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Summary

In this PhD project seweral stochastic modelling methods are studied and ap-
plied on various subjects in hydrology. The researd waspreparedat the Depart-
mernt of Informatics and Mathematical Modelling at the Technical University of
Denmark.

The thesisis divided into two parts. The rst part contains an introduction and
an overview of the papers published. Then an introduction to basic concepts
in hydrology along with a description of hydrological data is given. Finally an
intro duction to stochastic modelling is given.

The secondpart cortains the researt papers. In the researd papers the sto-
chastic methods are described, as at the time of publication these methods
represen new cortribution to hydrology. The secondpart also contains addi-
tional description of software usedand a brief intro duction to sti® systems. The
systemin one of the papersis sti®.

In Paper a conditional parametric modelling method is tested. The data
originate from a waste water treatment plant in Denmark, and consistsof pre-
cipitation measuremets and °ow in a sewage system. The goal is to predict
the °ow and the predictions are to be usedfor automatic control in the waste
water treatment plant. The conditional parametric modelling method is a black
box method. The characteristic of such a model is that the model's parameters
are not constarts, but vary as a function of someexternal variables. In Paper
[A] two types of conditional parameter models were tested; a conditional FIR
model and a conditional ARX model. The parameter variation is modelled as
a local regressionand the results are signi cant improvemerts comparedto the



traditional linear FIR and ARX models. The method of conditional parameter
modelling is also good for sensitivity analysissinceit can be usedto investigate
how parameters change when external variables/circumstances change. These
investigationsmight then be usedfor further (more global or even more physical)
modelling developmert.

In Paper [B] the grey box modelling approad is used, by using Stochastic Di®er-
ential Equations. The parameter estimation is performed by useof the program
CTSM (Continuous Time Stochastic Modelling). The "eld of study is the tra-

ditional rainfall-runo® relationship in a large watershed with one precipitation

measuremen station, one discharge measuremeh station and snowv accumnula-
tion during winter. The rainfall-runo® relationship is thus both non-linear and
non-stationary. Furthermore, the systemis sti®, and advanced statistical and
numerical methods must be used for parameter estimation. The model struc-
ture is kept simple in order to be able to identify all the model parameters.
The casestudy is from a 1132km? mountainous areain northern Iceland with

altitude range of about 1000 m. The model performs well, despite of the fact
that the input seriesis only onesingle seriesof temperature and one single series
of precipitation, measuredin the valley, closeto the river mouth.

In Paper [C] the topic is a drought analysisin a resenoir related to a hydropower
plant. A stochastic model is developed and the model is usedto simulate a time
seriesof discharge data which is long enoughto achieve a stable estimate for
risk assessmenof water shortage. Sincethe available data are usedto design
the hydropower plant, it is demonstrated that the only way to estimate the
risk of water shortage during a hydropower's lifetime is by using a stochastic
simulation.

In Paper [D] the data originate from a small creekin Denmark with two mea-
suremern stations. The subject is °ow routing where the upstream °ow is used
as an input for modelling the downstream °ow. As in Paper [B], the grey box
modelling approad is used, by using Stochastic Di®erertial Equations and the
parameter estimation is performed by useof the program CTSM. The model for-
mulation is a linear resenoir model. However, the non-measuredlateral in°ow
betweenthe two measuremen stations is modelled as a state variable and thus
a dynamic estimate of the °ow is achieved. This can be useful when modelling
chemical processesn the water.

In general,the papersshawv the advantagesof stochastic modelling for describing
both non-linearities and non-stationariesin hydrological systems.



Resume

| dette Ph.D. projekt er forskellige stokastiske modelleringsmetader studeret og
afpr¢ vet inden for forskellige omraderi hydrologi. Forskningenhar v¥ret udfe rt
ved Informatik og Matamatisk Modellering, DTU.

Afhandlingem er delt i to dele. Den f¢rste del indeholder en indledning og
en oversigt over re artikler, skrevet somen del af forskningsarbejdet. Dern%sst
kommerenintroduktion til grundl¥2ggendebegreker i hydrologi sant enbeskriv-
elseaf hydrologiske data. Til slut er der en introduktion til stokastisk model-
lering.

Anden delindeholder de 4 artikler, hvor de stokastiske metoder, ogis¥zr hvordan
disse metoder yder nye bidrag til den hydrologiske videnskab, er beskrewet.
Anden del indeholder og& en nYarmere beskrivelse af software samt indledning
til den matematiske analyseaf stive systemer.

I Artik el [A] er betinget parametrisk modellering afpr¢ vet. De data, sombruges,
stammer fra et rensningsanl¥zgi Danmark. Disse data bestar af nedb¢ri et
afstr¢, mningsomfade og afstr¢, mningsnalinger i omradets kloaksystem.

Formfalet er en forudsigelseaf afstre mningen med de form&l at bruge forudsi-
gelsernei automatisk kontrol i rensningsanl¥zggetdriftsystem. Den betingede
parametriske modelleringsmetade er en black box metode. Kendetegnet ved
dennetype af modeller er, at modellens parametre ikke er konstante, men ¥2n-
drer sig som funktioner af ydre forhold. | Artik el er afpr¢vet to typer af
betingede parametriske modeller: Betingede FIR modeller og betingede ARX
modeller. Parametrenesdynamik er modelleret ved lokal regression,og resul-
taterne er en markant forbedring i forhold til de traditionelle lineYsre FIR og



ARX modeller. Den betingede parametriske modelleringsmetade er og$ nyt-
tig i f¢lsomhedsanalyserda den kan brugestil at unders¢,gehvordan parame-
trene Y2ndrer sig efter Y2ndringer i de ydre forhold. Dennetype af unders¢ gelse
kan brugestil videre modeludvikling, evertuelt til udvikling af mere fysisk ud-
formede modeller.

| Artik el [B] er grey box modelleringsmetaden brugt, ved at bruge Stokastiske
Di®erertial Ligninger. Parameterestimationener udf¢rt ved at bruge program-
met CTSM (Continuous Time Stochastic Modelling). SammenhYzngemmellem
nedb¢ rogafstr¢, mning fra et stort opland er studeret. Om vinteren falder nedbg¢ r
bade somregn og snei bjergene. Sneensamlesop somvand i elven om foraret.
AfhY¥zngigheden mellem nedb¢r og afstrg mning er derfor ikke lineYzr og ikke
station¥ar. Desudener systemetstift, hvilket g¢r avanceredestatistiske og nu-
meriske metoder n¢ dvendige. Modellens struktur er enkelt formuleret, saledes
at alle modelles parametre kan identi ceres. Data stammer fra en elv i det
nordlige Island. Oplandet er 1132km? med en h¢jdeforskel pa 1000m. Selhom
modellen kun bruger §n nedb¢ rsserieog §n temperaturserie som input, virker
modellen overordenlig tilfredsstillende.

Emnet i Arik el [C] er en analyse af risikoen for t¢mning af et vandmagasini

en°od i Island, somvil forarsageelsvigt fra det tilsluttede vandkraftvyark. En

stokastisk model er udviklet, og den er brugt for at simulere en afstr¢ mnings-
dataserie,somer lang nok til at oprfa et stabilt estimat for risiko for t;,mning af
vandmagasinet. Det er vist, at den enestetilfredsstillende nfadetil at estimere
risikoen for t¢mning af vandmagasineti vandkraftv¥zrkets ¢ konomiske levetid,

brugning af stokastisk simulation, da alle de eksisterendedata er brugt til at de-
signevandkraftvzrket og magasinet. Popul¥zre ingeni¢ rm¥sssigenetoder somf.

eks. sumkurvemetoden kan ikke Handtere h¥zndelsermed I¥2ngere gertagelses-
perioder end nfaleseriensl¥zngde.

I Artik el [D] brugesdata, som stammer fra en lille @ i Danmark med to nfale-
stationer i @en. Emnet er at forudsige vandh¢ jdenved nedstr¢ mspunkteti sys-
temet p& basisaf malinger ved opstr¢, mspunkteti systemetsant nedbg¢ rsnfalinger.
Lige som i Artik el [B] er grey box modelleringsmetaden brugt ved at bruge
Stokastiske Di®erertialligninger, og parameterneer estimereti programmet CT-

SM. Modellens formulering er en line¥ar reserwoir model, dog med den utradi-

tionelle tilf¢ jelse, at den ikke mfalte indstr¢mning imellem de to stationer er
indf¢rt som en tilstandsvariabel. Dette medf¢rer, at indstr¢ mningen mellem
de to stationer er estimeret dynamisk. Det har den fordel, at resultaterne kan

bruges, far kemiske prosesserskal modelleres.

Generelt viser artiklerne fordele ved at bruge stokastisk modellering, der kan
brugestil at analyserebade ikke linearitet og ikke stationaritet i hydrologiske
systemer.



Preface

This thesisis a part of the ful'llment in completion of the PhD degreein engi-
neering at the Department of Informatics and Mathematical Modelling (IMM)

at the Tedhnical University of Denmark. The projects where carried out at the
IMM and at the National Energy Authorit y in Iceland.

Di®erert stochastic models have been dewveloped and tested on di®erert hy-
drological problems. The main focus is on the modelling methodology, the
parameter identi cation and the importance of stochastic modelling in general.
The thesis consistsof a summary report, a short introduction to hydrology, as
well as an introduction to stochastic modelling. Furthermore, a description of
software and introduction to sti® system can be be found in appendices,along
with a collection of four researt papers, already published or to be published.

Reykjavik, June 2006
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Harpa Jonsdottir
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Chapter 1

The theme

This thesisis a compilation of a PhD project at the Institute of Informatics and
Mathematical Modelling, at the Tecnical University of Denmark. The "eld
of researt is stochastic modelling in hydrology. New methods are tested and
applied to di®erert hydrological problems. A description of statistical/n umerical
methods and the results of the applications are found in the papers[A]-[D].

1.1 Overview of papers included

The hydrological subjects are on very di®eren scalesand with di®eren aspects.
The researd is within the “eld of statistics aswell aswithin hydrology and in all
of the researd projects, empirical measuremets are usedto estimate unknown
parameters.

1.1.1 Paper [A]
Conditional parametric models for storm sewer runo®

In Paper[A], the data originates from a wastewater treatment plant in Denmark.
The treatment plant is the outlet of a sewage systemwith a watershedof 10.89
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km?. The sewagesystemis built in the traditional manner with pipesand node
points for pumping stations. Figure 1.1 shows a sketch of a sewage system.

Waste water
Treatment
plant

station

Pu
Staten

Figure 1.1: The sewagesystem

The input data is precipitation, measuredat the waste water treatment plant.

The output data is excess°ow data from the last pumping station before the
treatment pIant.E The goalis to predict the °ow in the last pumping station and
usethe predictions for on-line automatic cortrol in the waste water treatment

plant. Black box modelshave provento provide good predictions in hydrological
systemse.g., Carstensenet al. (1998) and thus such methods weretested. Linear
FIR and linear ARX models were unsatisfactory and thus non-linear methods
were used. The non-linear e®ectsare mainly due to two factors; seasonaliy in

the balance and saturation/threshold in the pipe system. Large parts of the
measuredprecipitation do not enter the sewage system but evaporate or in'I-

trate into the ground. The in'Ttration rate dependson seweral factors and the
wetnessof the root zoneplays an important role. Similarly, many factors a®ect
the evaporation and especially the temperature plays a major role. Becauseof
seasonabariations of temperature, plant growth and other physical factors, the
variation of inTtration and evaporation varies seasonallyand consequetly the
water balancedoestoo. The other non-linear e®ect,the saturation/threshold is

1The base °ow in the sewage system, also known as dry weather °ow, does not originate
from rainfall. Consequertly, the base °ow is subtracted from the °ow data and the resulting
°ow, the excess®ow is used in the modelling approach.
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Figure 1.2: Fnjoskadalur. (Photo Oddur Sigurdsson)

a consequencef limited capacity of the pumps in the sewage system. When a
large amount of water enters the systemthe pump stations in the node points
cannot sene all the water. Thus, water accumulates behind the pumping sta-
tions waiting to be served. During a very heavy rain storm the water ernters
the treatment plant with a delay, as comparedto a normal rain storm. These
two factors were taken into accourt in a conditional parametric model. Condi-
tional parametric models are modelswherethe parameterschangeasa function
(conditioned) of someexternal variables. In this casethe parameters changed
as a function of seasonaliy and as a function of water quartity in the system.
The method of conditional parametric modelling is a signi cant improvemert
comparedto traditional linear modelling.

1.1.2 Paper
Parameter estimation in a stochastic rainfall-runo®
mo del

The subject in Paper[B] is a classictopic in hydrology, the rainfall-runo® re-
lationship. The data originates from a 1132 km? mountainous watershed in
Iceland. Figure shows a part of the watershed. It shaws the valley Fn-
joskadalur and the river Fnjoska. The altitude range is about 1000 meters,
stretching from 44 m to 1083m. More than 50% of the watershedis above 800
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Figure 1.3: A sigmoid function with certer 4 and scaleparameter 1.

meters. The water level gaugeis down in the valley, closeto the river mouth.
One meteorologicalobsenatory is in the watershedand it is locatedin the valley.
Thus no meteorologicalobsenatory is located in the highlands nor closeto the
watershedin the highlands. The scarcity of meteorologicalobsenatories is well
known in sparsely populated areasaround the world, especially in mountain-
ous areas. Becausethe watershedis large, and with a large altitude range, the
weather condition in the watershedcan be very di®erernt depending on location
in the watershed. Furthermore, during winter, snowv accurrulates, and melts in
spring, resulting in large spring °oods in the river. Despite of limited data, a
rainfall-runo® relationship was required. It was chosento dewvelop a stochastic
conceptual model, and it is found necessaryto usea stochastic model sincetoo
many e®ectsare unknown and/or not measured.

The system is modelled in a cortinuous time by using stochastic di®erertial
equations. The model structure is kept as simple as possible and with as few
parameters as possiblein order to be able to usethe data to estimate the pa-
rameter values. The stochastic di®erertial equationsdescribe a resenoir model
with a show routine. The watershedis not divided into elewation zones,but a
smooth threshold function is usedin the snow routine both for accunulation
and melting, using positive degreeday method. The smooth threshold function
is the sigmoid function,

1
1+ exp(oi biT)
whereT istemperature, by and b; are constarts. The constart by is the center of

the sigmoid function and b, controls the steepness.Figure [1.3 shows a sigmoid
function with certer by = 4 and scaleb, = 1.

A(T) =

(1.1)

In Figure the modelling principle is illustrated. Precipitation enters the
system and is divided into snaov and rain, depending on the temperature. It
can be rain only, snowv only and partly snow and rain. The rain enters the rst
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Figure 1.4: The modelling principles.

resenoir which delivers water partly directly into the river and partly into the
secondresenwoir that nally delivers the water into the river. The snow, how-
ever, erters the snow cortainer and stays in the snaov container until it melts,
and is then delivered into the rst cortainer. As mertioned earlier, the same
smooth threshold function is usedfor precipitation division and snonv melting.
Thus, at a sametime a precipitation can be divided into partly rain and partly
snow while someratio of the snow is melting. This modelling method computes
precipitation division and melting on an averagebasis. This works well, partic-
ulary sinceno meteorologicalobsenatory is located in higher altitudes so that
temperature lapserate and precipitation lapserate can be estimated and used
as a basisfor elewation division.

During the winter the snow cortainer, becauseof its nature, swallows the snov
and accurrulates it until the temperature rises and the snow beginsto melt.
During the melting, the snow cortainer delivers water into the system until
the snaw cortainer is emptied. During summer, the snow cortainer is inactive.
Consequetly, the snow routine causesthe systemto be both non-linear and
sti® and, therefore, ditcult to cope with numerically.

The parametersare estimated by using the program CTSM (Continuous Time
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Data:
Input/Output

Data:
Input

Optimize
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updating

Parameters A
>
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——

Model
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Figure 1.5: The input and output for di®erent optimization principles.

Stochastic Modelling) (Kristensen et al. 2003). The estimation method is the
maximum likelihood method and the principle of extended Kalman TTter is
used. Three di®erert Ttering methods or ODE solvers are implemernted and
it depends on the system's sti®nesswhich one is the "optimal" to use. Fur-
thermore, it is possibleto chooseto optimize the parameterswith or without
the traditional Kalman Tter updating. Figure illustrates the optimization
principles. The optimized parameter valueswill not be the samewe call them
A and B. Optimization with Kalman “Tter updating results in a parameter Set
A and those parameters are optimal for making model prediction. Contrarily ,
optimization without Kalman “Tter updating results in parameter Set B which
is optimal for making model simulations if the true model exists.
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1.1.3 Paper
Assessment of serious water shortage in the Ice-
landic water resource system.

The topic in Paper[C] is a risk assessmeanof a water shortagein a hydropower
plant. The data originatesfrom the river Tungnaqin southernlceland, measured
at Mariufossar. The watershedis 3470km?, of which 555 km? is glacier. The
data consist, of daily values of discharge over a period of 50 years. Figure
shaws a hydropower plant and the corresponding resenwoir. The water in the
resenoir is led to the hydropower plant in pipes,locatedin the mountain, and if
necessanbypass°ow is led into the canyon which is on left side of the resenoir.

Figure 1.6: The hydropower plant Burfell and its resenwir. (Photo: Oddur
Sigurdsson)

When a hydropower plant is designed,two major quartities are takeninto con-
sideration. One is the regulated “ow, Q; g, Which is the “ow of water delivered
into the hydropower plant for electricity production. The other quartity is the
size of the resenwoir, V. For a given regulated “ow Qg and for a given dis-
charge series,a volume V exists, which is the smallest volume that can secure
regulated “ow Qyeq. The largest possibleQ, ¢y Which can be served without any
water shortage is the mean value of the discharge. The relationship (Qyeg.V)
is known asthe regulation curve. Figure 1.7 shows the regulation curve for the
discharge seriesat Mariufossar.
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9 Regulation curve
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Figure 1.7: The regulation curve.

All available data are usedto construct the regulation curve, and using a di®er-
ent dischargeserieswill leadto another regulation curve. Thus, for a given point
(Qreg; V) on the regulation curve, the risk of a water shortageis zero using the
data serieswhich wasusedto construct the regulation curve. Howewer, whenthe
hydropower plant has beendesignedby choosing (Qieg; V), the future discharge
serieswill not be exactly the sameasthe past discharge seriesand, thus, water
shortage might occur. Consequetly, a stochastic model must be developed in
order to construct a simulated discharge seriesto be usedfor risk assessmen
It is very important to have an estimation of the risk of water shortagein the
lifetime of the hydropower plants, about 30-60years.

A stochastic periodic model in the spirit of Yevjevich, (Yevjevich 1976) was
deweloped and the available data were usedto estimate the parametersin the
stochastic model. The stochastic model is then usedto simulate °ow seriesin
order to estimate the water shortage probabilities. The goalis to estimate prob-
abilities of rare evernts and it turned out that it was necessaryto simulate the
daily °ow for 50000yearsin order to achieve a stable estimate of the risk of
water shortage. Using the simulated data it wasconcludedthat the water short-
age probabilities can be described by the Weibull distribution. However, even
though the distribution of the water shortageprobabilities is known, simulations
are required in order to estimate the parametersin the distribution.
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1.1.4 Paper [D]
A grey box model describing the hydraulic in acreek.

In Paper[D] the subject is °ow routing in a creek in a small watershed, in
Northern Zealand in Denmark. The exact size of the watershedis not known.
There are two measuring stations in the creek, seeFigure 1.8. The available

L =2191m
I |
* o 0 > - ~—— —~ &~
R A R B
A: Station A B: Station B
Kokkedal Nive mglle

R: Rainfall runoff outlet

Figure 1.8: A sketch of the areain Usserdl river.

data are precipitation and depth at two locations in the creek. The goal is to
“nd a relationship betweenthe depth at the upstream station and the depth
at the downstream station and to predict the output depth at the downstream
station. The Saint Venart equation of mass balance is used as a basis and
the lateral inow between the two measuring stations is modelled as a “rst
order processwith precipitation asinput. The resulting model is a stochastic
linear resenoir model described in cortinuous time by stochastic di®ereial
equations. The model is, however, di®erert from the traditional resenoir model
in that the lateral in°ow of water betweenthe two measuringstations is a state
variable in the model and estimated by use of the Kalman Ttering technigue.
This can be usedin an environmental context so that it might be possibleto
estimate the conceriration of chemical concerrations in the lateral in®ow if
the corresponding chemical concerirations are estimated both upstream and
downstream. This can be very valuable in an environmental analysis. The
program CTSM was usedto estimate the parameters.

1.2 Comparison of the models

The hydrological subjects in this PhD project are on very di®eren scalesand
with di®eren aspects. Howewer, all the projects are within the theory of hy-
drology. Thus the physical law, consenation of massis the fundamertal law.
In hydrology this can be referred to asthe storage e®ect i.e., what comesin is
either stored or comesout, seeFigure 1.9,
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Figure 1.9: The storage e®ect

The storage equation is written

ds _ _
=01 QW 12)

where | (t) is the input, Q(t) is the output and S(t) is the storage. The change
in storageis the di®erenceof input and output. All the projects/papers have to
do with the storagebut in di®eren aspects.

The di®erent storageinterpretations can be seengraphically in Figure 1.10. In
the following the di®erert storage e®ectsare summarized whereasan overview
of the included papers are given in section 1.1

The subject of Paper[A] is a rainfall-runo® relationship in a sewage system.
The input is precipitation and the output is excess’ow. The storageis twofold
Firstly the storageis the time lag betweeninput and output and, secondly the
storageis the long term storage. The model is an input-output model or a black
box model, and since the input is precipitation and not e®ectie precipitation

the massbalance is not consened in the model. This can be interpreted so
that the storage container either swallows the rain or storesit on a long term
basis. However, water comesout of the system eventually. Part of the water
evaporates and someis permeated by plants. However, large part in ltrates

into the root zoneand becomesgroundwater and can evertually be obsened in
creeksand rivers.

The subject in Paper[B] is alsoa rainfall-runo® relationship, the input is precipi-
tation and the output is discharge. The model is not a massbalancemodel, since
evaporation/transpiration are not takeninto accourt, and the base®ow is repre-
serted by a constart. However in this project there is no swallowing, a balance
betweeninput and output exists, only the "up-scaling” of the precipitation mea-
suremerts is underestimated due to the amount of evaporation/transpiration
and groundwater cortribution. In this project the storageis time delay. It is
a short-term time delay between rain and discharge during the summer and
becauseof the snow storageit is a long-term time delay during winter time.

The topic in Paper[C] is in a di®eren category. The topic is a risk assessmein
of a water shortagein a hydropower plant, i.e., the risk of emptying the reser-
voir. The input data is discharge seriesand the output is risk assessmen i.e.,
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Figure 1.10: Overview of the storage e®ect.

probabilities versusvolume of water shortage. This subject certainly involves
storage, and in fact this might be the most obvious form of storage, a storage
of water in a resenwoir, measuredin giga-liters, long-term storage of water from
year to year.

Finally the subject in Paper [D] is a °ow routing in a creek, the input is both
a precipitation and the upstream depth. The water level at the downstream
station is modelled as a function of the water level at the upstream station and
precipitation. This is a small creek with short distance between the stations
and no sub-creekmerging in between. Consequetly, the upstream water level
has the largest impact on the downstream water level. Hence,Sthe storageis
mostly the retention time betweenthe two measuringstations.
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1.3 Why stochastic modelling?

In an ideal world, where all phenomenahave beenbought in the supermarket
of physics, all occurrence can be described completely by physical equations.
Howeer, this is not the reality in our world, and particulary not in the “eld of
hydrology. Consequetly, use of stochastic models can be a useful option.

Models described by deterministic physical equation are often referred to as
white box models. The stochastic models can be grouped into grey box models
and black box models. The grey box models are described by physical equations
and a noisefactor. The noisefactor is an extra term which is dueto factors that
are not described by the physical factors. The black box models are built up in
such a way that statistical methods are usedto nd relation betweeninput and
output not necessarilybasedon physical processes.

The basicphysical equation in hydrology is the equation of consenation of mass
Eqg. (2.1). The change of masswithin a volume equalsnet out°ow of the vol-
ume, i.e., the di®erenceof the massof in°ow into the volume minus the mass
of out°ow out of the volume. In hydrology the cortrol volume unit is a wa-
tershed. The total volume is found by integrating over the ertire watershed,
and the change of massis found by the time derivative of the water inside the
volume (watershed). The net out°ow is found by in®ow and out°ow through
the watershed'sboundary. To carry out these calculations detailed information
about precipitation, evaporation, transpiration, inltration, surfaceruno® and
groundwater runo® must be known. Information must be available in the whole
watershed. In general such information doesnot exist and it is, therefore nec-
essaryto introduce stochastic terms in the models. Moreover, many of these
processesre highly non-linear and cannot be described perfectly with mathe-
matical equations, e.g.,the in'Ttration (Viessmané& Lewis 1996). Presertly not
enoughis known about the processedo describe the perfectly. These model
uncertainties re°ect the inability to represen the physical processby use of
deterministic equations and thus provide evidencefor the stochastic modelling
approad.

In addition it canbe arguedthat both geoptysical factors like the soil and many
of the meteorologicalfactors, indeed, have a stochastic behaviour. Moreover, use
of a stochastic model can provide information about uncertainties in prediction
(extrapolation) of the future.

Last but not the least, it is well known that the hydrological data are corrupted
by errors due to measuremen errors, both in the input data and output data.
Additionally , errors exist due to the transformation from the measuredvalues
to the valuesrequestede.g., transformation from water level measuremets to
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discharge.

1.4 Conclusion and discussion

The topic of this PhD project is stochastic modelling in hydrology and in all
of the papers, parameters are estimated by using data. Howewer, the statisti-
cal methods are of di®eren types. One paper presens conditional parametric
modelling, which is a black box type of model. Two paperspresert a parameter
estimation in models described by stochastic di®erertial equations, which are
semi-plysical models, or grey box models. Finally, one paper presens results
which can be achieved by stochastic simulations only.

The topic of the rainfall-runo® relationship hasbeena study of interest for cen-
turies. Numerous models of the rainfall-runo® relationship exist and it depends
on the circumstanceswhat kind of model is good to use, or possibleto use.
Sometimesdetailed information about the watershedis available while in other
caseghe information is scarce.Modelslike SHE (Abb ott et al. 198@), (Abb ott

et al. 1986), MIKE-SHE (Refsgaard& Storm 1995)and WATFLOOD (Singh &
Woolhiser 2002) are physically based,distributed models. Thesetypesof models
are often referredto aswhite box models. In a physically basedmodel the hydro-
logical processe®f water movemert are modelled either by nite di®erencerep-
resenation of the partial di®ereriial equations of mass,momertum and energy
consenation, and/or by empirical equations derived from independert experi-
mental researd. Spatial distribution of catchment parameterssud as rainfall

input and hydrological responseis achieved in a grid network. All the physical
processesre captured in the model, such as; interception, evapotranspiration,

etc. Howewer, as stated in (Refsgaard& Storm 1995), the application of a dis-
tributed, physically basedmodel like MIKE SHE requiresthe provision of large
amounts of parametric and input data. Moreover, the ideal situation where eld

measuremets are available for all parametersrarely occurs. Hence,the problem
of model calibration (parameter estimation) arises(Refsgaardet al. 1992) and
also a decision of optimization criteria (Madsen 2000).

Contrarily , black box models have also beenusedin rainfall-runo® modelling.
Black box models are completely data based,i.e., the model structure is deter-
mined by statistical methods and the data is usedto estimate the parameters
of the model.

In the 1970'ieslinear black box models such as FIR and ARMAX models were
quite popular, and in somecasesthey provide acceptableresults. Nevertheless
the rainfall-runo® processis believed to be highly non-linear, time-varying and
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spatially distributed, e.g., (Singh 1964). With increasedcomputer power non-
linear models have becomemore popular. (Todini 1978) preserted a threshold
ARMAX modelin a state spaceform. (Young2002)model time variations by in-
troducing the SDP approad, (State Dependert Parameter approacd), which in
the caseof a non-linearity resultsin atwo stageDBM approad. In recert years,
various typesof non-linear models have beendeweloped such as neural networks
e.g., (Shamseldin1997) or (Hsu et al. 2002), Bayesian methods like (Campbell
et al. 1999), fuzzy methods, e.g., (Chang et al. 2005)and non-parametric models
e.g., (lorgulescu & Beven 2004). In Paper [A] and Paper [B] seweral models are
mertioned and (Singh & Woolhiser 2002) provides an overview of mathematical
modelling of watershed hydrology.

In Paper [A] the method of conditional parametric models is introduced in
hydrological modelling. A conditional parametric model is a semi parametric
model, a mixture of a non-parametric, (HArdle 1990) and a parametric black
box model. The name of the model originates from the fact that if the ar-
gumerts of the conditional variables are "xed, then the model is an ordinary
linear model, (Hastie & Tibshirani 1993),and (Anderson et al. 1994). In Paper
[A] the basic modelling formulation are FIR and ARX models, exceptthat the
models parameters are non-parametrically described as a function of external
variables. In the actual case,the parametersdepend on the seasonand on the
volume of water in the sewage system. The conditional variation is estimated
by useof local polynomials asdescribed in (Nielsenet al. 1997). The estimation
is accomplishedby using a software padkageLFLM (Locally weighted Fitting of
Linear Models), which is an S-PLUS library padkage, see(Nielsen 1997). This
approad turns out to provide improvemeris comparedto linear modelling. By
studying how the parametersvary as the conditional variables changes. This
approach can also be usedin a seart for a more global modelling or structure
identi cation. Hence, the approad is also valuable as a tool for an analysis,
that might provide understanding of the system studied, usablein a grey box
model interpretation.

In Paper [B] the modelling principle of white box modelling and black box
modelling is combined in the grey box modelling approach. The principle is
to dewelop a simple model, but still physically basedin some sense,so that
the parametershave at least a semi-ptysical or average-plysical interpretation.
However, the model is kept simple enoughsothat the available data can be used
for parameter estimation. The model is formulated in a cortin uous-discretetime
state spaceform. The system equations consist of stochastic di®ererial equa-
tions. Hencethe estimated parameters can be directly physically interpreted.
The parameter estimation is a Maximum likelihood method, basedon Kalman
‘Tter technique, for evaluating the likelihood function. This is implemented
in a software padkage called CTSM (Continuous Time Stochastic Modelling),
(Kristensen et al. 2003). One advantage of the stochastic state spaceapproat
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is that the model structure can be usedfor both prediction and simulation. The
parameterization canbe cortrolled in the software CTSM dependingon, whether
the model is to be usedfor prediction or simulation. In order to be able to esti-
mate all the parameters,the model is kept more simple in structure than many
of the existing conceptual models, such as the HBV model, (BergstrAm 1975)
and (Bergstrdm 1995)or the Tank model (Sugavara 1995). Someattempts have
beenmade for parameter estimation in a state spacemodels of similar type as
the modelin Paper [B]. (Lee & V.P.Singh 1999)applied an on-line estimation to
the Tank model, but only for one storm at a time, calibrating the initial states
manually. In (Georgakakoset al. 1988)the Sacrameito model, org. in (Burnash
et al. 1973), is modi ed and formulated in a state spaceform, but due to the
model's complexity only someof the parameters are estimated, which, indeed,
might result in locally optimal parameter values. The structure of the model
preseried in Paper[B] is simpler than in the two models mertioned above. In

(Bevenet al. 1995)it is stated that a number of studieshave suggestedhat there
is only enoughinformation in a set of rainfall-runo® obsenations to calibrate 4
or 5 parameters,which is about the number of physical parametersestimated in

Paper[B]. By usinga smooth threshold function for separatingthe precipitation

into snawv and rain instead of elevation division keepsdown the number of para-
meters. Physically this can be interpreted as somekind of averaging. The only
data required for estimating the parameters of the model is two input series;
precipitation and temperature and one output series,the discharge. In the light

of limited data comparedto the sizeand altitude range of the watershed. It is,
in indeed, very satisfactory how well the model performsin the casestudy. The
watershedis 1132km?, with an altitude range of about 1000m, and 50% of the
watershedis located above 800 m. The input series;temperature and precipita-
tion are measureddown in the valley, closeto the river mouth. The number of
physical parameter estimated is 8, additionally the initial statesand the states
variancesare estimated. The calibration period is 6 years, while the validation

period is 2 years (not usedin calibration). This modelling approac provides
a promising tool for further modelling in hydrology. Furthermore, (Kristensen
et al. 2004a) shoved that the stochastic state space model formulation gives
signi cantly lessbiasedparameter estimate than parameter estimates obtained
by the optimization method basedon deterministic model formulation. Seealso
Section4.7.

The topic in Paper [C] is a risk assessméenof electrical power shortage in a
hydropower plant. This is the same as risk assessmenof a water shortage
in the corresponding water resourcesystem. A water shortage is met by °ow
augmenation from resenoirs. The managemen of theseresenoirs are human
intervertions in the natural °ow. One of the major questionsin a simulation
analysis of the Icelandic power system is the performance of the resenoirs as
the electrical power systemis hydropower based. During a heavy drought, the
available water storagein the resenoir may not be suzcient to ful'll the demand
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and, consequetly, there will be a shortageof electrical power. It isthereforevery
important to have mathematical tools to estimate the risk of water shortage,
when searding for managemem methods. The method of using all available
°ow seriesin order to designa resenwoir, large enoughto sustain a prede ned
°ow output is well known in hydraulic engineering. The graphical version of
the method can be seenin (Crawford & Linsley 1964) and this principle is still
widely used. However, the method cannot predict the risk of water shortage.
Stochastic methods in hydraulic design have beenknown for quite sometime,
e.g., (Plate 1992), but they are not yet extensively usedin risk assessmen All
the available data are usedfor designof the hydropower plant. Thus it is clear
that the recurrencetime of a drought in the resenoir is large. Consequetly,
the subject is to estimate small probabilities, probabilities which are in the tail
of the corresponding distribution. A stochastic formulation of water shortageis
a peak below threshold study, see(Medova & Kyriacou 2000). The casestudy
is the river Tungna& in southern Iceland. The data seriesconsist of daily °ow
values over a period of 50 years. The mean value of the °ow is 80.7 m3/s.
As an example, the results in the casestudy showed that the probability of a
water shortage of 155 million m? is 0.5% and thus the recurrencetime is 200
years. A water shortage of this magnitude meansthat the power station is out
of order for about 3 weeks. If the economicallifetime of the hydropower station
is 50 years, the probability that a large drought like that will occur is 25%.
It is demonstrated that the only way to obtain a discharge serieslong enough
for calculating a stable estimate of the drought risk is to produce a seriesby
stochastic simulation.

The topic in Paper [D] is °ow routing. In a broad sensethe °ow routing may be
consideredas an analysisto trace the °ow through a hydrologic system, given
the input. Numerous routing techniques exist, e.g., (Chow et al. 1988) and
(Viessman& Lewis 1996). In Paper [D] a lumped stochastic model is developed
to describe the downstream water level as a function of the upstream water
level and precipitation. The Saint-Venart equation, e.g., (Chow et al. 1988),
is used for deriving a stochastic linear resenoir model, represened as a state
spacemodel in cortinuoustime by using stochastic di®erenial equations. The
parametersare estimated by using the program CTSM (Kristensen et al. 2003).
The principle of linear resenoir model was proposedby (Nash 1957) and the
conceptwas rst introduced by (Zoch 1934, 1936, 1937) in an analysis of the
rainfall-runo® relationship. The fact that the model in Paper [D] is stochastic
allows for data to be usedfor parameter estimation including the parametersre-
lated to the systemand obsenation errors. Furthermore, the model di®ersfrom
the traditional resenoir model since the non-measuredlateral in°ow of water
betweenthe two measuring stations is a state variable in the model and esti-
mated by useof the Kalman "Ttering technique. Using this in an ervironmental
context meansthat it might be possibleto estimate concerration of chemical
concerrations in the lateral in°ow if the corresponding chemical concerirations
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are measuredboth upstream and downstream. This can be useful in an envi-
ronmertal analysis. It is found that the grey box modelling approac provides
a strong modelling framework in °ow routing. The possibility to combine the
physical knowledgewith data information valuable. It enablesan estimation of
non-measuredvariablesand the stochastic approac makesit possibleto provide
uncertainty bounds on predictions and on parameter estimates.

In general it has been concluded that stochastic modelling in hydrology has
the advantagesof describing both non-linearities and non-stationaries. Further-
more, the grey box modelling approad provides a strong modelling approac
which opensup to possibility for combine prior physical knowledge with data
information. Hence, it bridges the modelling gap betweenthe statistician and
the physical expert.
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Chapter 2

Intro duction to hydrology

Water is the most vital substanceon the Earth, the principal ingredient of all
living things and a major force constartly shapingthe surfaceof the earth. The
“rst imagesof the surfaceof the Earth, asseenfrom the moon over two decades
ago helped visualizing the Earth as a unit, an integrated set of systems;land
massesatmosphere,oceans,and the plant and animal kingdom.

This chapter provides a brief intro duction to the conceptsin hydrology usedin
this project. The chapter is mostly basedon the books (Mays 1996), (Chow
1964) (Chow et al. 1988), (Burnash 1995), (Viessman & Lewis 1996), (McCuen
1989) and (Singh & Woolhiser 2002).

2.1 The history of water resources

The book (Mays 1996) gives an excellert overview of the history of water re-
sourcesand human interaction with water up to 18th certury. The following
paragraphsare mostly basedon this book.

Water is the key factor in the progressof civilization and the history of water
resourcescannot be studied without studying humanity. Humans have spert
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most of their history ashunting and food gathering beings. It is only during the
last 9000to 10000yearsthat human beingshave discovered how to raise crops
and tame animals. From Iraq and Syria the agricultural ewvolution spreadto the
Nile and Indus valleys. During this agricultural ewolution, permanert villages
took the place of a wandering existence. About 6.000to 7.000yearsago,farming
villages of the Near and Middle East becamecities. Farmers learned to raise
more food than they needed,allowing othersto spendtime making things useful
to their civilization. Peoplebeganto invent and develop technologies,including
how to transport and managewater for irrigation.

The “rst successfule®ortsto cortrol the °ow of water were made in Egypt
and Mesopotamia. In anciert Egypt the construction of canals was a major
endeaor of the Pharaohs. One of the “rst duties of provincial governors was
the digging and repair of canals, which were usedto °ood large tracts of land
while the Nile was °owing high. Problems of the uncertainty of the Nile °ows
were recognized. During very high °ows the dikes were washedaway and the
villages were °0oded, drowning thousands. During low °ow the land did not
receive water and no crops could grow. The building of canals cortinued in
Egypt throughout the certuries.

The Sumeriansin southern Mesopotamia built city walls and temples and dug
canals that were the world's “rst engineeringwork. Flooding problems were
more seriousin Mesopotamia than in Egypt becausethe Tigris and Euphrates
carried seweral times more silt per unit volume of water than the Nile. This
resulted in riversrising faster and changing their coursesmore often.

The Assyrians developed extensive public works. Sargonll invaded Armenia in
-714,discovering the ganat (Arabic name). This is a tunnel usedto bring water
from an underground sourcein the hills down to the foothills. This method of
irrigation spreadover the Near East into North Africa over the certuries and is
still used.

The Greekswere the rst to show the connection between engineeringand sci-
ence, although they borrowed ideas from the Egyptians, the Babylonians and
Phoenicians. Ktesibius (-285 - -247), invented sewral things e.g., the force
pump, the hydraulic pipe, the water clock. Shortly after Ktesibius, Philen of
Byzantium invented se\eral things, one of which was the water wheel. One
application of the water wheel was a bucket-chain water hoist, powered by an
undershot water wheel. This water hoist may have beenthe rst recordedcase
of using the energy of running water for practical use. Probably the greatest
Hellenistic engineer, was Archimedes (-287 to -212). He founded the ideas of
hydrostatics and buoyancy. The Hellenistic kings beganto build public bath
houses.
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The early Romans devoted much of their time to useful public projects. They
built roads, harbor works, aqueducts, baths, sewers etc. The Romans and He-
lenesneededextensive aqueduct systemsfor their fountains, baths and gardens.
They also realized that water transported from springs was better for their
health than river water. Knowledge of pipe making was in its infancy and the
dixcult y of making good large pipeswas a hindrance. Most Roman piping was
made of lead, and even the Romans recognizedthat water transported by lead
pipesis a health hazard.

The fall of the Roman Empire in 476 extendedover a 1000year transition period
called the Dark Ages. After the fall of the Roman Empire, water and sanitation
in Europe declined, resulting in worse public health.

During the Renaissancea gradual changeoccurred for purely philosophical con-
cepts toward obsenational science. Leonardo da Vinci (1452-1519)made the
“rst systematic studies of velocity distribution in streams. The French scien-
tist Bernard Palissy (1510-1589)showed that rivers and springs originate from
rainfall, thus refuting an ageold theory that streamswere supplied directly by
the sea. The French naturalist Pierre Perrault (1608-1680)measuredruno®,
and found it to be only a fraction of rainfall. Blaise Pascal (1623-1662)clari-
“ed principles of the barometer, hydraulic press,and pressuretransmissibility.
Isaac Newton (1642-1727)explored various aspects of °uid resistance(inertia,
viscosity and waves).

Hydraulic measuremets and experiments °ourished during the eighteenth cen-
tury. New hydraulic principles were discovered, such as the Bernoulli (1700-
1782) equation for forces preseri in a moving °uid and Chezy's (1718-1798)
formula for the velocity in an open channel °ow, also better instruments were
deweloped. Leonard Euler (1707-1783) rst explained the role of pressurein
°uid °ow and formulated the basic equation of motion.

Conceptsof hydrology advancedduring the nineteerth certury. Dalton (1802)
establisheda principle for evaporation, Darcy (1856) developedthe law of porous
media °ow and Manning (1891) proposedan open channel °ow formula. Hy-
draulics researt continued in the nineteerth certury, with Louis Marie Henry
Navier (1785-1836) extending the equations of motion to include molecular
forces. Jean-ClaudeBarre de Saint-Venart wrote in many elds on hydraulics.
Others, sudch as Poiseulle, Weisbad, Froude, Stokes, Kirc ho®, Kelvin, Reynolds
and Boussinesg,advancedthe knowledgeof °uid °ow and hydraulics during the
nineteerth certury.

At the beginning of the twertieth certury quartitativ e hydrology was basically
the application of empirical approacesto solve practical hydrological problems.
Gradually, hydrologists did combine empirical methods with rational analysis
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of obsened data. One of the earliest attempts to dewvelop a theory of inltra-
tion was by Greenand Ampt in 1911, who dewveloped a physically basedmodel
for inTtration and in 1914 Hazenintro duced frequency analysis of °ood peaks.
Shermande ned the unit hydrograph in 1932,asthe unit impulse responsefunc-
tion of alinear hydrologic systemi.e., a function relating excesgainfall to direct
runo®. In 1933Horton deweloped a theory of in'Ttration to estimate rainfall ex-
cessand improved hydrograph separationtechniques. In 1945Horton developed
a set of "laws" that are indicators of the geomorphologiccharacteristics of wa-
tersheds,now known as Horton's laws. In the years1934to 1944 Lowdermilk,
Hursh and Brater, obsened that subsurfacewater movemert constituted one
componert of storm °ow hydrographs in humid regions. Subsequetly, Hoover
and Hursh reported signi cant storm °ow generation causedby a dynamic form
of subsurface°ow. The underground phase of the hydrologic cycle was inves-
tigated by Fair and Hatch in 1933, who derived a formula for computing the
permeability of soil and in 1944 Jacob correlated groundwater levels and pre-
cipitation on the long Island, N.Y. The study of groundwater and in Itration
led to the dewvelopmen of techniques for separation of base°ow and inter°ow
in a hydrograph. McCarthy and others dewveloped the Muskingum method of
°ow routing in the 1934-1935and the concept of linear resenoirs was rst in-
troduced by Zoch in the years 1934-1947,in an analysis of the rainfall and
runo® relationship. In 1951 Kohler and Linsley dewveloped the Antecedert in-
dex approad, which have beenusedin various models. The principle is that
weighted summation of past daily precipitation amourts, is usedas an index of
soil moisture.

In 1960'the digital revolution broke out and sincethen numerousmathematical

models have beendeveloped. The models are of di®eren typesand developed
for di®erert purposes,although many of the modelssharestructural similarities,

becausetheir underlying assumptions are the same. There exists models for

simulation of watershed hydrology, for °ood forecasting warning systemsand

for environmental managemets. The type of models are di®eren, there exists
conceptualand models and detailed physically baseddistributed models. There

existsnumerousblack box modelsand alsogrey box models, e.g.,Paper [B]. The

dewvelopmen of hydrological modelling will proceedon and on, mostly because
of constartly improving modelling techniques. In Papers [A] and [B] seeral

watershed models are mertioned and a ne overview of watershed models can
be found in (Singh & Woolhiser 2002).
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2.2 The hydrological cycle

Water on earth exists in a spacecalled the hydrosphere which extends about
15 km up into the atmosphereand about 1 km down into the lithosphere, the
crust of the earth. The cycle hasno beginning or end. Figure 2.1 illustrates the
hydrological cycle; the water evaporatesfrom oceansand land surfaceto become
part of the atmosphere,water vapor is transported and lifted in the atmosphere
until it condensesand precipitates on the land or the ocean. Precipitated water
may be intercepted by vegetation, become overland °ow in'ltrates into the
ground, °ows through the soil as subsurface°ow and discharge into streamsas
surfaceruno®. Much of the intercepted water and surfaceruno® returns to the
atmospherethrough evaporation. The in'ltrated water may percolate deeper
to recharge groundwater, later emergingin springs or seepinginto streamsto
form surface runo®, and nally °owing into the seaor evaporating into the
atmosphereas the hydrologic cycle cortinues.

Figure 2.1: The hydrologic cycle, (Chow et al. 1988).

Although the conceptof the hydrologic cycleis simple, the phenomenonis enor-
mously complex and intricate. It is not just one large cycle but rather is com-
posedof many interrelated cyclesof cortinental, regional and local extents. The
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hydrology of a region is determined by its weather patterns and by physical fac-
tors such astopography, geologyand vegetation. Also ascivilization progresses,
human activities gradually encroad on the natural water ervironment, altering
the dynamic equilibrium of the hydrologic cycle and initiating new processes
and evens.

2.3 The storage e®ect

By analogy, a hydrologic systemis de ned as a structure or volume in space,
surrounded by a boundary, that acceptswater and other inputs, operates on
them and producesoutputs. The basic physical law, is the law of consenation
of mass, i.e., mass cannot be created or destroyed. Thus, for a xed time
independert region V, the net rate of °ow of massinto the region is equal to
the rate of increaseof the masswithin the surface. Figure 2.2 demonstratesthis
principle.

Tv

Figure 2.2: Flow in a cortrol volume.

Mathematically this is can be written:

4 222 7z
— vedV= | Yy dA: 2.1)

dt
\ @/
where the d stands for the total derivative V stands for the volume, %is the
density, v is the velocity of the °uid, A is the areavector and @/ is the surface
of the control volume, i.e., the surfaceto be integrated over. The velocity of the
°ow is de ned positive out of the surface. This is known asthe integral equation
of continuity for an unsteady, variable-density °ow. If the °ow has a constart

density, the density %2can be divided out of both terms of Eq. (2.1) leaving
2727 zZ

d
— dv = dA: 2.2
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The integral dV is the volume of °uid stored in the cortrol volume, denoted

\%
by S, thus the rst term in Eq. (2.2) is the time rate of change of the storage



2.4 Surface water hydrology 25

dS=dt. The secondterm is the net out°ow and it can be split into in°ow, 1 (t),
and out®ow, Q(t). The resulting equation is the storage equation

ds _ i
=100 QW 23)

which is the integral equation of cortinuity for an unsteady, constart density
°ow. When the °ow is steady, dS=dt = 0. Figure 2.3 shows a schematic repre-
sertation of the storageequation. Input erters the system,the system operates

Figure 2.3: A system operation

on the input and delivers an output. In a systematic represernation the op-
eration function is often referred to as impulse response function, see Section
442

The system consideredin hydrologic analysisis the watershed. The watershed
is de ned asall the land areathat shedswater to the outlet during a rainstorm
i.e., all points enclosedwithin an areafrom which rain is falling at thesepoints
will cortribute to the outlet. Big watershedsare made up of many smaller
watershedsand thus it is necessaryto de ne the watershedin term of a point.
The shadedarea of Figure 2.4 represens the watershedwith outlet at point A
whereasthe watershedfor point B is the small area enclosedwithin the dashed
lines.

2.4 Surface water hydrology

Surface hydrology is the theory of movemert of water along the surfaceor the
Earth as a result of precipitation and snov melt. Runo® occurs when precip-
itation or snowmelt moves acrossthe land surface. The land area over which
rain falls is called the catchment while the land areathat cortributes surface
runo® to any point of interest is called a watershed. The relationship between
precipitation and runo® has beenstudied for decades.The hydrological subject
in Papers[A], [B] and [D] is surfacewater hydrology.

A stream®ow hydrograph is a graph (or table) showing the °ow rate asa function
of time at a given location in a stream. The spikes, causedby rain storms, are
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Figure 2.4: Delineation of a watershedboundary. (McCuen 1989).

called direct runo®or quick°ow, while the slowly varying °ow in rainlessperiods
is called base°ow.

Excessrainfall, or e®ectiwe rainfall, is the rainfall which is neither retained on
the land surface nor in'ltrated into the soil. After °owing acrossthe water-
shed, excessrainfall becomesdirect runo® at the watershed outlet. The graph
of excessrainfall vs. time is a key componert in the study of rainfall runo®
relationships. Figure 2.5 shows a hydrograph and some of the hydrographs
componerts. The time baseof a hydrograph is consideredto be the time from

Figure 2.5: Storage °ow relationship, (Viessman 1996).

which the concertration curve beginsuntil the direct runo® componert reaces
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zero. Watershedlag time or basinlag time, is de ned asthe time from the certer
of massof e®ectie rainfall to the certer of massof direct runo®. If a uniform
rain is applied on a tract, the portions nearestthe outlet contribute to runo®
at the outlet almost immediately. As rain cortinues,the depth of excesson the
surfacegrows and discharge rates increasethroughout. A time of concertration,
tc, is de ned as the time required, with uniform rain, so that 100 percen of
watershed (all portions of the drainage basin) is able to contribute to the direct
runo® at the outlet. (Singh 1988) arguesthat the time of concerration t. is
1.42times the basin lag time. This fact is usedin Paper [A].

2.4.1 The theory of unit hydrograph

The unit hydrograph is the unit pulse responsefunction of a linear hydrologic
system. First proposedby (Sherman 1932),the unit hydrograph of a watershed
is de ned as a direct runo® hydrograph resulting from 1 cm of excessrainfall
generated uniformly of the drainage area at a constart rate for an e®ectie
duration.

A unit hydrograph is basically an impulse response function between excess
rainfall to direct runo®. It fullls the equation of cortinuity and thus the mass
balanceis consened.

In practice the total rainfall and the total runo® (the discharge) are measured.
Thus, for hydrograph calculations e®ectie rainfall must be calculated and the
runo® must be divided into base®av and direct runo®. These calculations may
be interpreted as data processingand not as an integral part of hydrograph
theory. Sewral methods for base °ow separation are used, such as, normal
depletion curve, the straight line method, the "xed base method or the vari-
able slope method, to merntion some, for a description of these methods see
e.g., (Chow et al. 1988). Likewise, for calculations of e®ectiwe rainfall and
total runo® many methods are used. These are methods for calculations of
evaporation and in'ltration. Methods for evaporation calculations might be
the energy balance method, aerodynamic method, the combination method
and e.g., Priestlay-Taylor's method. Methods for inTtration calculations might
be the Horton's equation, the Philip's equation, Green-Ampt's method (Chow
et al. 1988), Huggin-Monke model and Holtan model (Viessman& Lewis 1996)
and calculations of in Itration.  For all the above reasonsit is clear that the
identi cation of a hydrograph very much dependson calculations earlier, it can-
not beidenti ed from the measuredprecipitation. The topics in Paper [A] and

Lin general only the water level is measured and not the discharge. The discharge is not
measured in general, but the water level. The discharge is calculated from the water level
data by use of rating curves, seeSection 3.2
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[B] are related to the theory of unit hydrograph as the °ow is modelled as a
function of precipitation. However, the input variable is total precipitation as
it has proven advantage to develop models which do not rely on earlier calcu-
lations. Particularly, sincea perfectly quanti ed generalformula for separating
the e®ectiwe precipitation from the total precipitation doesnot exists (Viessman
& Lewis 1996). The linear modelling approad is only an approximation of the
relationship between e®ectie rainfall and direct runo®.

2.4.2 Flow routing

In a broad sensethe °ow routing may be consideredas an analysisto trace the
°ow through a hydrologic system. Thus given the input, i.e., a hydrograph at
an upstream location, the °ow routing is a procedureto determine the time and
magnitude of the °ow at a given point downstream. The °ow routing techniques
are divided into lumped °ow routing and distributed °ow routing. When dis-
tributed °ow routing methods are used, the °ow is calculated as a function of
spaceand time through the systemwhereasif lumped routing methods are used
the °ow is calculated asfunction of time aloneat a particular location. Routing
by use of lumped methods is sometimesreferred to as hydrologic routing, and
routing by distributed methods is sometimesreferred to as hydraulic routing.
The topic in Paper [D] is °ow routing.

2.4.2.1 Lump ed °ow routing

Lumped °ow routing techniques are all founded on the equation of cortinuity

represened in the operational form asEqg. (2.3) In general,the storagefunction

may be written asan arbitrary function of | (t), Q(t) and their time derivatives
o dQ Q"

S:f I;a,w,..., ,E,F (24)

Sometimesit is possibleto describe the storage as a function of only Q as,
single-valued storagefunction S = f (Q) asshown in Figure 2.6. For such reser-
voirs (control volumes), the peak out°ow, occurs when the out®’ow hydrograph
intersects the in°ow hydrograph, becausethe maximum storage occurs when
dS=dt = | | Q = 0, and the storage and out°ow are related by S = f (Q).
This is shown in Figure 2.6, the point denoting the maximum storage, R and
the point denoting the maximum out°ow P, coincide. Hence, when the °ow
is steady, a single-value storage function always exists. When the resenoir is
long and narrow like open channelsor streamsthe storage-out®ow relationship
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Figure 2.6: Storage °ow relationship. (Chow et al. 1988).

is variable. The amourt of storage due to badkwater dependson the time rate
of changeof °ow through the system. Figure 2.6 shows the relationship between
the discharge and the system storagein a variable storage-out®°ow relationship.
The relationship is no longer a single-\alued function but exhibits a curve. Be-
causeof retarding e®ectdue to badkwater, the peak out°ow usually occurs later
than the time when the in°ow and out®°ow hydrographs intersects, as indicated
in Figure 2.6, i.e., the points R and P do not coincide.

The variable storageout®ow relationship is one of the factors, which cortributes
to error in the Q h rating curve which is usedto calculate the discharge form
water level data, seeSection 3.2,

Seweral lumped °ow routing exists. The level pool method is an analytical
method and can be usedin situations where the storage function is single val-
ued. The Muskingum method is a well known method in a variable discharge-
storage relationship. Se\eral other methods for variable discharge-storagere-
lationship are commonly used, such as the SCS corvex method, Muskingum-
Chungemethod and multiple storagemethod. For details see(Chow et al. 1988)
and (Viessman & Lewis 1996).

Finally, the linear resenwir routing model will be described as the principles
of the linear resenoir model is usedin the °ow routing model in Paper [D].
Furthermore, the modelling principle in the rainfall runo® model in Paper [B] is
a resenoir model even though the model in Paper [B] is a non-linear threshold
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model.
A linear resenoir is a resenoir wherethe storageis linearly related to its output
by a storageconstart k, which hasthe dimensiontime,

S=kQ (2.5)

(Nash 1957) stated that a watershedmay be represetted by a seriesof n linear
identical linear resenoirs, ead having the samestorage constart k. Figure 2.7
demonstratesthis principle.

Figure 2.7: Linear resenwirs in series. Chow et al. (1988).

A transfer function (in continuous time) of the n linear resenoir model with
storage constart Kk is

Q(t) =

f1+ kD) ..... (1+ kDgI (t) (26)

{Z-

n times

where D is the di®erertial operator. A deterministic state spacerepresenation
of th|s system |s

10 1 1= 1
Q i 1=k 81 6

2 =k Ik R < § §

% § % 1= 1=k % 5 dt + % | dt
1=k i 1=k Qn
(2.7)
The impulse responsefunction in this system,represeting the out®’ow from the
n-th resenoir is K|
1 AL

h(t) = Qn(t) = k() k e (2.8)

which is the gamma distribution function.
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2.4.2.2 Distributed °ow routing

The °ow of water through the soil and stream channels of a watershed is a
distributed processbecausethe °ow rate, velocity, and depth vary in space
throughout the watershed. This is described in a three dimensional spaceand
time by the continuity equation Eq. (2.1)

For a description of °ow routing in a channel the spatial variation in veloc-
ity acrossthe channel can often be ignored. Hence, the °ow processcan be
approximated as varying in one spacedimension along the °ow channel. The
Saint-Venart equations, rst dewveloped by Barre de Saint-Venart in 1871, de-
scribe one-dimensionalunsteady open channel °ow. The Saint-V enart equation
for massbalanceis:

@ @
Where Q is the °ow, x is the geometrical variable along the channel. Hence,
@=@ is the rate of change of the °ow along the channel. The averagecross-
sectionalis denoted A and g is the lateral in°ow betweenthe upstream location

and downstream location.

The Saint-Venart equation for massbalancecan be derived from the cortinuity
equation, if following assumptionsare true:

2 The °ow is one-dimensional,depth and velocity vary only in the longitu-
dinal direction of the channel. This implies that the velocity is constart
and the water surfaceis horizontal acrossany sectionperpendicular to the
longitudinal axis.

2 The °ow is assumedo vary gradually alongthe channelsothat hydrostatic
pressureprevails and vertical accelerationscan be neglected.

2 The longitudinal axis of the channel is approximated as a straight line.

2 The bottom slope of the channel is small and the channel bed is "xed,
that is the scour e®ectsand deposition are negligible.

2 Resistancecoezcients for steady uniform turbulent °ow are applicable so
that relations sudh as Manning's equation can be usedto describe resis-
tance e®ects

2 the Fluid is incompressibleand of constart density throughout the °ow.
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2.5 Subsurface water and groundw ater

Surface water in'Ttrates into the soil and becomessoil moisture, subsurface
°ow (unsaturated °ow) through the soil and groundwater °ow (saturated °ow)
through soil or rock strata.

Soil properties cortrol the rate at which water in'Ttrates into the soil, percolates
through the subsurfaceand travels through the soil to surface water bodies.
This rate a®ectsthe proportions of rainfall that appears as surface runo® and
groundwater losses.Subsurfaceand groundwater out°ow occur when subsurface
water emergesto becomesurface°ow in a stream or spring.

InTtration is the processof water penetrating from the ground surfaceinto the
soil. When precipitation reacesthe ground it hits the intercepting surfaces,
such astrees, plants, grassand other structures. The water in excessof inter-
ception capacity then beginsto 1l surfacedepressionsand a Im of water is also
built up above the ground surface. Then someproportion of the water in Ttrates
downward through the surfaceof the earth and becomessoil moisture, recharges
the aquifersthat again support base®ow during dry periods. The rate at which
the in Ttration occursdependson the in'Ttration capacity of the soil, which i.e.,
to a large extent dependson the wetnessof the soil. As a result of great spatial
variation and the time variations in soil properties occurring asthe soil moisture
content changes,in Ttration is a very complex processand mathematical equa-
tions can only describe it approximately (Chow et al. 1988), and, thus perfectly
quanti ed generalrelation doesnot exits, (Viessman& Lewis 1996).



Chapter 3

Hydrological data

Hydrological data are the basis for hydrological analysis. The essetial data
are precipitation, stream °ow, evaporation and transpiration. Evaporation and
transpiration data have not beenavailable in the projects of this PhD program
and therefore they will not be described here.

3.1 Precipitation

Precipitation data is the main factor in hydrological models. The precipita-
tion data determine the total amount of water input into the model, and good
precipitation data are very important for the quality of the model simulations
(S¥2lthun & Killingtv eit 1995).

Many typesof rain gaugesexist. The data usedin this PhD project are both
from Iceland and Denmark. Two courtries usedi®erent rain gauges.

The meteorological institute in Iceland usesrain gauge with a Nipher wind
shield. The gaugesare located at 1.5 m height above ground, and even higher
at somefew locations becauseof the snaw. Figure 3.1 shaws a sketch of a gauge
with a Nipher wind shield.
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Figure 3.1: A rain gaugewith a Nipher wind shield.

Rain drops into the gaugein a bottle. The bottle is emptied by manual labour
twice within 24 hours.

In the projects where data originated from Denmark, the rain gaugesusedwere
tipping buckets. Figure 3.2 shaws a sketch of a tipping bucket. The water drops

N
- I

1: Filter
2: Syphon
3: Bucket assembly with two buckets

Figure 3.2: A tipping bucket rain gauge.

through a Tter down to a syphon and then into a bucket with two boxes. The
water enters only one box at a time. When this box has collected 0.2 mm of
rain, it tips over, and the water starts to enter the secondbox. When the second
box has collected 0.2 mm of rain, the bucket tips over again. Consequetly, the
precipitation data have valueswhich are a multiplication of 0.2 mm.
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3.1.1 The error

It is a well known fact that the amount of precipitation measuredis an under-
estimate of the "ground true" precipitation. Experiments have been made in
order to dewvelop modelsto correct the underestimate. However such models de-
pend on many factors, mainly the weather condition and the type of rain gauge
used.

The main precipitation measuremehn error in Iceland is causedby aerodynam-
ical e®ectsnear the rim of the gauges. No sciertic experiments have been
performedin Iceland in order to achieve a model to correct the underestimate.
In 1987 a complete experimertal "eld in Jokioinen in Finland was put up in

order to develop models for operational correction of nordic precipitation data,
see(F¢rland et al. 1996). Sewveral models were developed. All of them included
wind speed as a factor in the correction model. The Swedish, Danish and
Norwegian courtries included their national gaugesin the experimental “eld.

Unfortunately the accuracy of the models can be questionedsince the average
wind speedat Jokioinen is about 4 m/s whereasin the other Nordic courtries
the averagewind speedis much higher. Hence,the models needto be extrap-
olated extensiwely. Furthermore, for practical purposes,the wind speed data
must be available which often is not the case,at least not in Iceland.

The meteorologist Flosi Hrafn Sigurdssonstates that measuremets, not dis-
turb ed by wind, can be achieved by using a precipitation gauge,located in a
hole in the ground with the gaugesopening located at ground level. This type
of gaugecan only be usedfor measuringrain. During a summer period, May -
Septenber the ground level gaugein Reykjavik measured21.7%more rain than
the nipher gaugeat 1.5 m height. Basedon the ground level measuremets and
someother data, Flosi assumesthat an average correction causedby wind for
rain is 28%in Reykjavik and 32%in Hveravellir! The di®erencds mainly caused
by stronger wind in Hveravellir. Furthermore, Flosi assumeghat averagewind
correction for snaw is 80% in Reykjavik and 100%in Hveravellir. More about
Sigurdssonexperimert and results can be seenin (Sigbjarnarson 1990).

3.2 Discharge

The discharge is a °ow of water, having the unit [m3=s]. Considering a cross
sectional area acrossa river the discharge is the velocity, integrated over the

IHveravellir is located between Hofsjékull and Langj8kull in middle of Iceland at a 646 m
height.
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crosssectional area. In general, the discharge is not measuredon-line but the
water level is measured.

The most commonly used methods for measuring water level are the °oating
principle and pressuremeasuremets. Figure 3.3 shows a sketch of the °oating

Cross section profile

Floating
matter

Surface

Bottom
® indicates that water is flowing from the viewpoint

Figure 3.3: The °oating principle

principle. An L shaped pipe (open in both ends)is installed in the river. One
part of the pipe is in the river, parallel to the bottom, sothat the stream is at
the samelevel as the open area. The other part stands perpendicular to the
river's surface. The water level inside the pipe is the sameas outside the pipe.
The water remains undisturbed in the pipe (no wind disturbance etc.) and the
water level can be measured. This is doneby using a °oating devicein the pipe.

By using the oneto one relationship of pressureand depth, pressuremeasure-
ments are also usedto construct water level data. Figure 3.4 shows an outline

pressure
measure

o 7
Bottom

Figure 3.4: Sketch of a pressuretransducer.

of a pressuretransducer instrument. The transducer has a membrane and the
pressureon the membrane is measured. (The measuredpressureis corrected
due to air pressure.) The pressureis sometimesmeasuredby using bubbles.
Then a tube is led into the river and small quantity of gasis put in the tube
cortinuously. The pressurein the tube depends on the pressureat the tubes
opening in the river.

The measureddept is usedto calculate the discharge by using the fact that
the °ow equalsthe velocity intergrated over the cross sectional area. Conse-
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quently, velocity measuremets are required. Seeral methods and instruments
for velocity measuremets exist. The rst mentioned method, and probably the
oldestone,is to usea screw,asshown in Figure 3.5. The crosssectionis divided

¢

Figure 3.5: Outline of a screwvelocity-measuremen instrument

into sectionsas shawvn in Figure 3.6. The screwis usedto measurethe velocity

Cross section profile

velocity mesured
B . surface
° ° \o’/\<_0\ ° ° °
° .

.

Bottom

Figure 3.6: Principles of the velocity-area method.

in ead section, and then an approximativ e velocity map can be drawn. This
method is commonly usedin Iceland

Another commonly used method is the use of magnetic °ow meter. The oper-
ation of a magnetic °ow meter is basedupon Faraday's Law, which states that
the voltage induced acrossany conductor as it movesat right angle through a
magnetic eld is proportional to the velocity of that conductor. Figure 3.7 shows
a magnetic °ow meter. This method is also quite commonly usedin Iceland.
Howewer it is not corveniert when the velocity is very large asthe rocks in the
bottom then move along the river.

The last mentioned method is the laser Doppler velocity meter, as shawvn in
Figure 3.8. It sendsa monochromatic laserbeamtoward the target and collects
the re°ected radiation. According to the Doppler e®ectthe wavesemitted from
a source moving toward an obsener are squeezed. Hence, the velocity of the
object can be obtained by measuringthe changein wavelength of the re°ected
laser light.
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Figure 3.7: Magnetic °ow meter
(Figure is from http://www.omega.com/pro dinfo/magmeter.html).

3.2.1 The rating curve

Using velocity/°0 w measuremets the relation betweenwater level and discharge
is found. This relation is known as the rating curve, or the Q j h relationship
(Q for discharge and h for depth/stage). The most commonly usedformula is

Q=k(hi ho)" (3.1)

where hg is the stage at which discharge is zero. Figure 3.9 shows water level
and °ow data.

3.2.2 The error

It is clearthat the dischargedata are far from being without a noise. The water
level hasto be measuredand this processincorporates measuremen errors as
no instruments are perfect. Furthermore, the velocity hasto be measuredfor
corresponding measuremen errors. Last but not the least, the Q j h relation
has to be found and this relationship is not perfectly described. Additionally

the Q j h relationship is dynamic since the crosssection can changein time.
Furthermore, in most real casesthe Q j h relationship is not unique. When Q
varieswith time it makesa loop, similar to the variable storage°ow relationship
Qi S, asshownn in Figure 2.6. The hysteresis(i.e. loop-rating) in the Qj h
graph is created as for a 'xed depth (h) the velocity is larger when the °ow is
increasing and smaller when °ow is decreasing. Thus two points on ead side
of the top of a hydrograph will have di®erert °ow velocities and discharge (Q)
even though the depth is the same. Usually the time variation of the °ow is slow
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Figure 3.8: Laser Doppler velocity meter
(Figure is from http://www.efunda.com/designstandards/sensors
/laser_doppler/laser_doppler_e®ecttheory.cfm).

Figure 3.9: Water level data, °ow data and a rating curve.

enough so this di®erenceis negligible. But when that is not the case,enough
data is usually not available to determine the complete loop.

3.3 Riverice

In a colder climate icing in rivers disturbs water level measuremets. The fol-
lowing sectionis basedon; (Bengtson 1988), (Chow 1964), and (Rist 1962).
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3.3.1 Construction of riv er ice

When the temperature of the surfacewater has dropped to the freezing point,
net heat loss due to the atmospherewill causeice production. Ice formation
frequertly starts with the developmert of many tiny disk formed crystals called
frazil as shown in Figure 3.10 left. Frazil ice particles, frequertly collected by

Figure 3.10: To left frazil ice and to right is ice pan.
(http://wvww.clarkson.edu/ htshen)

adhesion, form larger masseswhich move along with the current. As the ice
content of the water increases,the water becomesoily or milky in appearance
and the viscosity of the water increases.

Ice rapidly forms on the surface of most °owing rivers. At rst this consistsof
agglomerationof broken surfacecrystals and frazil ice which unite to form round
pans. Figure 3.10, right shavs anice pan. Thesepansgrow by accretionand the
open water betweenthem becomessmaller. When the ice cover on the surface
is complete, the river regime changesfrom open water °ow to °ow beneath the
ice cover. Howewer, the same °ow is to be carried and as a consequencehe
water level is increased.

Ice can also form on underwater objects. This is called anchor ice, shown in
Figure 3.11 The coating of anchor ice may be seweral inches thick and may
then grow more rapidly on sharp corners. This anchor ice may evertually dam
up the stream. Thus, it is possibleto dewvelop a staircaseof a seriesof small ice
dams with somestill water trapp ed behind them. The increasedviscosity due
to the ice content, the damping of turbulent eddies,and the rise of the river bed
due to the formation of anchor ice also causean increasein the river stage.
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Figure 3.11: Anchor ice. (http://www.clarkson.edu/ htshen)

3.3.2 Melting of river ice

The melting of ice in an icecorered river causesthe river stageto rise in the
spring. At onepoint the ice cover beginsto break and to move with the stream.
This initiates a chain reaction sothat a completeice cover can be removed in a
matter of hours.

If the water risesfast the ice cover can be fragmened and forced to move while
it still has almost its full strength. At particular locations depending on river
morphology ice jams are formed. Very high water levels are causedby ice jams
presen during break-ups.
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3.3.3 Ice reduction

The term icereduction is usedfor the completeprocessof correcting the obsened
water levelssothat theseread the levelsthat would have beenobsenedif there
were no ice presert in the ertire river system. The di®erencebetweenthe water
level with ice present and the water level during summer conditions at the same
discharge, is referred to as badkwater from ice formation.

In courtries with a predominartly cortinental climate, the river state can be
catagorizedinto following phases:

1. Freezing-wer period
2. Ice cover period from early to late winter and
3. Breaking-up period in early spring

4. Ice free summer season

In somecourtries this cycle is so stable that the beginning and the end of eath
of its phasesor periods may be predicted with an error of a few days only. In
sudh circumstance a wintertime rating curve can be made and usedduring the
winter.

In Iceland, this regularity is more or lessabsen. Freezing-wer may start during
a cold period in early winter, but before the rivers are frozen the temperature
rises, the ice is broken up without any intervening ice cover period and an ice
free period may then follow. Each winter this may be repeated se\eral times.

The winter period in Iceland is rather long and the weather is changing. It is
sometimesvery hard to detect when an icing beginsand if there is still ice in
the river after a thawing period.

The Hydrological Service (HS) has no automatic proceduresfor detecting sus-
picious periods. All seriesare treated manually, and it is up to the operator to
detect the period. At most gaugingstations in Iceland, the Hydrological Service
(HS) doesnot employ a local obsener to follow and report on the building-up
of ice jams in the river. Consequetly, the usual situation is that no information
from local sourceson potential ice problems is available. In this casethe ex-
pertise of the hydrologist working on ice correction is the only thing to rely on.
The usual procedureis to useweather data from a nearby meteorologicalstation
showing both temperature and precipitation. The water level data is compared
with the meteorologicaldata and usually backwater e®ectsare identi ed asan
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abrupt increasein water level during periods where this would not be expected
due to cold and dry weather. Sometimesthis could be very ditcult procedure
especially if the backwater e®ectsare not very remarkable and only last for short
periods of time. Also, the e®ectsof frazil ice and in particular anchor ice can
be very ditcult to detect, but ice problems due to thesetypesof ice formation
are quite common in Icelandic rivers. Discharge measuremets during winter
conditions are performed once every winter.

Finally, Figure 3.12shows a graph of ice corrupted water level data in the River
Fnjoska in northern Iceland in late winter 1996. Furthermore, the temperature
and precipitation at Akureyri, alsoin northern Iceland, is shovn. The temper-
ature in January is cold and at the beginning of February the water level rises
drastically and stays high until a long warm period in March setsin. Then the
water level falls.

Akureyri 1996
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Figure 3.12: Ice disturbance.

The problem of river ice is, indeed, one of the reasonsfor applying stochastic
modelsin hydrology.
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Chapter 4

The stochastic dynamic
modelling

This PhD thesis consistsof stochastic modelling of hydrological systems. Four
projects have beenstudied and the results are illustrated in Papers[A], [B] [C]
and [D].

Journal papers are often written in a compact form asonly a limited number

of pagesare allowed. In this section the modelling approaceswill be further
described.

4.1 Mo del categorization

Modelling approach may be grouped into three categories;Black box models,
white box models and grey box models.

Black box models are purely data basedmodel. They approac the systemin
terms of input and output with the internals hidden in a black box.

White box models are the opposite of the black box ones. The internal of the
systemis fully known. In order the develop a white box the modeller must know
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the systemin details and occasionallythe model becomesover-speci ed.

Grey box models are placed in between black- and white- box modelling ap-
proaches. A model is viewed as grey box if physical knowledge about the sys-
tem is used along with the data. Thus the model is not completely described
by physical equations but the equations and the parameters are physically in-
terpretable.

In this project both grey box models and black box models have been used.
The choice of model dependson the aim and on the available knowledgein ead
situation.

Models can be deweloped in cortinuous time and discrete time. As the time
is cortinuous all the physical systemsstudied are de ned in continuous time.
However, the data are sampled in discrete time and occasionally it is more
conveniert to describe the model in discrete time. The dynamical data series
studied are called the time series.

The systems,or the models, can be grouped into linear models and non-linear
models, black box systemscan be both linear and non-linear.

4.2 Non-linear models in general

Broadly speaking, the way a modeller often prefersto think about a non-linear
systemis a system where non-linear equations are used for describingit. In a
discretetime a systemis linear if the output, y(t), is described as a linear func-

time it is referred to aslinear if the di®erertial equations usedto describe the
systemare linear. Furthermore the linearity canalsobe studied in the frequency
domain, a linear systemwill respond to a single harmonic input with a single
harmonic output.

A proper mathematical description of a non-linear systeminvolvesthe Volterra
series,who rst published his ideasnearly a certury ago. Later, Wiener, Varrett
and Kalman took up the theme but from di®eren standpoints (Tong 1990).

The aim of the modelling e®ortmay be generally expressedas, nding afunction
h suc that f2,g de ned by

h(ye;ye 15:00) = % 4.1)
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where?; is a sequencef independert random variables. Supposethat the model
is causaly invertible, i.e., the equation above may be 'solved’ such

ye = hO%;2 05000): 4.2)

Suppose that h° is suxciently well-behaved so that it can be expandedin a
Taylor series:

% R %
Vi = 1+ Okt k + Ok12t; k2t 1
k=0 k=0 1=0
X X X
+ gklmzti kzti I2ti mt+ il (43)
k=0 1=0 m=0
The functions:
@° @h°
1 = h%0); o = (@); Okl = (m); etc: (4.4)

arecalledthe Volterra series for the procesd X g. The sequence$gcg;fakig;:::
are called the kernels of the Volterra series.

For linear systemsthe following is true:
O = Gkim = Gkimn = ¢0¢= 0 (4.5)

Hence,the systemis completely characterized by either

fakg : Impulse responsefunction
or
H(') : Frequencyresponsefunction

In generalthere is no such thing as a transfer function for non-linear systems.
However, an innite sequenceof generalizedtransfer functions may be de ned
as:

x
Hl(l l) = gkel il 1k
k=0
X X L |
Ha(!1:t2) = gqe '(akrtaD
k=0 1=0
RO e | |
H3(| lal 2,| 3) = gklmel I(. 1k+ 1 ol+1! 3m)

k=0 1=0 m=0



48 The stochastic dynamic modelling

Let u; and y; denote the input and the output of a non-linear system, respec-
tiv ely.

2 For linear systemsit is well known that:

L1 If the input is a single harmonic u; = Ag€' °! then the output is a
single harmonic of the samefrequencybut with the amplitude scaled
by jH (! ¢)j and the phaseshifted by argH (! o).

L2 The principle of superposition is valid, and the total output isthe sum
of the outputs corresponding to the individual frequencycomponerts
of the input. (Hence, the system can be completely described if
the responseto all frequenciesis known { that is what the transfer
function supplies).

2 For non-linear systems, however, neither of the properties (L1) or (L2)
holds. More speci cally:

NL1 For an input with frequency! o, the output will, in general, also
cortain componerts at the frequencies2! o; 3! o;::: (frequency mul-
tiplication).

NL2 For two inputs with frequencies! o and ! 1, the output will contain
componerts at frequencies! ;! 1;(! o + ! 1) and all harmonics of the
frequencies(inter-modulation distortion).

Further description can be found in, e.g., (Tong 1990) and (Madsen & Holst
2000).

4.3 Stochastic di®erential equations and para-
meter estimation

One of the most successfulapproad of grey box modelling is to use SDE, (Sto-
chastic Di®erertial Equations). The advantages of modelling in a continuous
time is that the continuoustime is a realization of the physical world and thus
the models parametersare directly interpretable.

The modelling approacd in papers[B] and [D] is by useof SDE's.
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4.3.1 Contin uous-discrete state space models

A general formulation of a cortin uous-discrete stochastic state spacemodel is
written as,

dx
Yk

f (xe;uet pdt+ ¥AX ¢ ue t p)d! (4.6)
h(X;uk;tk; W) + e

wheret 2 R istime, x; 2 R" is a vector of state variables,u; 2 R™ is a vector
of input variablesand p 2 RP is avector of parameters. The functionsf (§ 2 R"
and ¥{¢ 2 R"£ 9 are generalnon-linear function. The vectory, 2 R' is avector
of measuremets, Xy = Xi=t, and ux = U=y, . The vector! ; is a g-dimensional
standard Wiener processand ex 2 N (0; S(uk;tk; ) is an I-dimensional white
noise process. The function h(¢ 2 R' is a non-linear function.

Measuremeits can be usedto estimate the parameter vector . This is per-
formed by using the software CTSM which is basedon the principle of maximum
likelihood method (ML) for parameter estimation. In order for this to work out
it is necessaryto assumethat the function ¥{9 is independert of the state vari-
able x;. Thus, a general formulation of a continuous-discretestochastic state
spacemodel of which parameterscan be estimated by use of CTSM is:

dXt
Yk

f (Xe;ugt pdt+ ¥uet; pd! ¢ (4.7)
h(Xi; Uk;ti; W) + ex

In Paper [B], the function f (9 is non-linear, the function h(9 is linear and inde-
pendert of the input and the function %4is a constart, represening, a standard
deviation of the incremerts. The equationsin Paper [B] can thus be written as:
dXt
Yk

f (xe;ue t pdt+ ¥(pyd! (4.8)
C(m)xt + ex

Contrarily , in the Paper [D] the model is a linear time invariant model, and is
written as

dXt
Yk

A(Wxdt+ B (Mucdt + Fp)d! ¢ (4.9)
C(W)x¢ + e

The measuremets y, are usedto estimate the parameter vector . It is a well
known fact that the likelihood function for time seriesis a product of conditional
densities A I

W
(H;YN) = P(Yki Yk ) p(YoiH): (4.10)
k=1
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In order to obtain an exact evaluation of the likelihood function, the initial
probability density p(ygji) must be known and all subsequen conditional den-
sities must be determined. This can in theory be determined by Kolmogorov's
forward equation (Jazwinski 1970). Howewer, this is not very suitable in prac-
tice, and with the right assumptionsthis can be approximated with the Normal
distribution

1 eXp(ZIRLJJI;| 12k)

W
L(KW;YN) Y

4,11
k=1 214=2 det(R kiki 1)122 ( )
with mean
2= Yii Pk 1= Yii h(®gjk; 15 Ukjk; 15tk 15 1)
and variance
Rijki 1= V(Y i Prjk; 1)
Conditioning on y, and taking the negative logarithm gives:
R !
i In(L(K;YN)) 1/45 In(det(R yjk; 1) + 2 R;(jki 12k) > N | In(2¥%) (4.12)
k=1

which involves calculating a sum rather than a product.

When the stochastic di®ererial equation in Eq.(4.8) is LTI (Linear Time In-
variant) or LTV (Linear Time Variant) the result in Eq.(4.11) is exact while in
the caseof a non-linear stochastic di®ererial equation the result in Eq.(4.1]) is
approximativ e.

The calculations which lead to Eq. (4.11) are basedon the Kalman "Tter equa-
tions. Thus, the continuous-discreteKalman “Tter equationsare written in Table
4.1, whereafter the assumptionsand perquisites are discussed.The cortin uous-
discrete Kalman “Tter equationscan be seenin (Jazwinski 1970).

The rst equation is the output prediction , the secondone is the one-step
prediction error /inno vation . The third oneis the covariance of the pre-
diction error . The fourth oneis known asthe Kalman gain. The fth oneis
the state updating , E[xjY¢], and the sixth oneis the up dating's variance ,
V[xijY¢]. The sewenth oneis the one-stepstate prediction and the eight one
is the state prediction's variance .

It is clear that for calculation of the output prediction ¥, ; and its variance
Ryjki 1 the variables ®yji; 1 and P yj; 1 must be known. The changein time
of X¢jk; 1 and P yj; 1 is described in cortinuoustime. Thus the transition from
onetime to another involvesintegration.
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Table 4.1: The Kalman Tter equations

Linear SDE Non linear SDE
B 1= Chyje; 1+ Duk Bk 1= h(Rgjk; 15 Uk;te W)
2= Yk bkjki 1 k= Yy bkjki 1
Rijki 1= CPuyjk; 1C + S¢ Ryijki 1 CPyjk; 1C" + Sq
Kk=" P 1CTRLjii1 Kk= Py 1CTR|]<jti 1
R = By 1+ K 2 b i Ry 1+ K 2
Pk = Pujki1i KRk 1K ¢ Pik = Pujki1i KRk 1K ¢
Bur = Aoy + By B = £ (yic; Uit M)

t2 [testesr [
P = AP+ P AT + Y
t2 [t tyea [

t 2 [t tesa [
= Albtjk + PtikAT + YA
t 2 [tu; teea [

Shorthand notation

A=A(; and B =B(W
C=C(n; and D =D(W
Y= ¥{y); and S = S(W

Shorthand notation
@_

P X =Rk 13U Ukt=tyu

A =

)

= @
C @(t =% 1y = ot = .
X=Ryjk; 13 U= Ugst=tp

Ya= YUt ) ;S = S(uk;tes )

A fundamen tal assumption beforeintegrating is to de ne the stochastic in-
tegral. The stochastic processmust be de ned asan Ito pro cess and then the
stochastic integral is an Ito integral , see(Aksendal 1995) for details.

In the caseof a linear time invariant model like Eq. (4.9) the stochastic di®er-
ertial equation is

dXt = AX tdt"‘ B Utdt+ Yl t (413)

t2 [tisteen [

and then the solution is,

z

Xtgsr = CO tk)xtk +
tk

tk+1

e (i 9By ds+

Z,

k+1
e (i Syl o

tk

(4.14)
The prediction is the expectation value

Bk = Efxe, X, O

Becauseof the fact that the stochastic processis an Ito processit follows that
z T+
Ef et i Sy gl (g=0

tk
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which actually is not true for all stochastic integrals e.g.,the Statonovich integral
(Aksendal 1995). Thus, the Ito processassumptionis fundamertal. Given )
the “rst two terms in Eq.(4.14) do not include a stochastic part. It follows that

z tk+r

Risjk = EfXe,,, jXy 0= et itdy, + et isIgygds  (4.15)

tk

The state predictions covariance is
|bk+ljk = VX, X{ ., X4, 0
h i Z Ty +1 B

= VvV @ity +v gt i®IBuds  (4.16)

tk

"z tk+1 >
+V e (e i Sy g o - (4.17)

tk

The rst term is
i 3 "1
eA(tk+1 i tk)V[ijk] eA(tk+1 i tk)

3 ,

A (b tk)ijk e (tkaa i t) T (4.18)

h
\V; eA(tk+1 i tk)th

(using V[AXx] = AV [x]AT and V[x kikl = Pkjk). While the secondterm
) Z tk+1 >
\Y, A tkaisIgyds = 0; (4.19)

tk

becauseno stochastic part is involved. Finally, becauseof the fact that the noise
term in Eq.(4.8) is independert of the state variables

' Z tk+1 > ’ Z tk+1 Z tk+1 >
% fllaidyg o = E e (i Sy g ¢ e (i Sy g
tk tk tk
Z tk+1 3 . T >
= E e (i Syl Alini sl gs (4.20)

t
sincefor an Ito integral the following is true
E4 g(s)ydl s 9=E g?(s)ds : (4.21)

a a

Again, the Ito processassumption is fundamenal. Furthermore, becauseof
the normal distribution assumption of the measuremets noise term e, and
the Wiener processassumption for the state spacevariables, the conditional
distribution also becomesa normal distribution.
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For the non-linear systemslike Eq.(4.8) then
z tk+1 z ti+
Xitgsy = f (Xs;Us;S;)ds+ Y()d! o: (4.22)
t ti

The state prediction By jk = EfXy,,, jXt, gis the evaluation of the ‘rst integral
as the expectation value of the latter integral is zero due to the Ito process
assumptions. The evaluation of the integral can be calculated by linearizing the
function f () and then usemethods for linear models, or numerical methods can
be applied, seemore about this in Appendix E. For calculation of the covariance
matrix Ibk+1jk = VX, xtTw1 iXt, gthe non-linear function f () is approximated
by its “rst derivative, as can be seenin the Kalman TTter equations.

Finally, it is reasonableto believe that the conditional distribution can be well
approximated by the normal distribution whether or not the function f () is
linearized, or numerical methods for integration are applied.

4.4 The family of linear stochastic models

In this thesisit is argued that grey box modelling constitutes a very powerful
modelling framework, allowing modelling for both non-linear and non-stationary
systems. Furthermore, if attention is restricted to linear and time-invariant
models, then a rich family of well-known linear stochastic models are obtained
as a special case.

In this sectionthe family of linear stochastic models are described, basedon the
generalformulation of linear time invariant SDE's asin Eq. (4.9

441 The transfer function form

The form of the linear, discretetime, transfer functions is also frequertly called
the Box-Jenkins transfer functions, since (Box & Jenkins 1976) are responsible
for the great popularity of this classof models.

The relation betweenthe discrete state spaceform and the transfer form is as
follows: Consider the following well known formulation of a discretetime state
spacemodel with constart coezcients:

x(t+ 1) = Ax(t)+ju(t)+ v(t) (4.23)
y = Cx(t)+ e(t)
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wherefu(t)g is the input and fv(t)g and f e(t)g are mutual uncorrelated white
noise processewith variance R; and R ,, respectively.

This state spacemodel might the solution of the linear time invariant SDE in
Eq., (4.9 asshown in Eg. (4.14). Denote the constart sampling time as ¢,
where ¢, = tk+1 i tk, the notation in EQq.(4.23 implies ¢ = 1. Then

A(e) = et (4.24)
By assumingthat the input us is constart in the time interval [t; t + ¢[ then
Z, z,
i (¢) = A isBds=  e*°Bds (4.25)
t 0

where the last equation is true becauseof the time-invariant assumption. Fi-
nally, Z
t+¢

V(t; 6) = eA(t+ ¢i s)3/zd! s (426)
t

R, . p
v (t; ¢) the variance R ; of the white noiseprocessis R; = t” CA)YHTA)T
The z-transformation of the state spaceequationsin Eq. (4.23

zx(z2) = Ax@2)+ ju(z)+ v(2) (4.27)
y(z) = Cx(2)+ e(z)

Elimination of x(z) in the system of linear equations Eq. (4.27) yields
y(2)=C(zl i Al Yiu@+C(zl i A v(z)+ e(2) (4.28)
The rational polynomials in u(z) are found aheadof z and v(z).

If fy,g is a stationary process(the matrix A is stable) the noise processesn
Eqg. (4.28 can be combined into one stationary noiseprocessonly, (Goodwin &
Payne 1977)

y(2)=Czl i A tiu@+[C(zli A 'K +1](2) (4.29)
or alternatively in the transfer function form,
y(z) = H1(2)u(z) + H 2(2)*(2) (4.30)

where f2,g is white noisewith variance R, and H 1(z) and H ,(z) are rational
polynomials in z:

H 1(2)
H 2(2)

C(zl i A% (4.31)
C(zl i A K +1 (4.32)
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The function H 1(z) is referredto asthe transfer function (Box & Jenkins 1976).

The matrix K is the stationary Kalman gain. R is determined from the values
of R, Ry, A and C, since

K APCT(CPCT + Ry)i ! (4.33)
R = CPCT+R; (4.34)

where P is determined by the stationary Ricatti equation

P=APAT+R,;j APC(CPCT + R,)CPAT (4.35)

The ARMAX classof models are obtained in caseswhere the denominatorsin
(4.30 for H ; and H , are equal. Hence,the models are written:

A(2)y(2) = B(2)u(z) + C(2)*(2) (4.36)

whereA, B, and C are polynomials in z. In the time domain this is written as
A(d Yy (1) = B (g Hu(t) + C(d 1)2(t) (4.37)

where g y(t) = y(ti 1). In the caseA(z) = 1, the model is a FIR model

(Final Impulse Responsemodel).

As shawvn above a transfer function can be found from the state spaceform by
eliminating the state vector. In cortrast, for a given transfer function model a
whole contin uum of state spacemodelsexists. The most frequertly usedsolution
is to choosea canonical state spacemodel - see,e.g., (Goodwin & Payne 1977).
Eventually, physical knowledgecanbe usedto state a proper connectionbetween
desirable state variables, to be intro duced for the state spaceform.

Note that comparedto the discrete time state spacemodel:

2 The decomposition of the noiseinto systemand measuremen noiseis lost.

2 The state variable is lost, i.e., the possibility for physical interpretation is
further reduced.

4.4.2 Impulse response function models

A non-parametric description of the linear system is obtained by polynomial
division, i.e.,

b3
y(t) = hiju(tj i)+ N (t) (4.38)
i=0
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where N; is a correlated noise sequence. The sequencef h;g is the impulse
resp onse (matrix) function.

In the frequency (or z-) domain:
y(2) = H(2)u(2) + N (2) (4.39)

where H (z) is the transfer function, and for z = €' the frequency response
function (gain and phase) is obtained.

Comparing a state spacemodel with a transfer function model the following is
obsened:

2 The description of the noise processis lost.

2 The non-parametric model hides the number of time constarts, etc.

4.4.3 Periodic models

Periodic models can be linear in the stochastic terms. In Paper [C] the mea-
suremerts are discharge and, asin all Icelandic riversthe dischargeis periodic.
The model is written as

Q(t)
y(t)

In order to ensurenon-negative °ow in the stochastic simulations, the discharge
serieswastransformed by usingthe logarithm. Q(t) denotesthe log transformed
discharge, P (t) denotesthe periodic mean and S(t) denotesperiodic standard
deviation. The estimations of P (t) and S(t) were basedon the log transformed
discharge data. By inserting Eq. (4.4]) into Eq.(4.40) it becomes

Q(t) = P(t) + S(lay(ti 1)>(t)] (4.42)

P(t) + S(t)y(t) (4.40)
ay(ti 1)+ 2(t)  2(t) 2 N(0; %) (4.41)

and by induction

X _
Q(t) = P(t) + S(H[ all '2(i)] (4.43)

i=1

(the term a'S(t)y(0) can be neglectedas jaj < 1). Thus, the Volterra series,
de ned in Eq.(4.3) and Eq.(4.4), doesnot include more than a single sum, i.e.,
1 = P(t) and g« = S(t)a' ¥ and g = Gam = Gamn = ¢¢¢= 0. This proves
that the systemis linear in the stochastic terms.
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The periodic mean P (t) is subtracted from the data Q(t) and this di®erenceis
scaled by the periodic standard deviation S(t). The resulting process,y(t) in
Eq. (4.40 is an AR (1) processas denoted from Eq. (4.41) Hence,the transfer
function is

y(2) = (zi 1) *%(2): (4.44)

45 Non-linear models in discrete time

451 Parametric models

A discrete time system is said to be non-linear if its presert output is not a
linear combination of past input and output signal elemeris (Cadzow 1973).

An example of a non-linear discrete time series models are ARCH models,
Autoregressive Conditional Heteroskedasticity models. An ARCH (2) is written
as: q

yi=e °+AyZ o+ Ay2, e 2N(0;%) (4.45)

Ai, Ay, and ° are parameters. The ARCH modelsare commonly usedin hance
modelling to model assetprice volatilit y over time.

A wide classof non-linear modelsare socalledthreshold models. The presence
of athreshold, r speci es an operating mode of the system, i.e., there are di®er-

ent modelsin di®erert regimes,where the regimesare de ned by the threshold

valuer.

Examples of threshold models are the SET AR models, Self-Exciting Threshold

Auto-regressive modelsand the TAR SO models (Open-loop Threshold AutoRe-

gressiwe System). The SET AR modelsare extensionsof the AR modelswhereas
the TAR SO models are extensionsof the ARX models.

A SETAR model consistsof k AR parts, one part for ead di®erert regime.
A SETAR model is often referred to asa SETAR (k; p) model wherek is the
number of regimesand p is the order of the autoregressie parts. If the auto
regressie parts have di®erert ordersit is referred to as SETAR(K; pg;:::pk)-
The regimesare de ned by values related to the output values and the shift
from one regime to another dependson the past values of the output seriesy;
(hencethe Self-Exciting part of the name). An exampleof a SETAR(2;1) is:
%
0 i 091 + e Vi;1<0 ex;2N(0%)

_ 4.46
Y= 09 + 091 + e Yui. 0 en2N@©%) +40)
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A TARSO model consistsof k ARX parts, one part for ead di®erent regime
and it is often referredto asa TARSO(k;p). However, the regimesare de ned
by valuesr related to the input. The switch from oneregimeto another depends
on past valuesof the input seriesx;.

In (Gudmundsson1970) and (Gudmundsson1975) both SETAR and TARSO
models are tested for modelling river °ow discharge in Icelandic rivers. The
results can also be seenin (Tong 1990).

The threshold modelling principle is usedin Paper [B]. However the model is
de ned in continuoustime and by using a smooth threshold, i.e., shift between
regimesis de ned by a smooth function.

The classof non-linear discretetime modelsis enormousand extensiwe literature
on the topic exists.

4.5.2 Non-parametric regression

The non-parametric regressionanalysistracesthe dependenceof a responsevari-
able without specifying the function that relates the predictor to the response.
In the caseof time seriesanalysis, the predictor can be an input variable (ex-
ternal variable), past values of the output, and/or past values of the error.
Denoting the regressorvariable asx asit can be a vector, i.e., more than single
regressionvariable, the responseis denoted asy. The ideais to nd a curve
which relatesx and y. This is often referred to as smoothing.

Smoothing of a data setf x; y; g involvesthe approximation of the meanresponse
curve m in the regressionrelationship

Vi = m(X¢) + & t=1;:::N (4.47)

If repeated obsenations at a xed point x are available the estimation of m(x)
can be done by using the average of the corresponding y-values. Howewer, in
the majority of casesrepeated responsesat a given point cannot be obtained
and only a single responsevariable y and a single predictor variable x exists.

In the trivial casewhen m(x;) is a constart, an estimation of m reducesto
the point estimation of location, since average over the response variables y
yields an estimate of m. Howevwer, in practical studiesit is unlikely that the
regressioncurve is constart. Rather the assumedcurve is modelled as a smooth
continuous function of a particular structure which is 'nearly constart’ in small
neighborhoods around x. This local average should be constructed in such a
way that it is de ned only from obsenations in a small neighborhood around
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X, sincey-obsenations from points far away will, in general,have very di®erert
meanvalues. This local averaging procedure can be viewed as the basic idea of
smoothing. More formally this procedurecan be de ned as

1 X
m(x) = N Wi (X )Vt (4.48)
t=1

The estimator im(x) is called smoother (HArdle 1990). It is a weighted average
of the responsey; in a neighborhood around x. The amount of averaging is
cortrolled by the weight sequencef w(x)L; g which is tuned with a smoothing
parameter. This smoothing parameter regulates the size of the neighborhood
around X.

If the weights w;(x) are positive and if the sum of the weights is one for all x
then i (Xx) is a least squaresestimate at point x since

X )
argmuln N W (X)(Ye i M) (4.49)
t=1

Thus, the basicidea of local averaging is equivalent to the procedureof nding
local least squaresestimate.

A local averageover too large a neighborhood would cast away the good with
the bad. In this situation an extremely \over-smaoth" curve would be produced,
resulting in a biased estimate. On the other hand, de ning the smoothing pa-
rameter sothat it correspondsto a very small neighborhood would not sift the
cha®from the wheat. Only a small number of obsenations would cortribute to
the estimate, which makesthe non-parametric regressioncurve rough and wig-
gly. Finding the choice of the smoothing parameter that balancesthe trade-o®
betweenover-smaothing and under-smaothing is called the smoothing parame-
ter selectionproblem.

A simple approach to a de nition of the weight sequencew;(x);t = 1;:::N
is to describe the shape of the weight function by a density function with a
scale parameter that adjusts the size and the form of the weights near x. It
is common to refer to the shape function as a kernel (HArdle 1990). A kernel
is a cortinuous, bounded and symmetric real function k which integrates to
one. A kernel has a shape parameter and scaleparameter, the scaleparameter
is also referred to as the bandwidth (HArdle 1990). Commonly used kernel
functions are a Gaussbell, a tricub e function and an Epanecnikov kernel (HArdle
1990). The choice of weight function doesnot have a large impact (Silverman
1986). Thus, in kernel smoothing the choice of the bandwidth is the smoothing
parameter selection problem.
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An extension of the kernel estimation is local-polynomial regression. The t-
ted values are produced by locally weighted regressionrather than by locally
weighted averaging. A local linear regressioncan be formulated as

R
arg mdn N We(x)(Yei (Ho+ (X (i x))? (4.50)
t=1

where X ; denote the regressorat time t and x is a grid point and thus w;(x)
de nes a neighborhood of points around x and the local linear estimate of m(x)
is

Local polynomial regressiontends to be lesshiasedthan kernel regression,par-
ticularly on the boundary. Figure 4.1 shows a kernel estimate and a local-line
regression. Note that the kernel is more biased in the boundaries. Using lo-
cal lines instead of local constart allows a larger bandwidth without at bias
problem.

Kernel estimate and Locally weighted linear model, bandwidth 0.4
2 ‘

—— Locally linear
Traditional Kernel

1.5r

Figure 4.1: A comparison of the kernel estimated and locally linear models.

Seweral other smoothing techniques exists, e.g., orthogonal polynomials, spile
smoothing and others. For more see(HArdle 1990) or (Burden & Faires 1989).
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4.5.3 Conditional parametric models

A generalizationof linear modelsare varying-coexcient models(Hastie & Tibshirani
1993). A varying-coexcient model is formulated as a linear model where the
coezcients are assumedto change smoothly as an unknown function of other
variables. When all the coexcients depend on the samevariable the model is
denoted as a conditional parametric model. The generalformulation is

Ye =zl W(x) + &; t=1:0N; e 2 N(0; %) (4.52)

The variablesz and x are predictors, z; 2 R¥ isthe traditional predictor variable
and x; 2 R" is a predictor variable which a®ectsthe variation of the coetcients,
referred to asthe explanatory variable. When the functional relationship p(x;)
is unknown (i.e., cannot not be parameterized) the relationship, be modelled
by the principle of local estimation. This can be accomplishedby using kernels
and local polynomials

In a linear regressionmodel the parametersy;::: Lk are constarts. In a con-
ditional parameter model ead of the | j = 1;:::k is modelled as a smooth
function, estimated locally. Using a linear function this results in:

I (X) = Ko+ KX (4.53)
Hence,
Yi = Zapo + ZuHpp X + 11 Zighko + ZieHgaX (4.54)

where |1 is estimated locally with respectto x. If z; = 1for all j this becomesa
local polynomial regression,in line with the method intro ducedby (Cleveland &
Develin 1988). If u(9 is alsoa local constgrt, the method of estimation reduced
to determining the scalarﬁ,-(x) sothat  _; we(X)(Vr i f(x))2 is minimized,
i.e., the method is reducedto traditional kernel estimation, see(HArdle 1990)
or (Hastie & Loader 1993).

In practice a new designmatrix is de ned as:
st = [z zacXaes i ZaeXen)s o0t (Zkes ZkeXaes 200 ZkeXe)]  (4.55)

and a new column vector as:
1
§ (4.56)

and
e = [Mbc i k] (4.57)
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The vector y, canthen be written as

Yi=SiHUx +& t=1::N; (4.58)

The parameter vector iy is tted locally to x. This is accomplishedby using the
traditional weighted least squares,where the weight on obsenation t is related
to the distance from x to X, sothat

wi(x) = W(jix¢ i xjj=d(x)); (4.59)

where jjx; j Xjj is the Euclidean distance between x; and x and d(x) is the
bandwidth. Hence, it is clear that the tted values¥, are a linear combination
of the measuremets y1;:::V;.

When the local estimate in Eq. (4.58 BX is obtained, the elemerns of B(x)
B () = [ %20 X2 1Ry« (G = 1;:::Kk): (4.60)

In caseof an ARX model asin Paper [A] the vector z consistsof laggedvalues
of the output y and laggedvaluesof the input u. An ARX(2,6) with time delay
2 asin Paper [A]
Yo = ai(Xe; m)Y 1t a(Xe; m)Yi 2
bp(Xtj m)Utj 2+ 110+ br(Xy; m)uz - & 2N(0;%)  (4.61)

where m is the time delay in the explanatory variable x if any. In time series
notation this is written as

Axi (@ DY =By, (@ Hu+ & & 2N(0:% (4.62)
where

A, n@h = 1i a(Xgm)d bi a(Xym)d 2 (4.63)

Bai w (@) = (Xt m)d 2+ 1204 by(Xe; m)Of (4.64)

Thus, for ead, xed value of the explanatory variable x; n the transfer function
form in the z domain is

i ¢i 1 i ¢i 1
y(2) = Ax, . (2) Bx,, w (DU(2) + Ay, ., (2) &: (4.65)

4.6 Overview of the statistical metho ds

The statistical methods usedin this PhD project have been described. This
section provides an overview of the methods and the model relations are shown.



4.6 Overview of the statistical methods 63

Two models are grey box models, formulated by SDE's: one model is linear
(Paper [D]) and the other is a non-linear threshold model (Paper [B]). Two
models are black box models; of which one model is periodic model but linear
in the stochastic terms (Paper [C]). The other model is a conditional black box
model (Paper [A]).

Figure 4.2 shaws an overview of the models and demonstrateshow the models
arerelated. A linear time invariant stationary di®erertial equation can be writ-
ten in a discrete state spaceform, which can be rewritten in the well known
transfer function form. The periodic model can also be rewritten in a transfer
function form. The non-linear di®ererial equation can in ead time stept be
written as a discrete state spaceequation, either by using a 1st order Taylor
approximation and derive the discrete state spaceequation from the linearized
equation, or a numerical solution to the non-linear equation can be found and
thereby relate x (t + 1) and x(t) in a discrete state spaceequation. This can
then be simpli ed further and written asa transfer function model. Finally, the
conditional parametric model can be written on the transfer function form for
ead xed value of the conditional variable.



64 The stochastic dynamic modelling

Paper [D] Grey box Linearization 1st order Taylor _Paper [B] Grey box
dx = Axdt+Budt+ds atfime t dx=f(x,u,tg)dt+s(t,ug)dw
y=Cx+Du+e y:h(x,u,tq)+e
Time invariant system: ODE solver
A,B,C and D const. at time t

u const. between samples.
Integration

X(t+1) = Fx(t)+ Qu(t)v(t)
y(t+1) = Cx(t+1)+e(t)

x(t+1) = Fx(t)+ Qu(t)+ v(t) ‘
y(t+1) = Cx(t+1)+e(t)

\L z transformation

‘ zx(2) Fx(z}*+ Qu(2)* v(2)
¥(2) = Cx(2) + e(2)

l Delete x in the equations

Y@)=C@l F) GilarC@l By vy +e)

\L Stationary process noise in single comp.

Transfer function f . -
VO o ey = YO AE B@ @A |

= te(z
ya) = ()" &) Given fixed value of x

z transformation

? z transformation

t) = ay(t 1)+e(t ; :
58 = %Et) I%(t()a)(/?S(t) Q(t): Measurement% [AX (@)y(tFBL@ )u(t)+e(t)}
Paper [C] Periodic model Paper [A] Conditional
ARX and FIR

Figure 4.2: An overview of the statistical methods and their relations
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4.7 Motiv ation for using grey box modelling

The advantage of the grey box modelling approac in cortinuous time is that
it combinesthe bene ts of both the white box and black box modelling princi-
ples. Hence,the grey box approad delivers a strong modelling framework, the
possibility of combining prior physical knowledgewith data information.

White box models often tend to be over speci ed and in hydrology sometimes
the physical processesre so complicated that true physical equations have not

yet be proposed (Viessman & Lewis 1996). However, in most casesit will be
almost impossibleto establish an exact model of all the subprocessneededfor
describing the true system. Furthermore, the ideal situation of knowing all

the parametersof the model is often absen, especially in hydrology (Refsgaard
et al. 1992). This calls for someform of calibration or estimation from data. It

is quite commonthat physical models are formulated as:

dx ¢ f (X¢;ue;t; p)dt (4.66)
Y = h(Xi;uiti;H) + ex
Compared to Eq.(4.7) there is no noisein the system equation, i.e., the dy-

namical part in Eq. (4.66), indicates that the physical dynamics is perfectly
described in the model used.

Figure 4.3: The line demonstratesa dynamic processmodelled with di®erertial
equations without system noise, whereasthe dots denote typical obsenations
related to suc a system.

A physical modelling typically resultsin deviations betweenthe output predicted
by the model and obsenations asindicated in Figure 4.3. Hence,the model error
is serial correlated. This autocorrelation in the model errors calls for a dynamic
model which includes systemnoise, becauseif no systemnoiseis presern for the
true system then the prediction errors must be independert. In conclusion a
situation assketchedin Figure 4.3 callsfor using stochastic di®erertial equations
(SDEs) as an alternativ e to ordinary di®erertial equations (ODES).

Furthermore, in (Kristensen et al. 2004a)it is showvn that in caseswhere true
system cortains noisein the system equation (the system s not perfectly de-
scribed by the systemequation) a calibration method which doesnot take this
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into account will lead to biasedestimates, whereasparameter estimation meth-
ods which accourt for the systemnoise, asthe method implemerted in CTSM,
will provide the true valuesof the parameters.

A modelling framework basedon SDE's also provides useful techniquesfor nd-

ing the most adequate proposal for an extension of a given model. Consider
a given model basedon a dynamic description provided by a SDE. The SDE
cortains, as mentioned previously, a drift term and a di®usionterm. If the SDE
provides a perfect description of the systemthen the di®usionpart vanishes,and
hencethe di®usion terms describe the part of the dynamics which is not ade-
quately described by the drift part of the model. The in°uence of the di®usion
part is described by the incremenrtal covariances(typically of a Wiener process).
This implies that large elemeris in the diagonal of the covariance matrix indi-

cate that the relevant dynamic part of the model calls for someimprovemert.

In (Kristensen et al. 2004b) a systematic approach for modelling extension is
proposed. The idea is to locate the dynamic equations with large incremertal

covariances,and then to extend the state spacewith extra equationsto enable
a random walk variation of someof the parametersin the original equation.

Howewer, occasionally suzcient knowledge about the system sothat grey box
model can be deweloped doesnot exist. Someblack box modelling approaces
can be usedas a rst step in the modelling dewvelopmen. In Paper [A] con-
ditional parameter modelling approad is used for °ow prediction in a sewage
system. The model performs well and signi cantly better than the traditional

linear black box models. The modelling approac can be used for a further
analysis of the systemwhich. This might provide an understanding which can
then be usedfor formulating a grey box model.

The direct argumerts for including the noise part of the system equation are
the following:

2 The ODE or drift part of the model contains only an approximation of
the true system.

2 The measuremets of the input to the systemare encunbered with mea-
suremern noise.

2 Unrecognizedinputs. Somevariables,not directly consideredin the model,
might a®ectthe time ewlution of the states.

Aboveit hasbeenarguedthat the SDE basedmodelling approac contains many
advantagescomparedto the traditionally ODE approac with obsenation noise.

For statistical modelling discrete time stochastic state spacemodels are often
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considered. Comparedto this modelling classthe contin uous time basedmod-
elling o®eredby the SDE approac o®ersseweral advantages:

2 Non-linearity and non-stationary systemsare easily modelled.

2 The model in continuous time contains less parameters than equivalent
modelsin discrete time.

2 Prior physical knowledge can be directly incorporated into the model.
2 The models parametersare directly physically interpretable.

2 Non-equidistart data can be useddirectly for estimation { hencemissing
data can be dealt with by using the SDE basedapproadc directly.

2 The framework enablesa direct collaboration betweenthe physical expert
and the statistician.

The fact that the direct formulation of the dynamicsin continuoustime creates
a badground for a direct collaboration betweenthe expert and the statistician,

is most likely one of the most important aspects of the grey box modelling
approach. Traditionally, the statistical models (ARMA, Box-Jenkins, GLM,

etc.) are rather easyto deal with for the statistician, but the physical expert
most often are not ableto interpret the parametersand the results. On the other
hand, for white box models, the physical expert is able to formulate a model
describing the dynamics, but the statistician, in general,is not able to estimate
the all the model parameters. Thus, the grey box approad basedon stochastic
di®erertial equationsbridge the modelling gap betweenthe statistician and the
physical expert.
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Conditional parametric models for storm sewer runo®

H. Jonsdottir,*? H. Aa Nielsen,* H. Madsen,! J. Eliasson,? O. P. Palsson?

and M. K. Nielsen®

Abstract.

The method of conditional parametric modeling is introduced for °ow pre-

diction in a sewage system. It is a well known fact that in hydrological modeling the re-
sponse (runo®) to input (precipitation) varies depending on soil moisture and several
other factors. Consequently, nonlinear input-output models are needed. The model for-
mulation described in this paper is similar to the traditional linear models like FIR (Fi-
nal Impulse Response) and ARX (Auto Regressive eXogenous) except that the parame-
ters vary as a function of some external variables. The parameter variation is modeled
by local lines, using kernels for local linear regression. As such, the method might be re-
ferred to as a nearest neighbor method. The results achieved in this study were com-
pared to results from the conventional linear methods, FIR and ARX. The increase in
the coet cient of determination is substantial. Furthermore, the new approach conserves
the mass balance better. Hence, this new approach looks promising for various hydro-

logical models and analysis.

1. Introduction

Hydrology is one of the oldest ~elds of interest in science
and has been studied on both small and large scales for
about 6000 years. The goal of the present work isto achieve
good predictions of °ow in a sewage system. Black box
models have been providing good prediction results, often
much better than conceptual or physical models, depending
on how well the actual system is known. Carstensen et al.
[1998] showed that data driven models are more reliable for
on-line applications in sewers than stationary deterministic
models.

Black box models have been used in hydrology for
decades; Sherman [1932] presented the “rst black box model
by introducing the theory of unit hydrograph. The unit hy-
drograph is an impulse response function and as such is es-
timated directly as a FIR model, i.e. the °ow is modeled
as lagged values of precipitation. The unit hydrograph de-
scribestherelation between e®ective precipitation and quick
°ow. Hence, for the °ow data, a base °ow separation must
be performed and the e®ective precipitation must be cal-
culated from the precipitation data. Quite often physical
equations are used for e®ective precipitation calculations,
e.g. Horton's in"Itration formula, Horton [1935] or Philip's
equation, Philip [1969]. E®ective rain identi” cation can also
be incorporated in the hydrograph modeling process itself,
e.g. Hsu et al. [2002].

For the purpose of °ow predictions, ARX and ARMAX
(Auto Regressive Moving Average eXogenous) models are
in most cases more successful than FIR models. This means
that the °ow is modeled not only as a function of precipita-
tion, but also by using past °ow values and in that case all
the available information is applied. Todini [1978] used an
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Bldg. 321 DTU, DK-2800 Lyngby, Denmark.

2Faculty of Engineering, University of Iceland,
Hjardarhaga 2-6, 107 Reykjavik, Iceland.
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ARMAX model for on-line ° ow predictionsand Novotny and
Zheng [1990] used an ARMAX model for deriving watershed
response function and their paper provides an overview of
how ARMAX models, transfer functions, Green's functions
and the Muskingum routing method are related.

Both the FIR models and the ARMAX models are linear
time-invariant models. These models are simple and easy
to use and in many cases provide acceptable results, par-
ticularly when the volume of the °ood is large compared
to the in” Itrated volume. Nevertheless, the rainfall runo®
process is believed to be highly nonlinear, time-varying and
spatially distributed, e.g. Singh [1964], Chiu and Huang
[1970], or Pilgrim [1976]. With increased computer power,
nonlinear models have become increasingly popular. Cap-
kun et al. [2001] handle the nonlinearity by using an ARX
model and by modeling the variance as a function of past
rainfall. Bayesian methods have also been applied; Campbell
et al. [1999] used such a procedure for parameter estimation
in their nonlinear °ood event model. lorgulescu and Beven
[2004] used nonparametric techniques for the identi cation
of rainfall-runo®relationship using direct mapping from the
input space to the output space with good results. Dur-
ing the last decade neural networks have been popular as
in Hsu et al. [1995], Shamseldin [1997] and more recently
the SOLO-ANN model by Hsu et al. [2002]. Karlson and
Yakowitz [1987] used a nonparametric regression method,
which they refer to as the nearest neighbor method. They
compare FIR, ARMAX and nearest neighbor models. T heir
results favor the nearest neighbor and the ARMAX models;
however, they do not distinguish between the ARMAX and
the nearest neighbor models. Porporato and Ridol™ [1996]
used a nearest neighbor model and found that the local lin-
ear model with small neighborhoods gave the best results.
In Porporato and Ridol™ [1997] strong nonlinear determinis-
tic components were detected in the discharge series. They
used noise reduction techniques speci”cally proposed for the
“eld of chaos theory to preserve the delicate nonlinear in-
teractions, and then used nonlinear prediction (NLP) with
good results. In Porporato and Ridol™ [2001] these method-
ologies are followed up for multivariate systems. Prevdi and
Lovera [2004] tackle the nonlinearity by using time-varying
ARX models, which they refer to as Non-Linear Parameter
Varying Models (NLPV). The parameter variation isde ned
asan output of a non-linear function and the optimization is
performed by using Neural Networks. In Young et al. [2001]
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the time variable parameters are considered to be state de-
pendent and the method is thus referred to as the SDP ap-
proach. For non-linear phenomena this approach resultsin a
two stage approach, called the DBM approach (Data Based
Mechanistic approach) Young [2002]. In recent years fuzzy
methods have been tested for °ood forecasting, e.g. Chang
et al. [2005] and Nayak et al. [2005].

In the present paper conditional parametric models are
used to develop models for °ow predictionsin a sewage sys-
tem. A conditional parametric model is a linear regression
model where the parameters vary as a smooth function of
some explanatory variable. Thusthe method presented here
are in a line with the SDP and the NLPV methodologies.
The name conditional parametric model originates from the
fact that if the argument of the functions is “xed then the
model is an ordinary linear model, Hastie and Tibshirani
[1993] and Anderson et al. [1994]. In the models presented
here, the parameters vary locally as polynomials of external
variables, as described in Nielsen et al. [1997]. In contrast
to linear methods like FIR and ARX, this methodology al-
lows “xed input to provide di®erent output depending on
external circumstances.

This paper is organized as follows: In Section 2 the mod-
elsare described, followed by Section 3 with a description of
the parameter estimation method. Section 4 containsresults
and in Section 5 there are discussions about on-line predic-
tion and control in sewage systems. Finally, in Section 6
conclusions are drawn.

2. The Models

In the present paper the excess out®ow is modeled as a
function of total precipitation (the base °ow in the sewage
system does not originate in rainfall). To avoid the calcu-
lation of in"Itration it was decided to use the total precip-
itation as measured on-line. This is very convenient, par-
ticulary since the in”Itration rate depends on several phys-
ical factors and no perfectly quanti ed general formula ex-
ists, Viessman and Lewis [1996]. Some of the more recently
developed models identify the eRective precipitation along
with the hydrograph e.g. Nalbantis et al. [1995]. The goal
isto predict °ow in the sewage system as a function of mea-
sured precipitation; consequently division of the precipita-
tion into eRective rain and in Itration/ evaporation is not
important. For the purpose of °ow prediction, conditional
parametric models are applied, Nielsen et al. [1997]. These
models are an extension of the well known linear regression
model where the parameters vary as functions of some ex-
ternal variable. In this research two types of models were
tested: conditional parametric FIR models and conditional
parametric ARX models. The models are formulated as:

A
FIR: y = h(Xgm)zii+e &2N(0%nR)®D)
i=0
ARX : Yo = ai(Xej m)Yei i (2
i=1
N2
+ B(X m)zo i+ & & 2 N(G¥%rx)

i=0

wherey; istheoutput (°ow), z istheinput (precipitation),
Xt isthe explanatory variable and m isthe time delay if any.
Here, the explanatory variable is season and/ or threshold,
see Section 4. The order of the FIR model in Eq. (1) is
denoted qu and the order of the ARX model in Eq. (2) is
denoted (p; &).

In the FIR model the function h, represented by the co-
et cients hi(X¢; m) i = 1;:::qq is known as the impulse re-
sponse function. It demonstrates how the system responds
to the input. In the ARX model A, ,, (g *) is de ned as

CONDITIONAL PARAMETRIC MODELS

the p-th order polynomial operator

Axi (@) = ar(x m)d H+ i ap(xe m)d P (3)
where g ' is the backward shift operator.  Similarly
By, n (0 ') isde ned as:

Bam (@) = bo(xiim)
+ bi(xe m)d RN by, (x4 m)q ® (4)

as the g-th order polynomial operator. Then for a ~xed
Xt; m theimpulse response function can be derived from the
transfer function Ay, , (g 1)=Bx,, ,, (0 *) as described for
example by Ljung [1987]. In this case the impulse response
function includes coet cients ho; hy;::: up to in nity. How-
ever, in practice, only the “rst n coet cients are used.

Ashan and O'Connor [1994] de ne the gain factor G of a
unit hydrograph as

1 X
G= a hi (5)
0

where A is the area of the watershed, n is the order of the
model, the coet cients h; are the coet cients in a unit hy-
drograph, where the input is eRective rain and the output
is excess °ow. In an ideal situation the gain factor is one,
but H¢ybye and Rosbjerg [1999] state that such alinear rela-
tionship does not exist. Furthermore, Ashan and O'Connor
[1994] state that the overall model et ciency is in general
very sensitive to the magnitude of the gain factor. In this
paper the input is total precipitation; however, the value in
Eq. (5), will be referred to as the gain factor. The gain
factor will not be one. However, the gain provides valuable
information about the system, it provides the fraction of
thetotal precipitation that becomes excess rainfall and thus
also the fraction that in"ltrates into the ground. Further-
more, the change in the gain factor as the external variable
x changes provides a valuable information for understanding
the system.

3. The Estimation Method

The models used are locally linear regression. In order to
describe the ARX and FIR models together the notation is
changed to the notation of a linear regression

yi=zip(x)+e; t=105N; e 2 N(O¥) (6)
where the output or theresponse, y; isa stochastic variable;
z, 2 R¥ istheinput; x; 2 R" is an explanatory variable.
The parameter vector (¢ 2 R* is a vector of smooth func-

the case of a FIR model, the variable z; is the lagged val-
ues of the precipitation and p(x) are the coet cients in a
hydrograph. In the case of an ARX model, the z; consist
of the lagged values of precipitation and the lagged values
of °ow, where p(x;) consists of the corresponding parame-
ters. If x; is constant across all the observations, the model
reduces to a traditional linear regression model, hence the
name. The estimation of (¢ is accomplished by estimating
the functions at a number of distinct values of x. Given
a point x, each W, j = 1;:::k is approximated by a local
linear function

Bx) = o+ wixe  j= Lk @)
T he coet cients o and p,le are estimated by using weighted
least squares (by using kernels).
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If x¢ is 2-dimensional p (x:) can be written as
K (Xt) = Wo+ KaXae + |2Xat
hence

Yt = Zitlwo + ZatfuaXar + Zath2Xot

+ 100 H Zeebko + ZetMkiXat + Zee kX2t + € 9)

Then arow in a new design matrix can be de ned as

uf = [zn,znxn,znxz[;::"z“,z,[xn,z,‘xm,
S 2w ZkeXae ZeeXad] (10)
and by de ning the column vector
Hix = [Hoikail2] (11)
and
W= (MGG kot b (12)
the °ow vector y; can be written as
Vi= Ul t+ e t= 100N (13)

The parameter vector L is ™ tted locally to x. Thisisac-
complished by using the traditional weighted least squares,
where the weight on observation t isrelated to the distance
from x to x;, so that

wi(x) = W(jjxe i xjj=d(x)); (14)
wherejjx; i Xjj isthe Euclidean distance between x; and x.
The function W : R ! R is a nowhere increasing function.
In this paper the tricube function

Ya

. (@i v®3% v20)
wm= g v2[L1) 19
isused. The scalar d(x) > O is called the bandwidth. If
d(x) isconstant for all values of x, it isdenoted a ™ xed band-
width. On the other hand, if d(x) is chosen so that a certain
fraction of the observations is within the bandwidth, it is de-
noted as nearest neighbor bandwidth. The advantage of the
tri-cube weighting function is that it is a smooth function
like the Gauss bell, but unlike the Gauss bell the tri-cube
function is zero outside the bandwidth, which makes the
computational e®Rort smaller. The choice of weighting func-
tion or kernel does not have a large impact, see Silverman
[1986].

In general, if x has a dimension of two or larger, scaling
of the individual elements of x before applying the method
should be considered, e.g. Cleveland and Develin [1988]. A
rotation of the coordinate system, in which x is measured,
could also be relevant. When the local estimate in Eq. (13)

R is obtained, the elements of {i(x) in Eq. (6) are calculated
as

B (x0) = [Lx2; X2 0B«

When z; = 1for all j this method is almost identical to the
method introduced by Cleveland and Develin [1988]. Fur-
thermore, if p(¢ is a local constant, then the method of
gstimation reduces to determining the scalar p, (x) so that

:‘ LW (X)(ye i {i(x))? is minimized, i.e. the method re-
ducesto traditional kernel estimation, see also Hardle [1990]
or Hastie and Loader [1993].

Furthermore, it is worth mentioning that, as for tradi-
tional linear regression, the “tted values f;
arelinear combinations of the observations, seeN|eIsen et'al.
[1997].

(i =21:::k): (16)

X -3

As noted earlier, the method of conditional parametric
modeling has certain similarities to the SDP method, e.g.
Young et al. [2001], as well as the NLPV as used in Prevdi
and Lovera [2004]. All these models are time varying AR-
MAX type of models. In the NLPV approach, the nonlinear
optimization isby use of neural network, which is completely
black box oriented. The nonlinear SDP methodology results
in the two stage DBM approach Young [2002]. In the “rst
stage an appropriate model structureisidenti” ed by consid-
ering a class of linear transfer function models whose para-
metersareallowed to vary over time. In the second stage any
identi~ed (signi” cant) parameter variation is modeled using
a parametric approach, and the parameters of the resulting
parametric non-linear model are estimated using non-linear
least squares or maximum likelihood estimation. Hence, the
resulting model is a non-linear model with ~xed parameters.
Young [2005] provides a “ne overview and comparison of the
SDP and NLPV modeling approaches.

The suggested method is typically a one-stage approach.
The resulting model is a conditional parametric model,
where the total parametrization is a combined parametric
and non-parametric model. Consequently, in every neigh-
borhood, there exists an approximately linear parametric
model. Furthermore, by studying the values of the para-
meter p(x) as the external variable x changes, a complete
parameterized model might be developed if that is desired.
A complete parameterized model has both advantages and
disadvantages: It often provides a better "physical" under-
standing of the system. However, the parameters are under
all circumstances estimated by use of existing data and if
the external circumstances change, this involves extrapola-
tion. Local estimates (estimates in a neighborhood, kernel
estimation) will adapt to new circumstances quickly. In this
paper the non-linearity is described directly without any use
of recursive/ adaptive estimation. In the case of time-varying
models, adaptive estimation, as described in Nielsen et al.
[2000], can be superimposed on the method. Hence, the
approach makes it possible to track time variation in a non-
linear model, this extension is however, not the focus of the
present paper.

4. Results
4.1. Description of the Data and the Circumstances

The data originate from the company Waste Water Con-
trol aps. in Denmark and consist of 68 rain events which
occurred in the period 1st January 2003 to 4th May 2004.
The 68 rain events cover many types of rain, of a varying
intensity and length. The data consist of pairs of measured
precipitation [mm/ (6 min)] and excess °ow [m%/ (6 min)].
The sampling time is, as indicated, 6 minutes. The excess
°ow is calculated from the total ° ow by subtracting the sys-
tem's base °ow. The base °ow, or the dry weather °ow,
in the sewage system does not originate from rain and is
de ned as a constant plus a daily variation, see Carstensen
et al. [1998]. The sewage system isbuilt up in thetraditional
manner as a net, with pumping stations located at some of
the node points. During heavy rain events the volume of
water entering the pipes can exceed the pumping station's
capacity causing some a kind of saturation/ threshold in the
system.

Thearea of thewatershed is 10.89 km?. Theimpermeable
area is dominated by urban area and the soil is mostly clay.
The data contained 3 heavy rain events where the thresh-
old/ saturation phenomena can be seen. A water balance
study was performed which showed a yearly variation in the
water balance. This seasonality is mostly due to the soil
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moisture content in the root zone and variation in ground-
water level; the soil is much drier during the summer than
during the winter.

4.2. Model Construction

An analysis of the data using linear models with non-
varying coet cients showed that the time delay from input
to output is 2 lags, i.e. 12 minutes. It has been found that
at most 19 lags are needed in a FIR model, asin Eq. (1).
In the ARX models, asin Eq. (2), the "best" linear model,
using AIC criteria, is ARX (2;6) with atime delay of 2, i.e.
the output y; is a function of yi; 1;yt; 2,2 2;:::2; 7. For
the sake of convenience these model degrees were used in
the whole study, i.e. the same number of lags was used for
in the conditional parametric models.

The numerator in the ARX models is quite high com-
pared to what is often seen in hydrology. However, most
rainfall runo® studies are on a daily basis. In this project
the sampling time is 6 minutes, consequently the numera-
tor needs to be higher. The linear model order was chosen
by use of AIC/BIC criteria (the AIC and BIC indicated the
same model order) and use of some other criteria might have
led to lower orders. However, Porporato and Ridol  [1996]
indicate that the degree of the numerator should not be less
than the basin concentration time, and in order to capture
the entire subsequent runo® the numerator should be even
greater. Thebasin concentration timein the sewage system,
using the 6 minute sampling time is about 6 lags (the basin
lag is estimated to be 4 lags and, referring to Singh [1988],
the time of concentration is 1.42 times the basin lag time,
which is close to 6 lags). The order of the numerator in
the ARX model is 6. Evidently the FIR model has a larger
model degree than the ARX model.

Asmentioned earlier the non-linear e®ects are mostly due
to seasonal variations and the saturation/ threshold e®ects
in the pipes. The seasonal variation is modeled as the “rst
term in a Fourier series, i.e. a sinus wave

x; = Csin(! t+ A) (17)
where x; isthe explanatory variable due to season. The wa-
ter balance study showed the largest response to precipita-
tion in February and the smallest in August. Consequently
the parameters! and A are chosen such that x{ peaksin mid
February. The parameter C is set to 100 which is a neces-
sary scaling in the 2-dimensional model presented later in
this section. In practise the seasonal variation is not as reg-
ular as a sinus wave. However, since only 16 months of data
are availableit isnot possible to estimate a seasonality func-
tion without restrictions asin Eq. (17). The seasonality in
the parameters can most likely be modeled globally asin a
PARMA model e.g. Rasmussen et al. [1996].

The saturation/ threshold e®ect is modeled either as a
function of the rain-intensity or as a function of the °ow,
depending on the model type. In a FIR model the condi-
tional variable representing the saturation/ threshold is pre-
cipitation intensity, x{ and set as

XP = (U 2+ Uja+ Uy a+ U s+ U 6)=5  (18)
i.e. the average rain intensity in lags 2 to 6. This choice
is based on the facts that the time delay is 2 lags, and the
time of concentration is 6 lags.

In the ARX models the saturation/ threshold is modeled
as a function of the °ow itself instead of the rain intensity.
This is in fact more physically correct because the thresh-
old occurs because there is more water in the pipes than the
pumpsin the node points can serve, even though all thiswa-
ter is caused by heavy rain. Hence, the explanatory variable
is de ned as

X = Vi (19)

CONDITIONAL PARAMETRIC MODELS

There were only 3 heavy rain events during this period and
since 19 coet cients need to be identi ed in the FIR model,
the 3 events with heavy rainfall were not quite enough to
identify the 19 coet cients within an acceptable con™ dence
level, meaning that several combinations of solutions might
be possible. However, some solutions were found and those
were used for prediction. As a consequence of this sparse
data it was not possible to identify a FIR model where the
coet cients varied both with the season and the threshold.
On the other hand in the ARX models the constants are
rather well identi”ed and it was possible to identify coet -
cients depending on two variables, season and ° ow.

The local estimation requires bandwidth decisions. The
bandwidth determines the smoothness of the estimate. If
the bandwidth is small the variance is large and the bias is
small. If the bandwidth is large the variance is small but
the biasincreases. An "optimal" bandwidth is a bandwidth
which is a compromise of these two factors. In the tradi-
tional kernel estimation, as in Hérdle [1990], the estimates
are local constant; here the estimates are local lines. This
allows a larger bandwidth without the cost of a bias prob-
lem. The bandwidths are di®erent, depending on the model
types. In each case the bandwidths where found by manual
optimization, the bandwidth needs to be small enough to
detect di®erences in the conditional variable. However, the
larger it is, the less variation in the estimates. For exam-
plein the ARX model where the conditional variable is the
season, it was possible to use a large bandwidth. The sea-
sonal variable is almost evenly distributed, and the optimal
bandwidth included 2400 data points, which is about 65%
of the data. On the other hand in the FIR model with rain
intensity as a conditional variable, the bandwidth included
only 55 data points, which is about 1.5% of the data. This
is because there are few events with heavy rain and thus,
by using a larger bandwidth the few data-points no longer
have an e®ect.

The calculations are performed by using a program
named LFLM (locally weighted “tting of linear models)
which is an SSPLUS/R library package. For a description
see Nielsen [1997].

4.3. Modeling Results

Model validation demands some measure of the model's
quality. This measure is not a single number which can be
used for each and every model and in each and every situa-
tion. In this project the main goal was to achieve accurate
predictions. Thus, the optimization (model calibration) is a
least squares method and as such the model's performance
isvalidated with respect to that. In hydrology several other
factors might be of higher importance, like the overall water
balance, the timing of the peak °ow or other things.

The coet cient of determination R?, often referred to as
the Nash et ciency, is a widely used model criterion in hy-
drology and it is a “ne measure of the model's et ciency
with respect to the least squares minimization. The residu-
als used for model validation are one step prediction errors,
using the calibration data series. A cross validation would
have been adequate. However, the model's parameters were
estimated locally and will thus adapt to the data in use;
hence, cross validation does not have the same meaning as
when the parameters are estimated globally. Table 1 shows
the R for the conditional parametric models. As the mass
balance is an important dimension in hydrology, the mean
value of the error was also calculated. The mean value of the
error demonstrates the mass balance on average. If the mass
balance is well conserved, the mean value of the error will
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be zero. Table 2 shows the mean value of the error. Theta-
bles both show the overall performance and also the seasonal
performance. For each season the seasonal calculations are
based two months in each season for better distinction be-
tween the seasons. For the seasonal calculations the 3 most
heavy rain events were excluded. These were events, where
the saturation/ threshold e®ect exists, those were grouped
together and the calculations were performed for them sep-
arately in order to measure how the models perform in that
situation. As a reference R? was also calculated for the cor-
responding well known linear models FIR and ARX. It is
well known that the coet cient of determination does not
penalize over-parameterizations. However, both AIC and
BIC studies led to this model order as does a physical study
like the basin concentration time as discussed in Section 4.2.
Speci”cally the conditional parameter models are compared
to alinear models of same orders. Thusthe FIR models are
comparable, and the ARX models are as well. The estima-
tion was based on all the events, and the tables show total
results for all the 68 rain events.

Table 1. The coet cient of determination R? for various
models and di®erent conditions. The unit is m3=6 min as
the sampling time is 6 minutes. The models are: Linear FIR
model, Seasonal FIR model and Threshold/ Saturation FIR
model. Linear ARX model, seasonal ARX model, Thesh-
old/ Saturation ARX model and both seasonal and thresh-
old/ saturation ARX model. The R? calculations are 1-step
prediction, performed using overall data. For winter, spring,
summer and fall, only 2 months were used for better seasonal
distinction. Finally, the R? is calculated for the three heaviest
rain events, Those events are excluded in the seasonal calcu-
lations.

Heavy

Cond. | All w Sp. Su. F rain
8ev.|13ev. | 13ev. |12ev. | Sev.

FIR |[Lin. 079|064 073 | 0.68 | 0.90 | 0.83
Seas. |0.84|070 | 0.78 | 0.85 | 0.92 | 0.89

Thr. 0.82 | 0.63 | 0.75 0.79 0.93 0.93

ARX | Lin. 094] 091 | 094 0.91 0.96 0.93
Seas. |095|092| 094 | 093 | 096 | 0.94

Thr. 096|093 | 095 | 094 | 097 | 0.97
SEThr |097 | 095 | 096 | 0.97 | 098 | 0.99

In a comparison of the three FIR models, the seasonal
FIR model has the best performance both with respect to
the R? and to the mass balance. The seasonal FIR is clearly
an improvement of the traditional FIR model with constant
parameters. Even in a situation with heavy rain, the sea-
sonal FIR outperforms the traditional FIR. The threshold
FIR is the best during heavy rain events, as a result of its
design, however the bias is quite large.

All the conditional parametric ARX models outperform
thetraditional ARX, both the 1-dimensional modelsand the
2-dimensional model, which is the best both with respect to
the Nash-et ciency and the bias.

In Table 2 it can be seen how the traditional linear mod-
els underestimate the runo® during the winter and overes-
timate it during the summer, especially the FIR models.
The FIR models have a larger bias, and even the seasonal
FIR is not quite acceptable in all seasons, especially in the

X -5

spring season. Thus, the FIR models are not acceptable for
predictions.

Table 2. The mean value of the error, m3=6 min. (For
nomenclature see Table 1).
Heavy
Cond. All w Sp. Su. F rain
8ev. [13ev. |13 ev. |12 ev. | 3ev.
FIR | Lin. 113 | 11.18 | 19.54 | -22.80 | -2.4 | -37.22
Seas. 0.23 | 0.76 | 15.79 | -1.14 -6.8 | -10.23
Thre. 3.40 | 1413 | 20.47 | -17.12| -2.3 | -17.50
ARX | Lin. 0.05 | 1.67 | 279 | -3.84 | -0.48 | -7.58
Seas. -0.20| 0.01 | 272 | -0.27 | -1.45 | -2.58
Thre. 0.12 | 1.77 33 285 | -1.29 | -4.74
SEThr. |-0.01 | 0.02 | 2.37 0.19 1.48 -1.76
January 27th 2003
o
15230 R p— FIR lin
- FIR season
o € e ARX lin —
0 £ —— ARX flow/season =
o €
£o ©
ER £
<o £
23 =
E- S
o I
= 2
[ ‘S
o
B a
0.2
o CANLIREET 00

0 10 20 30 40 50 60Lag

Figure 1. Event in winter. The data is shown as points
and the precipitation as bars, with the scale on the right
axis. The time lag is 6 minutes and the ~gure shows a
conditional ARX model, where the parameters depend
on season and °ow, and a conditional FIR model where
the parameters depend on season. For comparison the
conventional time-invariant linear models FIR and ARX
are also shown.
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Figure 2. Event in autumn. Thedatais shown aspoints
and the precipitation as bars, with the scale on the right
axis. The time lag is 6 minutes and the ~gure shows a
conditional ARX model, where the parameters depend
on season and °ow, and a conditional FIR model where
the parameters depend on season. For comparison the
conventional time-invariant linear models FIR and ARX
are also shown.
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As expected, the ARX models outperform the FIR mod-
els. However, it must be stressed that the FIR models and
the ARX models need di®erent inputs for prediction. Using
a FIR model, 1-step prediction demands past precipitation
which is also required when using an ARX model, but past
values of the °ow are additionally required. For k-step pre-
diction both the FIR and the ARX models need past and
present values of the precipitation and also (kj 2) prediction
of the precipitation. Additionally the ARX models demand
past, present and (k j 1) step prediction of the °ow. It
must be mentioned though that using predicted values of
precipitation asinput will never be quite asreliable as using
measured values since the predicted values have much larger
variance; thisisalso true for the predicted values of the ° ow.
Moreover, the parameter estimates are performed with the
assumption that the input is measured not predicted.

For visual comparison two events were chosen. These are
a'typical' event in winter timeand an event with heavy rain,
showing the saturation/ theshold. Note that even though
single events are shown in the “gures, the estimate is based
on all the events. A single conditional ARX model and a
single conditional FIR model will be drawn along with the
traditional linear models. The ~gures show the best condi-
tional FIR model, the 1-dimensional seasonal FIR and the
best conditional ARX model, the 2-dimensional ARX along
with the linear FIR and ARX, for comparison.

Figure 1 shows an event in the winter time; the duration
of the event is about 6.5 hours. Note that the linear FIR
model underestimates the runo® as demonstrated in Table
2, and a seasonal FIR model is clearly an improvement on
the traditional linear FIR. The linear ARX model is better,
but not as good as the conditional parametric ARX. Fig-
ure 2 shows the same for an event with heavy rain and thus
the threshold/ saturation e®ect; the duration of this event is
about 2.5 hours. In this case both the linear FIR and the
linear ARX overestimate the °ow peak, as does a seasonal
FIR, while the conditional ARX nicely capturesthe °at and
long peak.

It might be argued that in real applications a con” dence
interval for the predictionswould berequired. Thisisindeed
true; con dence intervals for the predicted output are valu-
able. However, since the model is non-linear, it is believed
that prediction intervals should be estimated by methods
like quintile regression as in Nielsen et al. [2006]). This is
not covered in this paper.

Finally, conditional parametric models with local esti-
mates can also be used to study the circumstances of the
watershed and thus provide a useful information for devel-
oping a non-linear global parametric model if wanted.

For example, the seasonality can be studied. For this
purpose a seasonal ARX model is used. In this study the
conditional variable representing the seasonality is a sinus
wave and the parameters are estimated as local lines, de-
pending on the values of the sinus. Table 3 shows estimated
coet cients in the ARX for “xed values of the season. Due
to symmetry, it is not possible to distinguish between spring
and autumn. A comparison of the autoregressive parameters
a; and az, shows that a; islarger than a; during the winter
while a; is close to zero during the summer and a; is the
dominating autoregressive parameter. The negative value
of the parameter bs in August is physically incorrect, and
this is probably due to sparse data, since there is only one
summer season and August is close to and on the boundary
of the seasonal variation parameter.

CONDITIONAL PARAMETRIC MODELS

Table 3. Local parameter estimates in a sea-
sonal ARX model. S1=February, Sp=April/ December,
Sz=June/ October, S4= August.

Seas. | a az by by by bs bs by
S1 0.34| 0.51[33.45|4275|68.56| 21.98 | 19.13| 548
Sz 0.62 | 0.20 | 32.66 | 50.67 | 48.33 | 23.57 | 21.12| 5.23
S3 0.82 | -0.03 | 23.80 | 52.73 | 22.09 | 21.88 | 11.95 | 18.04
S4 0.73 | 0.08 | 20.36 | 70.23 | 21.59 | -13.30 | 14.13 | 19.44

Using the estimated parameters, the impulse response
function can be calculated, as shown in Figure 3, which
also shows the sum of the coet cients and the corresponding
gain factor, calculated by Eqg. (5). Note that the impulse
response function has the longest tail during the winter and
shortest tail during the summer, and it also reaches larger
values during the winter than the summer. Consequently,
during the winter about 10% of the total water reaches the
sewage system, while during the summer about 6% enters
the sewage system. A similar analysis has been performed
for the °ow dependence of the impulse response function
and it mostly shows that when the ° ow is large the impulse
response function is °atter, it peaks later, the values are
smaller, and the tail is longer.
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Figure 3. Impulse response function estimates for four
di®erent seasons calculated using a seasonal ARX model.

5. Discussion

The FIR models provide 2-step prediction i.e. informa-
tion 12 minutes ahead, since the time delay between precip-
itation and °ow is 2 lags. The ARX models provide 1-step
prediction, since °ow at timet; 1isused for prediction. For
real time on-line prediction and automatic control it might
be necessary to achieve information with longer a time hori-
zon, say 30 minutesi.e. 5-step prediction. For both the FIR
and the ARX models a 5-step prediction requires 3-step pre-
diction of precipitation, i.e. on-line weather forecast. How-
ever, since it is only a question of a couple of minutes, it
might be possible to use on-line precipitation measurements
a bit further from the treatment plant, i.e. a weather sta-
tion capturing the frontal rain alittle bit earlier. Evidently
this depends on the wind and frontier movement direction
although in many cases the wind during rain is from the
(south) west, which is the dominating wind direction. The
wind direction might also be a conditional variable in the
model if enough data are available. On the other hand, for
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the ARX model the situation isa little bit more complicated
because the °ow yi; 1 is a conditional variable. The most
practical thing would be to provide on-line ° ow data from a
couple of node pointsin the sewage system net, node points
which are distributed geographically in the sewage system.
The°ow in the node pointsis naturally delayed compared to
the °ow in the waste water treatment plant, and obviously
the delay is di®erent depending on the geographical local-
ization. However, if data from the node points are available
in general, it would be most convenient to use the °ow in
the node points as an input in a model for on-line prediction
and control, at thewaste water treatment plant, and thereby
remove much of the unaccountable rain distribution.

6. Summary and Conclusion

Conditional parametric models have been developed and
tested for rainfall-runo® modeling in a sewage system. The
models are FIR and ARX models with the coet cients vary-
ing as a function of external variables. The input of the
models is the total precipitation as measured on-line, and
the output is the excess °ow prediction. The base °ow is
separated by using simple equations since the base °ow in
the sewage system does not originate in rainfall.

Both the conditional parametric FIR and the conditional
parametric ARX provide results which are signi cantly su-
perior to results from conventional linear models. As ex-
pected the ARX models provide the best 1-step predictions.

In this study the conditional variables are used to cap-
ture seasonal °uctuations and threshold/ saturation due to
the limited capacity of the system pumps and pipes.

Use of this modeling approach hasa good potential for de-
veloping good prediction models. Furthermore, the method
can also be used for sensitivity analysis while constructing
a physical model of the system °ow. The method of con-
ditional modeling is a useful contribution to the tools of
nonlinear modeling techniques used in hydrology.
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Abstract

A parameter estimation method for stochastic rainfall-runoff models is presented. The model considered in the paper is a
conceptual stochastic model, formulated in continuous-discrete state space form. The model is small and a fully automatic
optimization is, therefore, possible for estimating all the parameters, including the noise terms. The parameter estimation
method is amaximum likelihood method (ML) where the likelihood function is evaluated using a Kalman Plter technique. The
ML method estimates the parameters in a prediction error settings, i.e. the sum of squared prediction error is minimized. For a
comparison the parameters are also estimated by an output error method, where the sum of squared simulation error is
minimized. The former methodology is optimal for short-term prediction whereas the latter is optimal for smulations. Hence,
depending on the purposeit is possible to select whether the parameter values are optimal for smulation or prediction. The data
originatesfrom Iceland and the model is designed for | celandic conditions, including a snow routine for mountainous areas. The
model demands only two input data series, precipitation and temperature and one output data series, the discharge. In spite of
being based on relatively limited input information, the model performswell and the parameter estimation method is promising
for future model development.

g 2005 Elsevier B.V. All rights reserved.

Keywords: Conceptual stochastic model; Rainfall-runoff model; Parameter estimation; Maximum likelihood; Extended Kaman Plter;
Prediction and simulation

1. Introduction The numerous hydrological models which already

exist vary in their model construction, partly because

All hydrological models are approximations of
reality, and hence the output of a system can never be
predicted exactly and the problem is how to achieve
an acceptable and operational model.

* Corresponding author. Tel.: C 354 5696051; fax: C 354
5688896,
E-mail address: hj@os.is (H. Jonsdottir).
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the models serve somewhat different purposes. There
aremodelsfor design of drainage systems, models for
Rood forecasting, models for water quality, etc. Singh
and Wool hiser (2002) give acomprehensive overview
of mathematical modelling of watershed hydrology,
however, a brief overview will be given here. The
HBV model, see Bergstrem (1975, 1995), is a
standard model in the Scandinavian countries
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N Snow cover [m]

P Measured precipitation [mm]

pdd Positive degree day constant for melting
[mV([&C]day)]

S Upper surface water reservoir [m]

S, Lower surface water reservoir [m]

S11 White noise process for the observations

T(t) Measured temperature [8C]

T41) Low pass bitered temperature [8C]

Y Measured discharge [m/day]

du, One dimensional Wiener process

f(x) Smooth threshold function (sigmoid
function) 181LC expdy,C byxH

j (X Indicator function for the snow j (x)Z
Mexp(-bexp(-kx))

Sii Incremental covariance of the Wiener
process
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Nomenclature

a Low pass Pltering constant [1/day]

b Constant in j ($), controlling the
smoothness

b Center of the threshold function f ($)

by Sharpness of the threshold function f ($)

c Precipitation correction factor

f Filtration from upper reservoir to lower
reservoir [1/day]

K Constant representing the base Row
[m/day]

k Congtant in j ($), controlling the
smoothness

kg Routing constant, from upper surface
reservoir [1/day]

ko Routing constant, from lower surface
reservoir [1/day]

M Constant in j ($), contralling the upper
limit value

and has also been used around the globe. The HBV
model has been classibed as a semi-distributed
conceptual model and is based on the theory of linear
reservoirs. The model has a number of free
parameters, which are found by calibration. The
model presented here is in the spirit of the HBV
model, but additionally, the approach suggested in
this paper includes a procedure for fully automatic
parameter estimation. The NAM/MIKELUMIKE21
models, see e.g. Nielsen and Hansen (1973); Gottlieb
(1980); Havn¢, et a. (1995), are used for f3ood
forecasting in Denmark and other European countries.
The NAM model is based on similar principles as the
HBV model and a further development of the model
led to the MIKE11 software package which is a one
dimensional modelling system for simulation of Row,
sediment-transport and water quality. MIKE21 is a
two dimensional version. The TOPMODEL, Beven
and Kirkby (1979), has been used in Great Britain.
Themodel isaset of conceptual toolsthat can be used
to reproduce the hydrological behaviour of the
catchment area in a distributed or semi-distributed
way. The parameters are physicaly interpretable and
the watershed is classibed by using the so-called
topographic index. The SHE model is a physically

based, distributed watershed modelling system,
developed jointly by the Danish Hydraulic Institute,
the British Ingtitute of Hydrology and SOGREAH in
France. The SHE model is widely used, see Abbott
et al. (1986); Bathurst (1986); Singh and Woolhiser
(2002); Jain et al. (1992); Refsgaard et al. (1992). The
MIKE SHE model is a further development of the
SHE modelling concept Refsgaard and Storm (1995)
and it has been used in many European counties. The
ARNO model, Todini (1996), is a semi-distributed
conceptual model, and it iswell known in Italy. Like
the HBV and NAM models the Tank model,
Sugawara (1995), is a model based on linear
reservoirs and it has been used in Japan. The
Xinanjiang model, Zhao and Liu (1995); Zhao
(2002), is a distributed, basin model for use in
humid and semi-humid regions where the evaporation
playsamajor role. The model has been widely used in
Chinasince 1980. In Canada, the WATFLOOD model
Singh and Woolhiser (2002), is being used. The
WATFLOOD model is a distributed hydrological
model based on the GRU (Group Response Unit)
concept, i.e. al similarly vegetated areas within asub-
watershed are grouped as one response unit. The NWS
River Forecast system, based on the Sacramento
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Model, Burnash (1995), is a standard model in the
United Statesfor 3ood forecasting and in Australiathe
RORB model, Layrenson and Mein (1995), is
commonly employed for RRood forecasting and
drainage design.

Increased computer power and data storage
capabilities have opened the possibility for working
with more detailed distributed models. Hence, many
of the recently devel oped models are physically based
distributed models, and they are occasionaly used
together with GIS (Geographic Information Systems).
These models both utilize a large amount of
information, but can also provide variousinformation,
however, if the input data (or information) are not
available the model is of little use.

Black box models have also been used for 3ood
forecasting, starting with linear transfer function
models in the beginning of 1970s and since then
various kinds of linear and nonlinear models. In recent
years neural network models have been popular.
Sajikumar and Thandaveswara (1999) used an
artibcial neural network as a nonlinear rainfall-runoff
model for the river Lee in the UK and for the river
Thuthapuzhain India. Shamseldin (1997) used neural
networks for rainfall-runoff modelling which was
tested on six different catchment areas.

The main advantage of black box models in
hydrology is that they are not as data demanding as
the physical models; thisrefersto all kinds of physical
information about the watershed as well as long
record of Bow and precipitation.

Some of the conceptual models are not very data
demanding and it isimportant to work with those kind
of modelsaswell, i.e. modelswith few input data, few
parameters and limited prior information. The
parameters in a lumped conceptual model can be
interpreted as some kind of an average over a large
area, but in general the most likely parameter values
cannot be given, and the bna parameter estimation
must, therefore, be performed by calibration against
observed data. Refsgaard et al. (1992) stated that in
principle the parameters in a physically based model
can be estimated by Peld measurements, but such an
ideal Situation requires comprehensive beld data,
which cover all the parameters. This situation rarely
occurs and the problem of calibration will arise.
Because of the large number of parameters in a
physically based model the parameter estimation can

not be done by free optimization for all parameters,
however, an over all parameter estimation is possible
for simpler models.

The state space formulation and the Kalman Piter
has been used in hydrology for years, representing
both black box models and grey box models, i.e.
conceptual physical models where parameter values
are estimated using data. Szollosi-Nagy (1976) used a
state space formulation for on-line parameter esti-
mation in linear hydrography using a FIR model
(Finite Impulse Response model). Todini (1978)
presented a threshold ARMAX model, formulated in
a state space form and the parameters estimated off
ling, i.e. in a batch form. Refsgaard et al. (1983)
reformulated the NAM model in a state space form
where two of the model parameters were time varying
i.e. on-line estimated. Haltiner and Salas (1988) used
ARMAX models, both with off-line (batch) parameter
estimation and on-line parameter estimation method
in the SRM model, see also Martinec (1960);
Martinec and Rango (1986). All the above-mentioned
models are formulated in a discrete time. In
Georgakakos (1986a,b) rather large physical models
are presented using a state space formulation.
However, the model parameters are constants and
not estimated. In Georgakakos et al. (1988) the
Sakramento model (org. in Burnash et d. (1973)), is
modiPed and formulated in state space form and some
of the parameters are estimated. Rajaram and
Georgakakos (1989) represent a model for acid
decomposition in alake watershed system formul ated
in a continuous-discrete state space form, and they
estimated the parameters. Lee and V.P. Singh (1999)
applied an on-line estimation to the Tank model (see
e.g. Sugawara (1995)), for single storm at a time,
calibrating the initial states manually. Lee and V.P.
Singh (1999) also gave a short overview of
application of the Kalman blter to hydrologica
problems upto 1999. In Ashan and O@onnor (1994)
ageneral discussion about the use of Kalman Plter in
hydrology is found.

In the following a stochastic lumped, conceptual
rainfall-runoff model is developed. The model is
formulated as a continuous-discrete time stochastic
state space model. The dynamics are described by
stochastic differential equations and the observations
are described by equations relating the discrete time
observationsto the state variables at time pointswhere
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observations are available. The main advantage of this
model formulation isthat the stochastic part permits a
description of both the model and the measurement
uncertainty, and hence more rigorous statistical
methods can be used for parameter optimization.
Furthermore, the stochastic modelling approach
allows a much simpler model structure than a
deterministic modelling approach since some of the
variations observed in data are described by the
stochastic part of the model. The model presented isa
watershed model designed for discharge forecasting.
It is a simple lumped reservoir model with two input
variables, precipitation and temperature and one
output variable, the discharge. Because of the
simplicity of the model and few parameters it is
possible to estimate al the parameters including
threshold parameter in the snow routine and the
system noise, which often has been difbcult to identify
in hydrology. The method suggested for parameter
estimation (in batch form) is a maximum likelihood
method, where the one step ahead prediction errors
required for evauating the likelihood function are
evaluated using the Kalman Plter technique. More-
over, the state space formulation allows the model to
be used for simulation as well, however, good
simulation results require different parameter values,
Kristensen et al. (2004). Parameter values, which are
suitable for simulation can be achieved by bxing the
system noise to a small value and then estimating the
remaining parameters. Conversely good prediction
results are obtained by using parameter values where
all the parameters have been optimized, including the
parameters describing the system noise.

The paper is organized as follows. In Section 2 the
availability of data is discussed. The model is
described in Section 3 and the method for parameter
estimation is described in Section 4. Section 5
includes discussion of some estimation principles. In
Section 6 results are demonstrated and in Section 7
conclusions are drawn.

2. The data

The goal isto develop amodel, which can be used
in mountainous areas with snow accumulation. Such
areas are often thinly populated and the meteorologi-
cal observatories are often rather spread. However,

there is a need for fRood forecasting for various
reasons, such aswarning related to the spring Roods or
for operational planning of hydropower plants. The
data used in this project originates from Iceland which
has in general only mountainous catchment areas and
it certainly is thinly populated with only 2.8
inhabitants per km?, and only a few meteorological
observatories exists.

Precipitation is the main input for hydrological
models as the precipitation and the evaporation
control the water balance. In Iceland, the evaporation
plays only a minor role, but the precipitation is
important. However, there is a shortage of good
precipitation data, which indeed has an effect on the
prediction performance of the model. The poor quality
of precipitation data arises both from a rain gauges
biastowardstoo small values, and alimited number of
rain gauge measurement stations. Due to the inBuence
of wind the amount of precipitation measured is an
underestimate of the @round trued precipitation.
Unfortunately, no experiments have been made in
Iceland in order to develop models to adjust for this
bias. Experiments, like for instance the Nordic project
in Jokioinen in Finland during the years 198791993
(Fe¢rland et al. (1996)), had the purpose of devel oping
models to describe the underestimate of the different
rain gauges depending on weather condition. This
experiment is of little use here since the wind speed in
Iceland in genera is much higher than in Finland.
Furthermore, most of the meteorological stations in
Iceland are located along the coastal line in the
inhabited areas and most rivers, especialy the larger
ones, stretch far into the country and have thus
watershed in high mountainous areas. Occasionally,
there are no meteorological stations in the whole
watershed and if any they are typically located near
the coast. Precipitation lapse rate is also difbcult to
track sincein practice the lapse rate depends highly on
wind speed and direction in the mountainous areas.

The discharge data are calcul ated from water level
data using the QK h formula The errors of the
discharge data are caused both by uncertainty of the
water level data and uncertainty of the parameters in
QK h formula. The errors of the water level
measurements more or less only occur during the
winter because of the icing, which causes the water
level to rise even though the Row of water is not
increasing. This has to be corrected manually.
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In Iceland few discharge measurements with very
large discharge exist. Thisis due to the fact that even
though annual spring Roods occur, it is difpcult to
predict peaks several days ahead, and the number of
rivers that can be measured simultaneously is limited.

The discharge used in this project originates from
the river Fnjesk&in Northern Iceland, see Fig. 1. The
river is a direct runoff river with no glacier in the
watershed, whereas many larger riversin Iceland have
aglacier factor. The watershed is about 1132 km?, the
dtitude range is between 44 and 1084 m, and 54% of
the catchment area is above 800 m. The catchment
areais dominated by grit and rocks; a very small part
of the region in the valley is copse and grassland. A
meteorological observatory is located in the water-
shed, at Lerkihlid, about 20 km from the outlet of the
watershed, and it issituated 150 m above sealevel. No
meteorological observatory islocated in the highlands

which could have given information about the
weather condition in the catchment area there. The
data used are diurnal averages of the discharge,
diurnal averages of the temperature and the total
precipitation for the past 24 hours. Fig. 2 shows the
discharge, the temperature and the precipitation for
the whole period of 8 years, starting 1st of September
1976 and ending 31st of August 1984.

3. The stochastic model

The stochastic model proposed is a simple smooth
threshold model with a snow routine, and the basic
ideais similar to the idea behind the HBV and NAM
models, see Bergstrom and Fossman (1973); Berg-
strem (1975); Nielsen and Hansen (1973), and

Fig. 1. The watershed of the river Fnjeska is about 1132 km? and located in Northern Iceland.
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Fig. 2. The data series for discharge, temperature and precipitation starting 1st of September 1976 and ending 31st of August 1984.

Gottlieb (1980). A diagram of the model structure is
shown in Fig. 3.

The water is stored in reservoirs and the out3ow of
the reservoirs are routed to the stream with different
time constants. The main distinction between the non-
stochastic HBV and NAM models and the stochastic
model suggested here is that the water Bow is
modelled as a function of only precipitation and
temperature, and there are no factors for evaporation
and inbltration into the ground. On the other hand no
manual calibration is required since the stochastic
model alows for statistical methods for parameter
estimation. The total precipitation is divided into
snow and rain using a smooth threshold function
f (T(t)), where T(t) is the air temperature. The
threshold function is formulated as the sigmoid
function

1

foramz 1C expdypK b, TaH @

The same smooth threshold is used for the melting
process, where the melting M(t) is formulated using
the positive degree day method

MabZ pdd Tabf aTatp 2

where pdd is the positive degree day constant, which
typically is calibrated. No attempt is made to model

the actual physical process of melting, i.e. the fact that
in the beginning of the melting process the water brst
stays in the snow pack and is not released until the
snow pack is wet enough. However, in order to take
this into account the temperature T(t) is low pass
bltered

dT,dPZ %aTdPC aTdbdiC dwdb ®)

sno
|

S1

ki
f
k2
s2
O
K

/

Fig. 3. The model structure. The precipitation is divided into snow
and rain, N is snow a container, S; and S, are upper and lower
surface reservoirs, M ismelting, f is Pltration between the reservoirs
and k, and k, are the routing constants. K is a constant representing
the base Row and Q is the discharge.

precipitation

rain
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The consequence is that a single warm day does not
give as much impact as a warm day followed by
another warm day.

The suggested stochastic state space model is:

dTdPZ %aTAPC aTdbdtC s dw;db @
dN&PZ % pddT3H M NEHE 5
8K f ST AHRPEPALC s dw,dP
dS,3b7 YpddT.AH OTAH NEHK
& C kIS5, 8PC & 8T AHEPAEPALC S50w,3P
(6)
dS,abZ #5,AHK k,S,abPdtC s, dw,db @
YabZ kS3FC k,SPC K C e8P )

where N is the amount of snow in the snow container
in meters and the function j is a smooth indicator
function, controlling whether there is snow to melt
or not,

j ANPZ Mexp& bexp& kNHP 9)

S, and S, are water content reservoirs, f is Pltration
from the upper surface reservoir to the lower surface
reservair, k; and k, are the routing constants, andcisa
precipitation correction factor. s;. ,S,4 are constants
representing the variances of the system noise and the
noise terms dws(t),. ,dw,(t) are assumed to be
independent standard Wiener processes and all are
assumed independent of measurement noise e;(t). The
base Bow is assumed to be constant. An extension of
the model with a ground water reservoir would
improve the physical reality of the model and it
might be a task for future research.

4. Parameter estimation

In this section a maximum likelihood method for
estimation of the parameters of the continuousb
discrete time stochastic state space modelsis outlined.
The procedure is implemented in a program called
CTSM (Continuous Time Stochastic Modelling), and
for a further description of the mathematics and
numerics behind the program, see Kristensen et al.
(2003), and Kristensen et al. (2004).

The hydrological model described by Eq. (4)E(8) is
a continuous-discrete time stochastic state space
model. The stochastic differential equations describe
the dynamics of the system in continuous time as
stated by Eq. (4)E(7), and the algebraic equation
Eq. (8) describes how the measurements are obtained
as a function of the state variables at discrete time
instants. Using a slightly different and more compact
notation, the mathematical formulation of the con-
tinuous-discrete time stochastic state space model is

dx, Z fd; u;t; grit C sdu; t; gRelu, (10)

Yk Z hd; U ty; gPC g (11)

wheret2 R; istime, x,2 R* is a vector of the state
variables (since xZ v ARN&RS,dRS,dPT), u 2
R? is a vector of the input variables (since uZ
[T(t),P()]). g2 RP is a vector of the unknown
parameters. The vector y,2 R is a vector of
measurements (i.e. the discharge). The notation x,Z
Xz, and wZ ug, isused. Furthermore, the functions
fa2 RY s&®2 R*“ and hd®2 R are nonlinear
functions, u; is a 4-dimensional standard Wiener
process and g2 NA; SAuy; ty; qHPis a Gaussian white
noise process. With this model formulation the
parameters are constants and estimated off-line or in
a batch form. An on-line estimation of (some)
parameters is possible by extending the state vector
with the relevant parameters. As mentioned, Eg. (10)
isknown asthe system equation and Eq. (11) isknown
as the measurement equation.

The measurementsy, arein discrete time. It iswell
known that the likelihood function for time series
models is a product of conditional densities (see e.g.
Restrepo and Bras (1985)). By introducing the
notation

YvZ &Y+ Y YoP (12)

where (Vi Ykk 1,- sY1.Yo) IS the time series of all
measurements up to and including the measurement at
time t,. The likelihood function can be written as

W !
P Y «; aP pdjojgP (13)
Kz1

LAy Y ybZ

In order to obtain an exact evaluation of the
likelihood function, the initial probability density
P(Yojq) must be known and all subsequent conditional
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densities can be determined by successively solving
Kolmogorov® forward equation and applying
Bayes® rule, Jazwinski (1970). This approach is not
feasible in practice. However, since the diffusion term
in the system equation, Eq. (10), in the continuousb
discrete state space model is a Wiener process, which
is independent of the state variables, and the error
term in the measurement equation, Eq. (11), it follows
that for LTI (Linear Time Invariant) and LTV (Linear
Time Variant) models the conditional densities are
Gaussian, Jazwinski (1970). In the NL (Non Linear)
case it is reasonable to assume that under suitable
regularity conditions, the conditional densities can be
well approximated by the Gaussian distribution,
Kristensen et al. (2004). This assumption can be
tested after the estimation e.g. by considering
the sequence of residuals. Thus, assuming that the
conditional densities pdy,jY \;gP are Gaussian the
likelihood function becomes

0 1

Wexp K3 IR
p—“ﬁg pdpjaP
kz 1 detiRkijlD 2p

LaojY nPZ

(14)

where 3.Z yiK Yyji1Z YK EfYiY 1; dgis the one
step prediction error and lﬁkjmz VY «1; qgisthe
associate conditional covariance. For given par-
ameters and initial states, 3 and Ry«i Can be
computed by means of a Kalman Plter in the linear
case or an extended Kalman Biter in the nonlinear
case. The continuous-discrete Kalman Plter equations
are (Kristensen et al. (2004) or Jazwinski (1970)):

Wikk1 Z hRyjc 15 Ui ti; gP- d0utput predictionP
(15)

Rijc1Z CPyi1CT C S @utput variancepredictionb

(16)
3 Z YY1 dnnovationp 17)
K« Z Pgi1C R &alman gainb (18)
Rk Z Rigi1 C K3 dJpdatingP (19)
Puk Z PywiK KiRyuaKE  dJpdatingp (20)

Rk 7 f &y U bGP 12 Yo e
dt (21)

Btate predictionP

dPyi
dt

Btate var: pred:p

Z AlbtjkC P[jkATC SST t2 %(vtkcl

(22

where

vf .
AZ TXthZ R 1UZ UHZ tiicl?
(23)
vh

Ccz T)(tsz R 1UZ UitZ tiiq

and

SZ sdu;toR  SZ St ap (24)

Given information upto and including time t the prediction
RcikZ Efxy,i%, 0 and PicyyZ Efx Xt jx,g ae
needed for the Kaman Hiter equations. Eq. (22) isalinear
differential equation, which can be solved andyticaly. This
analytica solution is used to calculate the Gnitial Gproblem
Pic 1. On the other hand equation Eq. (21) is nonlinear
with anontrivia solution. The software CTSM offersthree
options for handling this:

Linearization by brst order Taylor, the linear
equation is solved analytically, iteratively in a
subsampled interval.

Numerical solution of the ODE equation Eq. (21)
by using a Predictor/Corrector scheme, also occasion-
aly referred to as Gears method or Adams method
(see e.g. Dahlquist and Bjerck (1988)).

Numerical solution of the ODE equation Eq.(21)
by using BDF (Backward Difference Formula) (see
e.g. Dahlquist and Bjerck (1988)).

For a detailed description of al the methods see
Kristensen et a. (2003). The BDF formulademands a
Newton-like method for solving a nonlinear zero-
point equation and is thus the most time consuming
algorithm. However, for stiff systems the BDF
formula is the most reliable method (Dahlquist and
Bjerck (1988)) and consequently this option has been
used in the following.

The hydrological model described by Eq. (4)E8) is
a model with four states, the low pass Pltered
temperature Ts, the snow container N, and upper
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and lower surface containers S; and S,. It is found
important to include the snow container as a state
variable and not to treat the water from snow melt as
an input as some times is done, e.g. Refsgaard et al.
(1983). Treating the snow-melt as an input requires
manual control of the snow balance. However, by
including the snow container into the state vector
leads to numerical complications. The system is
singular during summer, fall, and most of the winter
or more accurately while snow is not melting. The
system is non-stiff during spring f3oods, i.e. when
melting is signibcant and extremely stiff during the
transition points in between.

On of the strengths of using the maximum
likelihood method for parameter estimation it that it
follows from the central limit theorem that the
estimator §, is asymptotically Gaussian with mean q
and covariance

Sz H (25)
where the information matrix H is given by

V2

h; Z KE Ind@jYH i;jZ 1;. ;p: (26)

VG

An approximation of H can be obtained by
evaluating h;Z vzﬁ/qivqlnna_aqunD in the point
gZ § The asymptotic Gaussianity of the estimator
also allows marginal t-test to be performed like a test
for the hypothesis:

Hp:gZ 0 Hy:gs O (27)

The one step prediction of the output Y1, the state
update Xy, and the state prediction Rj«y, corre-
sponding to each time instant t, are generated by the
(extended) Kalman Plter. A simulation Ry and Yo
can be obtained using the (extended) Kalman Piter
equations without the updating.

5. Some comments on parameter estimation
in hydrological models

Model calibration has been a topic in hydrology
since the computer evolution in 1960 and since then
parameter optimization has been practiced. A solution
to arainfall-runoff prediction problem is to optimize
the parameters such that the model performs the (estO

bt to data. On the other hand what is best the bt to
data? This is a selective question with a selective
answer. Best bt can be such that the sum of sguared
simulation error is minimized, or the sum of squared
prediction error is minimized, or models, which
conserve the water balance best, or those who have
the best timing of f3ood pesks. In the recent years
multi objective calibration and Pareto optimality have
been applied in rainfall-runoff modelling, see e.g.
Madsen (2000). However, two estimation methods
have frequently been used in hydrology. Those are,
the Output Error method (OE), and the Prediction
Error method (PE). The OE method minimizes the
sum of squared simulation error and is used in white
box modelling but also in other contexts. This method
is always off line. The PE method minimizes the sum
of squared one step prediction error, this method
offers both off-line and on-line estimation. In order to
alow for a comparison between the methods the off-
line method is considered in the following. Young
(1981) gives an overview and comparison of
parameter estimation for continuous time models,
which includes PE and OE principles. The maximum
likelihood method as presented here is a PE method,
whereas the OE method, canin statistical implications
include Maximum Likelihood terms for the case
where there is no system noise, Young (1981). Using
the Kalman blter notation, the sum of squares of the
error terms for the OE method is written as
SdK 9,(]0!3. This corresponds to a state space
representation without system noise and all the errors
incorporated in the measurement noise, which means
prediction without updating, i.e. a simulation.
Comparing the computational time for the two
modelling approaches, the state space formulation and
the Kalman Piter in general involve more calculations
since a state Pitering through the whole data seriesis
needed for each evaluation of the objective function.
It is thus questionable whether this time-consuming
estimation method is worth the time. Kristensen
(2002) performed a simulation study for continuous
discrete models by comparing the PE method as
implemented in the program CTSM and the OE
method asimplemented by Bohlin and Graebe (1995).
The calculations for the OE method were performed
by using the MoCava software (Bohlin (2001)),
which runs under Matlab. Some of the results and
discussions are also demonstrated in Kristensen et al.
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(2004). The results show that the PE estimation
method gives signibcantly less biased estimate of the
parameters than the OE method. For simulations with
no system noise the methods were similar, but the
more noise the greater is the difference between the
two methods resulting in larger bias for the OE
method. Moreover, the PE estimation method
provides uncertainty information in terms of standard
deviations of the estimates and other statistical tools
for model evaluation. Therefore, for the purpose of
short-term prediction such as in Rood warning
systemsit istruly recommended to use the PE method
even though the method is more computational
demanding. Once the parameters are estimated the
output prediction is not time consuming. Only if the
model focus on good long-term prediction capabili-
ties, the OE method isto be preferred Kristensen et al.
(2004). It must, however, be kept in mind that the
input, i.e. precipitation and temperature are aways
needed as input and long-term prediction for
precipitation and temperature variables are not
particularly precise and for that reason long-term
prediction might not be so reliable. Last, but none the
least, in a state space formulation it is easy to handle
missing values in observations automatically, and this
prevents the user from having to resort other models
(e.g. black box models) to Fll in gaps in the data.

It is worth mentioning that Rajaram and Georga-
kakos (1989) presented a parameter estimation of
stochastic hydrologic models formulated in a con-
tinuous-discrete state space form, with the parameters
estimated in a batch form. Their method mainly
differs from the one presented here in two ways.
Firstly, the Pltering, or the state prediction is
calculated by a fourth order predictorbEcorrector
scheme, while here a BDF method is used. Secondly,
and probably the most important difference, in
the methodology presented here the system error,
s(upt,g)duy is estimated. Conversely in the method-
ology presented by Rajaram and Georgakakos (1989),
the estimation of the state error s(u,t,g)du, demands a
human input. In Rajaram and Georgakakos (1989) the
state error s(uy,t,q)du, is decomposed into three error
terms; error term from input, error term associated
with estimation of uncertain constants (such as
topographic or rating curve constants) and error
term in model structure. Only the last term is
estimated, the two Prst must be set as a degree of

believe by the trained hydrologists if they are not
exactly known, Rajaram and Georgakakos (1989).

6. Results

The stochastic model in Eq. (4)E(8) is used to
investigate how the parameter estimation method
performs for the hydrological problem described in
Section 2. The parameters are estimated by using the
brst 6 yearsof the datawhilethelast two yearsare used
for validation. For a comparison between the PE and
OE method the opti mization was performed using both
methods. First in a PE setting by estimating all the
parameters, including the system noise, and then in an
OE settings by Pxing the system noise term parameters
to a small value. The former parameter values are
optimal for prediction and the latter for simulations.
The estimated parameter values are shown in Table 1.

The units for the snow container N and the upper
and lower reservoirs S; and S, are given in meters.
Thetotal volumeis calculated by multiplying with the
watershed area. Fig. 4 illustrates the results from the
PE method and Fig. 5 illustrates the results from the
OE method.

Notefrom Fig. 5, that the OE formulation produces
the same prediction and simulation and hence the
coefpcient of determination (Nash and Sutcliffe,
1970), is the same, R?Z 0.69, in both cases.
Conversely, the PE method produces very
different results for prediction and simulation with
coefbcients of determination as Rf,,ediaionz 0:93 and
RZmuaionZ 0:43, respectively. Furthermore, it is
interesting to compare some of the estimated
parameter values yielded by the two different
estimation techniques. The precipitation correction
factor c, the threshold parameter by (for snow/rain)
and the positive degree-day constant pdd are much
larger for the OE estimation than for PE estimation;
the difference being almost factor 2. The routing
constants k; and k, are, however, smaller in the OE
estimation, whereasthe bltration fissimilar. Note also
that the PE method estimates some memory in the
temperature, i.e. aZ 1.475 while the OE estimates no
memory in the temperature i.e. aZ 4.939. Finaly, the
total noiseisincorporated in the measurement noisein
the OE settings, resulting in larger prediction error



91

H. Jonsdottir et al. / Journal of Hydrology 326 (2006) 379-393 389
Table 1
Estimation results and comparison of the PE and OE method
PE method OE method Unit

Par. Estimate Std. dev. Estimate Std. dev.
No 0.000 0.000 m
S 0.00099 0.00020 0.00010 3 10¢7 m
S 0.00037 0.00022 0.00016 51 107 m
To 3.000 3.000 : o]
bo 4511 0.012 8131 0.073 &«
by 1.000 1.000
M 1.000 1.000
B 100 100
K 200 200
c 1518 0.00075 2.788 0.054
pdd 0.00342 9 107 0.00585 6l 10K° m/&C day
F 0.031 0.00065 0.049 0.002 Uday
ky 0.674 0.05704 0216 0.010 Vday
ko 0.097 0.00424 0.049 0.070 Vday
A 1.475 0.01411 4.939 0.023
Sts 10°® 10K8 ;o3
Sn 0.0074 0.00012 1 10° m
Ss, 0.0011 0.00042 1 10¢° m
Ss, 0.0008 0.00002 1 10° m
K 0.00198 0.00005 0.00175 0.00003 m/day
s 221 10K 7.6 10812 141 10K© 50 1018 m/day
Rt 0.93 0.69
R 0.43 0.69
and hence, the conbdence band around the prediction the Pltration f are measured in the unit 1/day, i.e. 24 h.
is larger than in the PE settings. For hourly values the constants can be multiplied by

In the following the results from the PE estimation 1/24. The routing constants are rather small but

will be discussed. Therouting constantsk; and k», and bearing in mind that the size of the watershed is

400
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Fig. 4. The results from PE estimation. The validation period from 1st of September 1982 to 31st of August 1984. The bgure shows the river
discharge the one step prediction and the simulation. The temperature shown is the low pass bltered air temperature.
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Fig. 5. The results from OE estimation. The Pgure shows river discharge, the one step prediction and the simulation.

from 1st of September 1982 to 31st of August 1984.

1132 km?, these smal constants are redistic. The
upper routing constant is 0.674/day and thus the
corresponding time constants is about 1 and a half
day, whereas, the lower routing constant is 0.097/day,
and hence the time constant is about 10 and ahalf day.
The Hltration constant is 0.031/day and the corre-
sponding time constant about 32 days. Consequently
most of the spring Rood is delivered through the river
via the prst reservoir. The threshold function Eq. (1)
for dividing precipitation into snow and rain is the
same as the threshold function for melting snow. The
parameter b, controlsthe steepness and has been set to
one, and the parameter by controls the center and is
estimated to 4.50 8C. Thus, the threshold function is
about zero when the temperature is 0 8C and then no
snow is melting and all precipitation is solid. When
the temperature is about 98C snow is melting
everywhere and all precipitation is rain. In between
some precipitation is snow and some as rain, and a
proportion of the snow is melting (if there is snow in
the snow-container). Recall that the watershed is
1132 km? with an altitude ranging from 44 to 1084 m
and the meteorological observatory is located about
20 km from the watershed outlet at an atitude about
150 m. The center of mass of the watersheds altitude
is about 830 m and, if it is assumed that the
temperature in altitude 830 m is zero when the
temperature is 4.5 8C at the observatory, it leads to

Sept

Jan May

The validation data are

a temperature lapse rate of 4.5/6.8Z 0.66 8C/100 m,
which is physically realistic. Hence, this smooth
threshold function has the effect that it is not
necessary to divide the area into elevation zones.

The precipitation correction constant c is estimated
as 1.5. This correction is both correcting the under-
estimate of the rain gauge and the average increase in
precipitation due to altitude. The factor c controls the
input-output balance of the model. A water balance
model with ground water container and evapotran-
spiration would have had a much larger correction
constant. However, it should be mentioned that it is
not possible to identify (estimate) both the correction
constant and evapotranspiration given only measure-
ment of the precipitation and discharge. Finally, Fig. 6
shows the state estimates of the contents of the snow-
container, N, and the upper and lower surface
containers S; and S; as predicted by the model using
the PE parameters.

Theunit ismeter and the total volumeis cal culated
by multiplying with the watershed area, 1132 km?.
The estimated noisetermssy, sg and ss, have aorder
of magnitude 10€ 2 and thus the noise terms more or
less only have an effect when the states are around
zero, with the consequence that the states might
become slightly negative. This has not lead to
problems in this case. The problem might be solved
by transforming the model using the logarithm.



93

H. Jonsdottir et al. / Journal of Hydrology 326 (2006) 379-393 391

N [m]

.
Sept Jan May

!
Sept Jan May

0.08 |-
0.06 -
0.04 -
0.02 -

Sq[m]

ol

Sept Jan May

Sept Jan May

0.03 -
0.02 -

Sy [m]

0.01

0 A_:L}\‘L..

Sept Jan May

L
Sept Jan May

Fig. 6. State estimates of the contents of the snow container and the upper and lower surface containers.

As a Rood forecasting model it is concluded that this
simple model is satisfactory. Using the simple model
makes it possible to estimate all the parameters, thus
allowing the data to be used for an automatic
calibration. The optimization, using 6 years of data,
takes several hours on a PC computer but as
mentioned earlier, once the parameters are estimated
the update of the Kalman blter and the prediction are
not computational demanding. CTSM can berunon a
parallel computer using severa CPUs and then the
computer time will be much lower.

For the purpose of food forecasting the most
interesting development of the model would be to
include some of the parameters in the state vector and
thus alow for time varying parameters. Particularly
since the parameters have been estimated, these
estimates could act as good initia states for the time
varying parameters. This could particularly be done
for the base Bow constant.

Finally, itisinteresting to point out somerevisions,
which might improve the performance of simulation
using an OE estimation. The large threshold tempera-
ture boZ 8.1 8 indicates that it might be necessary to

divide the area into two elevation zones, still using
smooth threshold functions but with different centers.
The former spring Rood is much higher and narrower
than the latter and such a narrow Rood is difpcult to
produce. It might be necessary to have three surface
containers and thusthree time constants for the Bow. It
would aso beinteresting to | et the pdd constant vary in
time. Rango and Martinec (1995) state that the positive
degree day factor should gradually increase during the
melting season and this could certainly be introduced
in the PE settings as well. A time varying pdd might
though have larger differences in cases where the
melting season islonger such as for glacier rivers.

7. Conclusions

All precipitation runoff models are approximations
of the redlity and hence they cannot be expected
to provide a perfect bt to data. The process is highly
non-stationary and the dynamics related to the
snow is extremely non-linear. Furthermore,
the deviations between the model prediction and the
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data (the residuals) are almost always serially
correlated. This calls for a stochastic model with
both system noise and measurement noise.

In this paper a simple conceptual stochastic
rainfall-runoff model is suggested. A method for
estimation of the parameters of the model is outlined.
The estimation method is a generic maximum
likelihood method for parameter estimation in
systems described by continuous-discrete time state
space models, where the system eguation consists of
stochastic differential equations. Hence, the dynamics
are described in continuous time, which alows for a
direct use of prior physica knowledge, and the
estimated parameters can be physicaly interpreted
directly.

A further advantage of the stochastic state space
approach isthat the same model structure can be used
for both prediction and simulation. It is advocated that
the only difference liesin adifferent parameterization
of the system error leading to different parameter
values.

The presented model is simple and demands
only two input variables, namely precipitation and
temperature, and a single output, the discharge.
The results for simulation are reasonable but not
fully satisfying and it is concluded that a dightly
more complicated model is needed even though it
is questionable whether it is possible to obtain a
better performance due to the poor precipitation
data as in this study. However, the results
obtained for prediction (Bood forecasting) are
satisfying.
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Assessment of serious water
shortage

In the Icelandic water
resource system
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The program CTSM
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E.1 Intro duction

The program CTSM is a software padkagefor parameter estimation for models
formulated as Stochastic Di®erertial Equations.

The original version of the program was developed by Professor PhD Henrik
Madsen in 1985 with the name CTLSM, Continuous Time Linear Stochastic
Modelling. The program was written in Fortran using optimization routine
VA13CD from the HARWELL Subroutine Library. The optimization routine is
a quasi Newton method, using nite di®erenceapproximation to the gradiert.
The Hessianis updated by the BFGS updating formula. In 1991 there was a
numerical revision created by Henrik Melgaard. In 1993the “rst version with
a k-step optimization and k- step predictions were deweloped and in 1994 the
“rst versionwith non-linear routine wherebuild. The routine wasbaseda linear
approximation of the non-linear function and sub-sampling methods using the
extended Kalman TTter.

In 2000 Niels Rode Kristensen developed the "rst general non-linear program,
CTSM (Continuous Time Stochastic Modelling), still using the optimization

routine VA13CD from the HARWELL Subroutine Library. The rst graphical
version, programmed in java was deweloped in 2001. In April 2003 a version
with di®erert "Ttering routes where developed, this is the “rst versionwith an
ODE solver for Ttering in non-linear models. The user can choose between
three di®erert Ttering routines; The function f () is linearized in sub-sampled
intervals, an ODE solver with Adams method for non-sti® systemsand an ODE

solver with BDF for sti® systems(Backward Di®erertiation formula), seeSection
E.2 for an outline of the "Ttering methods and Appendix F for an introduction

to sti® systems. The latest version came out in Decenber 2003, this version
is the "rst graphical version which provides a smoothing and k-step prediction

along with one step prediction and pure simulation.

In the following sectionssomeof the numerical methods usedin the program are
outlined, afurther description is available in the manual (Kristensen et al. 2003).

The task isto nd parameterssud that the logarithm of the likelihood function,
Eq. (4.12 is minimized. A single value of the likelihood function involves
calculation of one step prediction 2; and is variance Ryjt; 1, in all the data
points t = 1;:::N. The optimization procedure might thus be classi ed into
two numerical tasks:
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2 The TTtering, i.e., calculation of all the one step prediction. This involves

{ Computation of the exponertial e* ¢ . Testfor singularity andin case
of singularity, use of singularity routines.

{ Numerical integration - ODE solvers
2 The optimization

{ Calculation of a gradiert, which is performed by nite di®erenceap-
proximations.

{ Penalty calculations, sincethe optimization is a constrained.

E.2 Filtering metho ds

Calculation of the predictions is referred to asthe Ttering. In this context it
refersto prediction of the state variable ®y,1 . Di®erert TItering routines can
be applied:

2 Linear models: The stochastic di®erertial equation is solved analytically
asshown in Eq.(4.14). The numerical task is to compute the exponertial
e*¢ This might involve eigervalue problemsin caseof a singularity. The
program CTSM contains a singularity test routines and special singularity
routines.

2 Non-linear models: In this case,three di®erert methods are imple-
mented:

1. Sub-samplingapproximations; the time interval [ty ;tyx+1 [ is sub-sampled
into [ty;:::tj;:::tk+1 [ @and the equations are linearized at ead sub-
sampling instant.

dhoy;
it F oy aiujitisw) + Ak Joj)+ B (uii uj)
[t stk [ (E1)
di
dt‘“ = APy + Py AT YR 12 [t it | (E.2)

using same shorthand notation as in Table 4.1. An analytic solu-
tion to the linear di®ererial equation is found in eah sub-sampled
interval asfor linear models.
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2. Numerical ODE solution using Adams method with predictor-corrector
scheme, for non sti® systems. The principle is as follows (shown for
one dimensionin order to keepfocus on the method).

The task is to solve initial value problem:

dx

— = f(t; x) x(tk) = ¢ (E.3)

dt
The well known Euler method is to divide into subintervals and ap-
proximate the derivative % with di®erencequotient (®x+1 | Bx)=h,
where gy denotesa numerical approximation to Xx and h denotesthe

length of the interval. This leadsto the di®erenceequation

Br+1 i Bk

h =f(tk;B) Of B = B+ hf(hRe): (E4)

The weaknessf the Euler's method is that the step needsto be small
in order to obtain acceptableaccuracy (Burden & Faires 1989). The
Euler's method is called a one step method becausethe approxima-
tion t point tx only involves information from one previous point.
Methods using approximations k previous values are called k step
methods or kth order methods. Adams predictor-corrector scheme
is a multi step method. An example of a predictor-corrector scheme
can be a fourth order Adams-Bashford, for predicting B4

h
B = g + 54[55F (ta;Bs) i 59K (to;dp) + 37 (t1;k1) i Of (to; ko))
(E.5)

then the predicted value bﬁf’) is usedin a three order Adams-Moulton
formula

B2 = oy IOF (b)) | 1 (t51B5) + 1 5 (t2112) + (11 )]

(E.6)
Equations like Eq.(E.6) are known asimplicit formulas sincek, oc-
curs on both sides. Summarizing; the “rst equation is usedto predict
the value x4 and the predicted value is then usedin the latter, im-
plicit formula equation for improving (correcting) the approximation
obtained by the explicit formula Eq.(E.5), a detailed description of
the method can be seenin (Dahlquist & BjArck 1988).

3. Numerical ODE solution using the Backward Di®erenceFormula,
There exists several BDF formulas, in (Dahlquist & Bjérck 1988) it
is formulated as:

1, 14 1,
= i = + = + = L .
hD=jIn(ljr)=r 2r 3r r (E.7)
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Filtering methods

{ \

Linear Model Nonlinear Model
{ ! |
Subsampling approx. =~ Adams medhod BDF
1st order Taylor approx.  Predictor Corrector Solution of a nonlie:
scheme zero point equatior
Subsampling

Linear Equation
Solved analytically

Figure E.1: Overview of the Ttering methods in the program CTSM.

or
1 2 1 m
hf (Xk+1) = F Xk+1 + ér Xk+1 + ¢CC+ Er Xk+1 m - 6 (E.8)
i.e.
1 2 1 m
0= hf (Xk+1) + 1 Xy41 + Er Xk+1 T COCC+ Er Xk+1 m- 6

(E.9)
wherer is the badkward di®erenceoperator and D is the di®ererii-
ation operator. As m increasesthe local truncation error decreases,
but the stability properties becomeworse (Dahlquist & BjArck 1988).
Hence,the numerical task is to solve a non-linear zeropoint problem,
often implemented by using "Newton-lik e" formulas.

Figure E.1 shows an overview of the "Ttering methods.

E.3 Optimization routine

The optimization method used in CTSM is a quasi-Newton method based
on the BFGS updating formula and a soft line seard algorithm to solve the
non-linear optimization problem Eq.(4.12). In analogy with ordinary Newton-
Rapson methods for optimization, quasi-Newton methods seeka minimum of
the non-linear objective function, the likelihood function j In(L(K;Yn)). In
this section this will be denoted by F () i.e., de ne the short term notation
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F(W) =i In(L(K;Yn)) The minimum is found where the gradient is zero,i.e.,
rF (W) =0: (E.10)

As well asthe Newton-Rapson,the quasi-Newtonis basedon the Taylor expan-
sion of ‘rst order of the gradiert rF ().

@F (W-
@y oy
the partial derivativein Eq. (E.11) isthe Hessian. The gradiert is approximated

by Tnite di®erenceapproximation and the Hessianis updated with the BFGS
updating formula, see(Kristensen et al. 2003) for mathematical formulas.

E (W ++)=rF (0)+ ++ o(p): (E.11)

The optimization routine is a routine which nds minima within the limited
area. i.e., not on the boundary. Thus the constrains must be de ned such that
the optimum parameter valuesis in betweeni.e.,

pjmin << p]_max: (E.12)

The traditional way of attacking this task is to to de ning a new objective
function ®(u) by adding a penalty function P(,; y; ™ ;") to the objective
function F (p) .

B = F () + P(; ™ ™) (E.13)

A proper choicesof Lagrangemultiplier , , and the limiting valuesp]-min and p]-m‘”
the penalty function has no in°uence of the estimation. Howewer, the penalty
function will force the nite di®erencederivative to increasewhen | is closeto
one of the limits.
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Sti® systems
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F.1 Intro duction

When a system consistsof more than one rst order di®ereriial equationsthe
possibility of sti®ensarises. The phenomenonof sti®nessis dizcult to de ne
in precise mathematical turns in a satisfactory manner (Lambert 1991). Sti®-
nesshasto do with numerical stabilities and step-lengths. A frequertly used
statemert is:

[S1]: Sti®nessoccurs whenstability requirements, rather than those of accuracy
constrain the step-length.

Another statemert is:

[S2]: Sti®nessoccurs when some components of the solution decay much more
rapidly than others.

Broadly speakingthis meansthat there are di®erert time scalesin the system.
A frequertly usedde nition is

[S3]: A linear constant coexcient systemis sti® if all of its eigenvalueshave
negative real part and the sti®nessratio is large.

The sti®nesgatio is de ned as, max =, min if the eigervaluesare Real (asin this
project). Frequertly the ratio , max =, min IS called the matrix condition number
(Montgomery & Runger 2002). Furthermore, (Montgomery & Runger 2002)
state that if the condition number is lessthan 100the systemis non-sti®whereas
it starsto show sti®nesscharacteristics when the condition number exceedsl00.

In (Lambert 1991)there is showvn that none of thesestate ments quite cover the
phenomenaof sti®ness.In (Lambert 1991) the following de nition is used

[S4]: If a numerical methad with a "nite region of absolute stability, applied
to a systemwith any initial conditions, is forced to usein a certain interval of
integration a step-lengthwhich is exessivelysmall in relation to the smaothness
of the exact solution in that interval, then the systemis said to be sti® in that
interval.

In non-linear systems, the Jacobian @ =@ can be calculated and the char-
acteristics of the Jacobian can be studied. For more about sti® systems see
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(Lambert 1991).

Consider system

xi = j2X1+ Ixo x1(0) =1
X, = 998;| 99%,  X»(0)= 1 (F.1)
A solution to this equation is:
X1 = ej t + 1ei 1000t (F.2)
X, = €' 99gi 1000t (F.3)

The e 199 term is completely negligible in determining the valuesof x; and x»
as soon as one is away from the origin. Howewver, a general forward equation
would demand a step sizeh ¢, 1=1000for the method to be stable.

In generalfor a set of linear di®ereriial equations:

dx
ot =i Cx X(tg) = ¢ (F.4)

where C is a positive de nite matrix. A “rst order Euler yields
Bis1 = (1§ Chyee=(Ij Ch)" e (F.5)

A matrix A" tendsto zeroasn ! 1 only if the largest eigervalue of A has
magnitude lessthen unity, thus e, is boundedasn ! 1 only if the largest
eigenvalue of (I j Ch) islessthan 1, or

2
h < (F.6)
s max
where | nax IS largest eigernvalue of the matrix C. Implicit di®erencess
B+l = Bk i hCRyy1 (F.7)
or
Br+1 = (I + Ch)i 1gy (F.8)

if the eigervaluesof C are , the the eigervaluesof (I + Ch)i T are (1+ ,h)i !
which has magnitude lessthan h for all h, thus the method is stable for all
step sizesh. This explains why implicit methods are desirable option when the
system is sti®. Note that the penalty for the stability of the implicit methods
is that the inverseof a matrix must be found at ead step.
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F.2 The sti®ness of the non-linear system in Pa-
per [B]

The non-linear systemin Paper [B] is a sti® system. Furthermore, the system
swings between being singular to being sti® to being singular again which is a
real computational challenge, which succeededo accomplish.

The systemis sti® in that sensethat the method cortrols the corvergence. In
order to achieve a solution at all, and to achieve a stable solution it wasnecessary
to usean implicit method for ODE solver as described in Section E.2

Furthermore, it is also sti® with respect to the sti®nessratio asin [S3].

The linear approximation (a part of the Jacobian)to be consideredis the partial
drievetive with respect to the state variablesin the state spacemodel:

A= @ (F.9)
@t sz)”jil;uzuj;t:tj;“
which is
0 1
i a 0 0 0
i pddA(Ts)3( N) i pddTsA(Ts)2 AN) 0 0
i pddTsAYTS)3( N) i cPAYTS)
0 i pddTA(Ts)2 AN) i (f+ki) O
0 0 f i ko
(F.10)

The matrix is a lower diagonal matrix and thus the eigervalues are the values
on the diagonal. The valuesj a, i (f + k1) and j k, are constarts which values
varies from 0.05to 5, seeTable 1 in Paper [B]. The largest is 100 times the
larger than the smallest and according to (Montgomery & Runger 2002) then
the systembeginsto behave sti®.

Figure F.1 showsthe threshold function for the snow container ©(N ) and Figure
F.2 shaws its derivative ©(N)

When there is enoughsnow to melt the function j pddTsA(Ts)2 qN) is zeroand
the systemis singular. In the transforming period then there is little snow left
to melt and N cornvergesto zerothe derivative alters from being 0 to about 80
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Figure F.1: The threshold function for snow
3( N) = 100exp(i 100exp(j 200N)).
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Figure F.2: The derivative of the threshold function for snaow.

or even larger during the optimization procedure. Hence,the eigervalue alters
from being O to being about 4, depending on the value of the temperature T
and then the derivative becomeszero. During the optimization the numerical
routine usesa singularity route or a non-singularity routine depending on the
situation. In the shifting phasesomeeigervaluescan be very small, resulting in
a large sti®nessration.

It wasnecessaryto have the threshold function for snow, Psi(N) steepto secure
nonnegative valuesin the snow container. However, the steeper the threshold
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value, the larger is its derivative, resulting in the sti®er system.
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