. ,dw4(t) are assumed to be
independent standard Wiener processes and all are
assumed independent of measurement noisee1(t). The
base ßow is assumed to be constant. An extension of
the model with a ground water reservoir would
improve the physical reality of the model and it
might be a task for future research.

4. Parameter estimation

In this section a maximum likelihood method for
estimation of the parameters of the continuousÐ
discrete timestochastic statespacemodels isoutlined.
The procedure is implemented in a program called
CTSM (Continuous Time Stochastic Modelling), and
for a further description of the mathematics and
numerics behind the program, see Kristensen et al.
(2003), and Kristensen et al. (2004).

Thehydrological model described by Eq. (4)Ð(8) is
a continuous-discrete time stochastic state space
model. The stochastic differential equations describe
the dynamics of the system in continuous time as
stated by Eq. (4)Ð(7), and the algebraic equation
Eq. (8) describes how the measurements are obtained
as a function of the state variables at discrete time
instants. Using a slightly different and more compact
notation, the mathematical formulation of the con-
tinuous-discrete time stochastic state space model is

dxt Z f ðxt; ut; t; qÞdt C sðut; t; qÞdu t (10)

yk Z hðxk; uk; tk; qÞC ek (11)

where t2 RC is time, xt 2 R4 is a vector of the state
variables (since xt Z ½TsðtÞ;NðtÞ;S1ðtÞ;S2ðtÞ�T), ut 2
R2 is a vector of the input variables (since utZ
[T(t),P(t)]). q2 Rp is a vector of the unknown
parameters. The vector yk 2 R is a vector of
measurements (i.e. the discharge). The notation xkZ
xtZ tk and ukZ utZ tk isused. Furthermore, the functions
f ð$Þ2 R4, sð$Þ2 R4! 4 and hð$Þ2 R are nonlinear
functions, u t is a 4-dimensional standard Wiener
process and ek 2 Nð0;Sðuk; tk; qÞÞis a Gaussian white
noise process. With this model formulation the
parameters are constants and estimated off-line or in
a batch form. An on-line estimation of (some)
parameters is possible by extending the state vector
with the relevant parameters. As mentioned, Eq. (10)
isknown asthesystem equation and Eq. (11) isknown
as the measurement equation.

Themeasurementsyk are in discrete time. It iswell
known that the likelihood function for time series
models is a product of conditional densities (see e.g.
Restrepo and Bras (1985)). By introducing the
notation

Y k Z ðyk; ykK1; . ; y1; y0Þ (12)

where (yk,ykK 1,. ,y1,y0) is the time series of all
measurementsup to and including themeasurement at
time tk. The likelihood function can be written as

Lðq; Y NÞZ
YN

kZ 1

pðykjY k; qÞ

 !

pðy0jqÞ (13)

In order to obtain an exact evaluation of the
likelihood function, the initial probability density
p(y0jq) must be known and all subsequent conditional
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densities can be determined by successively solving
KolmogorovÕs forward equation and applying
BayesÕs rule, Jazwinski (1970). This approach is not
feasible in practice. However, since thediffusion term
in the system equation, Eq. (10), in the continuousÐ
discrete state space model is a Wiener process, which
is independent of the state variables, and the error
term in themeasurement equation, Eq. (11), it follows
that for LTI (Linear Time Invariant) and LTV (Linear
Time Variant) models the conditional densities are
Gaussian, Jazwinski (1970). In the NL (Non Linear)
case it is reasonable to assume that under suitable
regularity conditions, the conditional densities can be
well approximated by the Gaussian distribution,
Kristensen et al. (2004). This assumption can be
tested after the estimation e.g. by considering
the sequence of residuals. Thus, assuming that the
conditional densities pðykjY k; qÞ are Gaussian the
likelihood function becomes

LðqjY NÞZ
YN

kZ 1

exp K 1
2 3T

k RK1
kjkK13k

� �

���������������������
detðRkjkK1Þ

p ������
2p

p� � l

0

B
@

1

C
A pðy0jqÞ

(14)

where 3kZ ykK ŷkjkK1Z ykK EfykjY kK1; qg is the one
step prediction error and R̂kjkK1Z VfykjY kK1; qgis the
associate conditional covariance. For given par-
ameters and initial states, 3k and RkjkK1 can be
computed by means of a Kalman Þlter in the linear
case or an extended Kalman Þlter in the nonlinear
case. Thecontinuous-discrete Kalman Þlter equations
are (Kristensen et al. (2004) or Jazwinski (1970)):

ŷkjkK1 Z hðx̂kjkK1; uk; tk; qÞ ðOutput predictionÞ

(15)

RkjkK 1 Z CPkjkK 1CT C S ðOutput variancepredictionÞ

(16)

3k Z ykŷkjkK1 ðInnovationÞ (17)

Kk Z PkjkK1CTRkjkK1 ðKalman gainÞ (18)

x̂kjk Z x̂kjkK1 C K3k ðUpdatingÞ (19)

Pkjk Z PkjkK1K KkRkjkK1KT
k ðUpdatingÞ (20)

dx̂tjk

dt
Z f ð̂xtjk; uk; tk; qÞ t2 ½tk; tkC 1�

ðState predictionÞ
(21)

dP̂tjk

dt
Z AP̂tjk C PtjkA

T C ssT t 2 ½tk; tkC 1�

ðState var: pred:Þ

(22)

where

A Z
vf
vxt

jxZ x̂kjkK1;uZ uk;tZ tk;q;

C Z
vh
vxt

jxZ x̂kjkK1;uZ uk;tZ tk;q

(23)

and

s Z sðuk; tk; qÞ; SZ Sðuk; tk; qÞ (24)

Given information upto and including timet theprediction
x̂kC 1jkZ EfxtkC 1

jxtkg and PkC 1jkZ EfxtkC 1
xT

tkC 1
jxtkg are

needed for theKalman Þlter equations. Eq. (22) isa linear
differential equation,whichcanbesolvedanalytically.This
analytical solution isused to calculate theÔinitialÕproblem
PkC 1jk. On the other hand equation Eq. (21) is nonlinear
withanontrivial solution. ThesoftwareCTSM offersthree
options for handling this:

Linearization by Þrst order Taylor, the linear
equation is solved analytically, iteratively in a
subsampled interval.

Numerical solution of the ODE equation Eq. (21)
by using aPredictor/Corrector scheme, also occasion-
ally referred to as Gears method or Adams method
(see e.g. Dahlquist and Bjo¬rck (1988)).

Numerical solution of the ODE equation Eq.(21)
by using BDF (Backward Difference Formula) (see
e.g. Dahlquist and Bjo¬rck (1988)).

For a detailed description of all the methods see
Kristensen et al. (2003). The BDF formulademandsa
Newton-like method for solving a nonlinear zero-
point equation and is thus the most time consuming
algorithm. However, for stiff systems the BDF
formula is the most reliable method (Dahlquist and
Bjo¬rck (1988)) and consequently this option has been
used in the following.

Thehydrological model described by Eq. (4)Ð(8) is
a model with four states, the low pass Þltered
temperature TS, the snow container N, and upper
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and lower surface containers S1 and S2. It is found
important to include the snow container as a state
variable and not to treat the water from snow melt as
an input as some times is done, e.g. Refsgaard et al.
(1983). Treating the snow-melt as an input requires
manual control of the snow balance. However, by
including the snow container into the state vector
leads to numerical complications. The system is
singular during summer, fall, and most of the winter
or more accurately while snow is not melting. The
system is non-stiff during spring ßoods, i.e. when
melting is signiÞcant and extremely stiff during the
transition points in between.

On of the strengths of using the maximum
likelihood method for parameter estimation it that it
follows from the central limit theorem that the
estimator q̂, is asymptotically Gaussian with mean q
and covariance

Ŝq̂ Z HK1 (25)

where the information matrix H is given by

hij Z KE
v2

vqivqj
lnðLðqjY ÞÞ

� �
i; j Z 1; . ; p: (26)

An approximation of H can be obtained by
evaluating hij Z v2=ðvqivqjÞlnðLðqjY ÞÞ in the point
qZ q̂. The asymptotic Gaussianity of the estimator
also allows marginal t-test to be performed like a test
for the hypothesis:

H0 : qj Z 0 H1 : qj s 0 (27)

The one step prediction of the output ŷkjkK1, the state
update x̂kjk, and the state prediction x̂kjkK1, corre-
sponding to each time instant tk are generated by the
(extended) Kalman Þlter. A simulation x̂tj0 and ŷtj0
can be obtained using the (extended) Kalman Þlter
equations without the updating.

5. Some comments on parameter estimation
in hydrological models

Model calibration has been a topic in hydrology
since the computer evolution in 1960 and since then
parameter optimization hasbeen practiced. A solution
to a rainfall-runoff prediction problem is to optimize
theparameterssuch that themodel performstheÔbestÕ

Þt to data. On the other hand what is best the Þt to
data? This is a selective question with a selective
answer. Best Þt can be such that the sum of squared
simulation error is minimized, or the sum of squared
prediction error is minimized, or models, which
conserve the water balance best, or those who have
the best timing of ßood peaks. In the recent years
multi objectivecalibration and Pareto optimality have
been applied in rainfall-runoff modelling, see e.g.
Madsen (2000). However, two estimation methods
have frequently been used in hydrology. Those are,
the Output Error method (OE), and the Prediction
Error method (PE). The OE method minimizes the
sum of squared simulation error and is used in white
box modelling but also in other contexts. Thismethod
is always off line. The PE method minimizes the sum
of squared one step prediction error, this method
offers both off-line and on-line estimation. In order to
allow for a comparison between the methods the off-
line method is considered in the following. Young
(1981) gives an overview and comparison of
parameter estimation for continuous time models,
which includes PE and OE principles. The maximum
likelihood method as presented here is a PE method,
whereastheOE method, can in statistical implications
include Maximum Likelihood terms for the case
where there is no system noise, Young (1981). Using
the Kalman Þlter notation, the sum of squares of the
error terms for the OE method is written as
SðykK ŷkj0Þ2. This corresponds to a state space
representation without system noise and all the errors
incorporated in the measurement noise, which means
prediction without updating, i.e. a simulation.

Comparing the computational time for the two
modelling approaches, thestatespaceformulation and
theKalman Þlter in general involvemorecalculations
since a state Þltering through the whole data series is
needed for each evaluation of the objective function.
It is thus questionable whether this time-consuming
estimation method is worth the time. Kristensen
(2002) performed a simulation study for continuous
discrete models by comparing the PE method as
implemented in the program CTSM and the OE
method asimplemented by Bohlin and Graebe(1995).
The calculations for the OE method were performed
by using the MoCaVa software (Bohlin (2001)),
which runs under Matlab. Some of the results and
discussions are also demonstrated in Kristensen et al.
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(2004). The results show that the PE estimation
method gives signiÞcantly less biased estimate of the
parameters than the OE method. For simulations with
no system noise the methods were similar, but the
more noise the greater is the difference between the
two methods resulting in larger bias for the OE
method. Moreover, the PE estimation method
provides uncertainty information in terms of standard
deviations of the estimates and other statistical tools
for model evaluation. Therefore, for the purpose of
short-term prediction such as in ßood warning
systemsit is truly recommended to use thePE method
even though the method is more computational
demanding. Once the parameters are estimated the
output prediction is not time consuming. Only if the
model focus on good long-term prediction capabili-
ties, theOE method is to bepreferred Kristensen et al.
(2004). It must, however, be kept in mind that the
input, i.e. precipitation and temperature are always
needed as input and long-term prediction for
precipitation and temperature variables are not
particularly precise and for that reason long-term
prediction might not be so reliable. Last, but none the
least, in a state space formulation it is easy to handle
missing values in observationsautomatically, and this
prevents the user from having to resort other models
(e.g. black box models) to Þll in gaps in the data.

It is worth mentioning that Rajaram and Georga-
kakos (1989) presented a parameter estimation of
stochastic hydrologic models formulated in a con-
tinuous-discrete state space form, with theparameters
estimated in a batch form. Their method mainly
differs from the one presented here in two ways.
Firstly, the Þltering, or the state prediction is
calculated by a fourth order predictorÐcorrector
scheme, while here a BDF method is used. Secondly,
and probably the most important difference, in
the methodology presented here the system error,
s(ut,t,q)du t is estimated. Conversely in the method-
ology presented by Rajaram and Georgakakos(1989),
theestimation of thestateerror s(ut,t,q)du t demandsa
human input. In Rajaram and Georgakakos(1989) the
state error s(ut,t,q)du t is decomposed into three error
terms; error term from input, error term associated
with estimation of uncertain constants (such as
topographic or rating curve constants) and error
term in model structure. Only the last term is
estimated, the two Þrst must be set as a degree of

believe by the trained hydrologists if they are not
exactly known, Rajaram and Georgakakos (1989).

6. Results

The stochastic model in Eq. (4)Ð(8) is used to
investigate how the parameter estimation method
performs for the hydrological problem described in
Section 2. The parameters are estimated by using the
Þrst 6yearsof thedatawhilethelast twoyearsareused
for validation. For a comparison between the PE and
OEmethod theoptimizationwasperformedusingboth
methods. First in a PE setting by estimating all the
parameters, including thesystem noise, and then in an
OEsettingsby Þxing thesystem noisetermparameters
to a small value. The former parameter values are
optimal for prediction and the latter for simulations.
Theestimated parameter valuesareshown in Table1.

The units for the snow container N and the upper
and lower reservoirs S1 and S2 are given in meters.
Thetotal volumeiscalculated by multiplying with the
watershed area. Fig. 4 illustrates the results from the
PE method and Fig. 5 illustrates the results from the
OE method.

Notefrom Fig. 5, that theOE formulation produces
the same prediction and simulation and hence the
coefÞcient of determination (Nash and Sutcliffe,
1970), is the same, R2Z 0.69, in both cases.
Conversely, the PE method produces very
different results for prediction and simulation with
coefÞcients of determination as R2

predictionZ 0:93 and
R2

simulationZ 0:43, respectively. Furthermore, it is
interesting to compare some of the estimated
parameter values yielded by the two different
estimation techniques. The precipitation correction
factor c, the threshold parameter b0 (for snow/rain)
and the positive degree-day constant pdd are much
larger for the OE estimation than for PE estimation;
the difference being almost factor 2. The routing
constants k1 and k2 are, however, smaller in the OE
estimation, whereastheÞltration f issimilar. Notealso
that the PE method estimates some memory in the
temperature, i.e. aZ 1.475 while the OE estimates no
memory in the temperature i.e. aZ 4.939. Finally, the
total noiseisincorporated in themeasurement noisein
the OE settings, resulting in larger prediction error
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and hence, the conÞdence band around the prediction
is larger than in the PE settings.

In the following the results from the PE estimation
will bediscussed. Therouting constantsk1 and k2, and

theÞltration f aremeasured in theunit 1/day, i.e. 24 h.
For hourly values the constants can be multiplied by
1/24. The routing constants are rather small but
bearing in mind that the size of the watershed is

Fig. 4. The results from PE estimation. The validation period from 1st of September 1982 to 31st of August 1984. The Þgure shows the river
discharge the one step prediction and the simulation. The temperature shown is the low pass Þltered air temperature.

Table 1
Estimation results and comparison of the PE and OE method

PE method OE method Unit

Par. Estimate Std. dev. Estimate Std. dev.
N0 0.000 0.000 m
S0 0.00099 0.00020 0.00010 3! 10K 7 m
S1 0.00037 0.00022 0.00016 5! 10K 7 m
Ts0 3.000 3.000 8C
b0 4.511 0.012 8.131 0.073 8C
b1 1.000 1.000
M 1.000 1.000
B 100 100
K 200 200
c 1.518 0.00075 2.788 0.054
pdd 0.00342 9! 10-7 0.00585 6! 10K 6 m/8C day
F 0.031 0.00065 0.049 0.002 1/day
k1 0.674 0.05704 0.216 0.010 1/day
k2 0.097 0.00424 0.049 0.070 1/day
A 1.475 0.01411 4.939 0.023
sTs 10-8 10K 8 8C
sN 0.0074 0.00012 1! 10-6 m
sS1

0.0011 0.00042 1! 10K 6 m
sS2

0.0008 0.00002 1! 10-6 m
K 0.00198 0.00005 0.00175 0.00003 m/day
s1 2.2! 10K 10 7.6! 10K 12 1.4! 10K 6 5.0! 10K 8 m/day
R2

pred: 0.93 0.69

R2
sim: 0.43 0.69
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1132 km2, these small constants are realistic. The
upper routing constant is 0.674/day and thus the
corresponding time constants is about 1 and a half
day, whereas, the lower routing constant is0.097/day,
and hencethetimeconstant isabout 10 and ahalf day.
The Þltration constant is 0.031/day and the corre-
sponding time constant about 32 days. Consequently
most of the spring ßood is delivered through the river
via the Þrst reservoir. The threshold function Eq. (1)
for dividing precipitation into snow and rain is the
same as the threshold function for melting snow. The
parameter b1 controlsthesteepnessand hasbeen set to
one, and the parameter b0 controls the center and is
estimated to 4.50 8C. Thus, the threshold function is
about zero when the temperature is 0 8C and then no
snow is melting and all precipitation is solid. When
the temperature is about 9 8C snow is melting
everywhere and all precipitation is rain. In between
some precipitation is snow and some as rain, and a
proportion of the snow is melting (if there is snow in
the snow-container). Recall that the watershed is
1132 km2 with an altitude ranging from 44 to 1084 m
and the meteorological observatory is located about
20 km from the watershed outlet at an altitude about
150 m. The center of mass of the watersheds altitude
is about 830 m and, if it is assumed that the
temperature in altitude 830 m is zero when the
temperature is 4.5 8C at the observatory, it leads to

a temperature lapse rate of 4.5/6.8Z 0.66 8C/100 m,
which is physically realistic. Hence, this smooth
threshold function has the effect that it is not
necessary to divide the area into elevation zones.

Theprecipitation correction constant c isestimated
as 1.5. This correction is both correcting the under-
estimate of the rain gauge and the average increase in
precipitation due to altitude. The factor c controls the
input-output balance of the model. A water balance
model with ground water container and evapotran-
spiration would have had a much larger correction
constant. However, it should be mentioned that it is
not possible to identify (estimate) both the correction
constant and evapotranspiration given only measure-
ment of theprecipitation and discharge. Finally, Fig. 6
shows the state estimates of the contents of the snow-
container, N, and the upper and lower surface
containers S1 and S2 as predicted by the model using
the PE parameters.

Theunit ismeter and the total volume iscalculated
by multiplying with the watershed area, 1132 km2.
Theestimated noisetermssN, sS1

and sS2
haveaorder

of magnitude 10K 3 and thus the noise terms more or
less only have an effect when the states are around
zero, with the consequence that the states might
become slightly negative. This has not lead to
problems in this case. The problem might be solved
by transforming the model using the logarithm.

Fig. 5. The results from OE estimation. The Þgure shows river discharge, the one step prediction and the simulation. The validation data are
from 1st of September 1982 to 31st of August 1984.
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As a ßood forecasting model it is concluded that this
simple model is satisfactory. Using the simple model
makes it possible to estimate all the parameters, thus
allowing the data to be used for an automatic
calibration. The optimization, using 6 years of data,
takes several hours on a PC computer but as
mentioned earlier, once the parameters are estimated
the update of the Kalman Þlter and the prediction are
not computational demanding. CTSM can be run on a
parallel computer using several CPUs and then the
computer time will be much lower.

For the purpose of ßood forecasting the most
interesting development of the model would be to
include some of the parameters in the state vector and
thus allow for time varying parameters. Particularly
since the parameters have been estimated, these
estimates could act as good initial states for the time
varying parameters. This could particularly be done
for the base ßow constant.

Finally, it is interesting to point out somerevisions,
which might improve the performance of simulation
using an OE estimation. The large threshold tempera-
ture b0Z 8.1 8C indicates that it might be necessary to

divide the area into two elevation zones, still using
smooth threshold functions but with different centers.
The former spring ßood is much higher and narrower
than the latter and such a narrow ßood is difÞcult to
produce. It might be necessary to have three surface
containersand thusthreetimeconstantsfor theßow. It
wouldalsobeinteresting to let thepddconstant vary in
time. RangoandMartinec (1995) statethat thepositive
degreeday factor should gradually increaseduring the
melting season and this could certainly be introduced
in the PE settings as well. A time varying pdd might
though have larger differences in cases where the
melting season is longer such as for glacier rivers.

7. Conclusions

All precipitation runoff modelsareapproximations
of the reality and hence they cannot be expected
to provide a perfect Þt to data. The process is highly
non-stationary and the dynamics related to the
snow is extremely non-l inear. Furthermore,
the deviations between the model prediction and the

Fig. 6. State estimates of the contents of the snow container and the upper and lower surface containers.
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data (the residuals) are almost always serially
correlated. This calls for a stochastic model with
both system noise and measurement noise.

In this paper a simple conceptual stochastic
rainfall-runoff model is suggested. A method for
estimation of the parameters of the model is outlined.
The estimation method is a generic maximum
likel ihood method for parameter estimation in
systems described by continuous-discrete time state
space models, where the system equation consists of
stochastic differential equations. Hence, thedynamics
are described in continuous time, which allows for a
direct use of prior physical knowledge, and the
estimated parameters can be physically interpreted
directly.

A further advantage of the stochastic state space
approach is that thesamemodel structure can be used
for both prediction and simulation. It isadvocated that
the only difference lies in adifferent parameterization
of the system error leading to different parameter
values.

The presented model is simple and demands
only two input variables, namely precipitation and
temperature, and a single output, the discharge.
The results for simulation are reasonable but not
fully satisfying and it is concluded that a slightly
more complicated model is needed even though it
is questionable whether it is possible to obtain a
better performance due to the poor precipitation
data as in this study. However, the results
obtained for prediction (ßood forecasting) are
satisfying.
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E.1 In tro duction

The program CTSM is a software packagefor parameter estimation for models
formulated as Stochastic Di®erential Equations.

The original version of the program was developed by Professor PhD Henrik
Madsen in 1985 with the name CTLSM, Continuous Time Linear Stochastic
Modelling. The program was written in Fortran using optimization routine
VA13CD from the HARWELL Subroutine Library . The optimization routine is
a quasi Newton method, using ¯nite di®erenceapproximation to the gradient.
The Hessianis updated by the BFGS updating formula. In 1991 there was a
numerical revision created by Henrik Melgaard. In 1993 the ¯rst version with
a k-step optimization and k- step predictions were developed and in 1994 the
¯rst versionwith non-linear routine wherebuild. The routine wasbaseda linear
approximation of the non-linear function and sub-sampling methods using the
extendedKalman ¯lter.

In 2000 Niels Rode Kristensen developed the ¯rst general non-linear program,
CTSM (Continuous Time Stochastic Modelling), still using the optimization
routine VA13CD from the HARWELL Subroutine Library . The ¯rst graphical
version, programmed in java was developed in 2001. In April 2003 a version
with di®erent ¯ltering routes where developed, this is the ¯rst version with an
ODE solver for ¯ltering in non-linear models. The user can choose between
three di®erent ¯ltering routines; The function f () is linearized in sub-sampled
intervals, an ODE solver with Adams method for non-sti®systemsand an ODE
solver with BDF for sti®systems(Backward Di®erentiation formula), seeSection
E.2 for an outline of the ¯ltering methods and Appendix F for an intro duction
to sti® systems. The latest version came out in December 2003, this version
is the ¯rst graphical version which provides a smoothing and k-step prediction
along with one step prediction and pure simulation.

In the following sectionssomeof the numerical methods usedin the program are
outlined, a further description is available in the manual (Kristensen et al. 2003).

The task is to ¯nd parameterssuch that the logarithm of the likelihood function,
Eq. (4.12) is minimized. A single value of the likelihood function involves
calculation of one step prediction ² t and is variance Rt j t ¡ 1, in all the data
points t = 1; : : : N . The optimization procedure might thus be classi¯ed into
two numerical tasks:
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² The ¯ltering, i.e., calculation of all the one step prediction. This involves

{ Computation of the exponential eA ¿s . Test for singularity and in case
of singularity, useof singularity routines.

{ Numerical integration - ODE solvers

² The optimization

{ Calculation of a gradient, which is performed by ¯nite di®erenceap-
proximations.

{ Penalty calculations, sincethe optimization is a constrained.

E.2 Filtering metho ds

Calculation of the predictions is referred to as the ¯ltering. In this context it
refers to prediction of the state variable bx k+1 jk . Di®erent ¯ltering routines can
be applied:

² Linear mo dels: The stochastic di®erential equation is solved analytically
as shown in Eq.(4.14). The numerical task is to compute the exponential
eA ¿ This might involve eigenvalue problems in caseof a singularity. The
program CTSM contains a singularity test routines and special singularity
routines.

² Non-linear mo dels: In this case, three di®erent methods are imple-
mented:

1. Sub-samplingapproximations; the time interval [t k ; tk+1 [ is sub-sampled
into [tk ; : : : t j ; : : : tk+1 [ and the equations are linearized at each sub-
sampling instant.

dbx t j j

dt
= f (bx j j j ¡ 1; u j ; t j ; µ) + A (bx t ¡ bx j ) + B (u t ¡ u j )

[tk j ; tk j +1 [ (E.1)

dbP t j j

dt
= A bP t j j + P t j j A T + ¾¾T t 2 [tk j ; tk j +1 [ (E.2)

using same shorthand notation as in Table 4.1. An analytic solu-
tion to the linear di®erential equation is found in each sub-sampled
interval as for linear models.
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2. Numerical ODE solution usingAdams method with predictor-corrector
scheme, for non sti® systems. The principle is as follows (shown for
one dimension in order to keepfocus on the method).

The task is to solve initial value problem:

dx
dt

= f (t; x) x(tk ) = c (E.3)

The well known Euler method is to divide into subintervals and ap-
proximate the derivative dx

dt with di®erencequotient (exk+1 ¡ exk )=h,
where exk denotesa numerical approximation to xk and h denotesthe
length of the interval. This leadsto the di®erenceequation

exk+1 ¡ exk

h
= f (tk ; exk ) or exk+1 = exk + hf (t; exk ): (E.4)

The weaknessof the Euler's method is that the step needsto be small
in order to obtain acceptableaccuracy (Burden & Faires 1989). The
Euler's method is called a one step method becausethe approxima-
tion t point tk only involves information from one previous point.
Methods using approximations k previous values are called k step
methods or kth order methods. Adams predictor-corrector scheme
is a multi step method. An example of a predictor-corrector scheme
can be a fourth order Adams-Bashford, for predicting bx4

bx (0)
4 = bx3 +

h
24

[55f (t3; bx3) ¡ 59f (t2; bx2) + 37f (t1; bx1) ¡ 9f (t0; bx0)]

(E.5)
then the predicted value bx (0)

4 is usedin a three order Adams-Moulton
formula

bx (1)
4 = bx3 +

h
24

[9f (t4; bx (0)
4 ) ¡ 19f (t3; bx3) + ¡ 5f (t2; bx2) + f (t1; bx1)]

(E.6)
Equations like Eq.(E.6) are known as implicit formulas since bx4 oc-
curs on both sides. Summarizing; the ¯rst equation is usedto predict
the value x4 and the predicted value is then used in the latter, im-
plicit formula equation for improving (correcting) the approximation
obtained by the explicit formula Eq.(E.5), a detailed description of
the method can be seenin (Dahlquist & BjÄorck 1988).

3. Numerical ODE solution using the Backward Di®erenceFormula,
There exists several BDF formulas, in (Dahlquist & BjÄorck 1988) it
is formulated as:

hD = ¡ ln(1 ¡ r ) = r +
1
2

r 2 +
1
3

r 3 + : : : +
1
m

r m (E.7)
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Linear Model Nonlinear Model

Adams medhod

Solution of a nonliear
zero point equation

1st order Taylor approx.

Filtering methods

BDF

Linear Equation

Subsampling

Solved analytically

Subsampling approx.

Predictor�Corrector
scheme

Figure E.1: Overview of the ¯ltering methods in the program CTSM.

or

hf (xk+1 ) = r xk+1 +
1
2

r 2xk+1 + ¢¢¢+
1
m

r m xk+1 m · 6 (E.8)

i.e.

0 = ¡ hf (xk+1 ) + r xk+1 +
1
2

r 2xk+1 + ¢¢¢+
1
m

r m xk+1 m · 6

(E.9)
where r is the backward di®erenceoperator and D is the di®erenti-
ation operator. As m increasesthe local truncation error decreases,
but the stabilit y properties becomeworse(Dahlquist & BjÄorck 1988).
Hence,the numerical task is to solve a non-linear zeropoint problem,
often implemented by using "Newton-lik e" formulas.

Figure E.1 shows an overview of the ¯ltering methods.

E.3 Optimization routine

The optimization method used in CTSM is a quasi-Newton method based
on the BFGS updating formula and a soft line search algorithm to solve the
non-linear optimization problem Eq.(4.12). In analogy with ordinary Newton-
Rapson methods for optimization, quasi-Newton methods seeka minimum of
the non-linear objective function, the likelihood function ¡ ln(L (µ ; YN )). In
this section this will be denoted by F (µ) i.e., de¯ne the short term notation
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F (µ) = ¡ ln(L (µ ; YN )) The minimum is found where the gradient is zero, i.e.,

rF (µ) = 0: (E.10)

As well as the Newton-Rapson,the quasi-Newton is basedon the Taylor expan-
sion of ¯rst order of the gradient rF (µ).

rF (µi + ±) = rF (µi ) +
@rF (µ)

@(µ)

¯
¯
¯
¯
µ= µ i

± + o(µ): (E.11)

the partial derivative in Eq. (E.11) is the Hessian.The gradient is approximated
by ¯nite di®erenceapproximation and the Hessianis updated with the BFGS
updating formula, see(Kristensen et al. 2003) for mathematical formulas.

The optimization routine is a routine which ¯nds minima within the limited
area. i.e., not on the boundary. Thus the constrains must be de¯ned such that
the optimum parameter values is in betweeni.e.,

µmin
j < µj < µmax

j : (E.12)

The traditional way of attacking this task is to to de¯ning a new objective
function bF (µ) by adding a penalty function P(¸; µ; µmin

j ; µmax
j ) to the objective

function F (µ)
bF (µ) = F (µ) + P(¸; µ; µmin

j ; µmax
j ): (E.13)

A proper choicesof Lagrangemultiplier ¸ , and the limiting valuesµmin
j and µmin

j
the penalty function has no in°uence of the estimation. However, the penalty
function will force the ¯nite di®erencederivative to increasewhen µj is closeto
one of the limits.
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F.1 In tro duction

When a system consistsof more than one ¯rst order di®erential equations the
possibility of sti®ensarises. The phenomenonof sti®nessis di±cult to de¯ne
in precisemathematical turns in a satisfactory manner (Lambert 1991). Sti®-
nesshas to do with numerical stabilities and step-lengths. A frequently used
statement is:

[S1]: Sti®nessoccurs whenstability requirements, rather than thoseof accuracy
constrain the step-length.

Another statement is:

[S2]: Sti®nessoccurs when somecomponents of the solution decay much more
rapidly than others.

Broadly speaking this meansthat there are di®erent time scalesin the system.
A frequently usedde¯nition is

[S3]: A linear constant coe±cient system is sti® if all of its eigenvalueshave
negative real part and the sti®nessratio is large.

The sti®nessratio is de¯ned as¸ max =¸ min if the eigenvaluesare Real (as in this
project). Frequently the ratio ¸ max =¸ min is called the matrix condition number
(Montgomery & Runger 2002). Furthermore, (Montgomery & Runger 2002)
state that if the condition number is lessthan 100the systemis non-sti®whereas
it stars to show sti®nesscharacteristics when the condition number exceeds100.

In (Lambert 1991) there is shown that noneof thesestate ments quite cover the
phenomenaof sti®ness.In (Lambert 1991) the following de¯nition is used

[S4]: If a numerical method with a ¯nite region of absolute stability, applied
to a systemwith any initial conditions, is forced to use in a certain interval of
integration a step-lengthwhich is excessivelysmall in relation to the smoothness
of the exact solution in that interval, then the systemis said to be sti® in that
interval.

In non-linear systems, the Jacobian @f =@x can be calculated and the char-
acteristics of the Jacobian can be studied. For more about sti® systems see
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(Lambert 1991).

Consider system

x
0

1 = ¡ 2x1 + 1x2 x1(0) = 1

x
0

2 = 998x1 ¡ 999x2 x2(0) = 1 (F.1)

A solution to this equation is:

x1 = e¡ t + 1e¡ 1000t (F.2)

x2 = e¡ t ¡ 998e¡ 1000t (F.3)

The e¡ 1000 term is completely negligible in determining the valuesof x1 and x2

as soon as one is away from the origin. However, a general forward equation
would demand a step sizeh ¿ 1=1000for the method to be stable.

In general for a set of linear di®erential equations:

dx
dt

= ¡ C x x (t0) = c (F.4)

where C is a positive de¯nite matrix. A ¯rst order Euler yields

ex k+1 = (I ¡ C h)ex k = (I ¡ C h)n +1 ex 0 (F.5)

A matrix A n tends to zero as n ! 1 only if the largest eigenvalue of A has
magnitude less then unit y, thus ex n is bounded as n ! 1 only if the largest
eigenvalue of (I ¡ C h) is lessthan 1, or

h <
2

¸ max
(F.6)

where ¸ max is largest eigenvalue of the matrix C . Implicit di®erencesis

ex k+1 = ex k ¡ hC ex k+1 (F.7)

or

ex k+1 = (I + C h)¡ 1ex k (F.8)

if the eigenvaluesof C are ¸ the the eigenvaluesof (I + C h) ¡ 1 are (1 + ¸h )¡ 1

which has magnitude less than h for all h, thus the method is stable for all
step sizesh. This explains why implicit methods are desirableoption when the
system is sti®. Note that the penalty for the stabilit y of the implicit methods
is that the inverseof a matrix must be found at each step.
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F.2 The sti®ness of the non-linear system in Pa-
per [B ]

The non-linear system in Paper [B] is a sti® system. Furthermore, the system
swings between being singular to being sti® to being singular again which is a
real computational challenge,which succeededto accomplish.

The system is sti® in that sensethat the method controls the convergence. In
order to achievea solution at all, and to achievea stablesolution it wasnecessary
to usean implicit method for ODE solver as described in Section E.2

Furthermore, it is also sti® with respect to the sti®nessratio as in [S3].

The linear approximation (a part of the Jacobian) to be consideredis the partial
drievetive with respect to the state variables in the state spacemodel:

A =
@f
@x t

¯
¯
¯
¯
x = bx j j j ¡ 1 ;u = u j ;t = t j ;µ

(F.9)

which is
0

B
B
B
B
B
B
B
B
B
B
@

¡ a 0 0 0

¡ pddÁ(Ts)ª( N ) ¡ pddTsÁ(Ts)ª 0(N ) 0 0
¡ pddTsÁ0(Ts)ª( N ) ¡ cPÁ0(Ts)

0 ¡ pddTsÁ(Ts)ª 0(N ) ¡ (f + k1) 0

0 0 f ¡ k2

1

C
C
C
C
C
C
C
C
C
C
A

(F.10)

The matrix is a lower diagonal matrix and thus the eigenvalues are the values
on the diagonal. The values¡ a, ¡ (f + k1) and ¡ k2 are constants which values
varies from 0.05 to 5, seeTable 1 in Paper [B]. The largest is 100 times the
larger than the smallest and according to (Montgomery & Runger 2002) then
the system beginsto behave sti®.

Figure F.1 shows the threshold function for the snow container ©(N ) and Figure
F.2 shows its derivative ©0(N )

When there is enoughsnow to melt the function ¡ pddTsÁ(Ts)ª 0(N ) is zeroand
the system is singular. In the transforming period then there is little snow left
to melt and N convergesto zero the derivative alters from being 0 to about 80
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Figure F.1: The threshold function for snow
ª( N ) = 100exp(¡ 100exp(¡ 200N )).
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Figure F.2: The derivative of the threshold function for snow.

or even larger during the optimization procedure. Hence, the eigenvalue alters
from being 0 to being about 4, depending on the value of the temperature T
and then the derivative becomeszero. During the optimization the numerical
routine usesa singularity route or a non-singularity routine depending on the
situation. In the shifting phasesomeeigenvaluescan be very small, resulting in
a large sti®nessration.

It wasnecessaryto have the threshold function for snow, Psi(N ) steepto secure
nonnegative values in the snow container. However, the steeper the threshold
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value, the larger is its derivative, resulting in the sti®er system.
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