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a b s t r a c t

It is widely accepted today that probabilistic forecasts of wind power production constitute
valuable information that can allow both wind power producers and power system
operators to exploit this form of renewable energy economically, while mitigating the
potential adverse effects relating to its variable and uncertain nature. In order to provide
reliable wind power forecasts for periods beyond a couple of hours, forecasts of the wind
speed are fundamental. In this paper, we propose a modeling framework for wind speed
that is based on stochastic differential equations. We show that stochastic differential
equations allow us to capture the time dependence structure of wind speed prediction
errors naturally (from 1 to 24 h ahead) and, most importantly, to derive point and quantile
forecasts, predictive distributions, and time-path trajectories (also referred to as scenarios
or ensemble forecasts), all using one single stochastic differential equation model that is
characterized by a few parameters.
© 2015 International Institute of Forecasters. Published by Elsevier B.V. All rights reserved.

1. Introduction

The last few years have witnessed a remarkable in-
crease in the contribution of renewable energy sources to
the global electricity supply, with the largest share inmany
countries coming fromwind turbines (The EuropeanWind
Energy Association, 2013). However, wind power produc-
tion is highly variable and uncertain, thus challenging tra-
ditional practices for power systemoperation and the trade
of this form of renewable energy in electricity markets. In
order to mitigate the adverse effects of the stochastic na-
ture of wind, good forecasts of the power generated by
wind farms are amust. Furthermore, tomanage and exploit
wind energy fully, these forecasts should provide power
system operators andwind power producers not only with
a single-valued guess of the future wind generation – a so-
called point forecast – but alsowith information onpossible
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outcomes and their associated probabilities of occurrence.
This enriched form of forecasting is known as probabilis-
tic forecasting, and takes on its full meaning in the context
of wind power management and trading (Morales, Conejo,
Madsen, Pinson, & Zugno, 2014; Zhou et al., 2013).

The literature on wind power forecasting is now vast,
but is centered mostly on techniques for producing point
predictions. For a comprehensive review of the topic, the
interested reader is referred to the work of Costa et al.
(2008), Monteiro et al. (2009) and Foley, Leahy, Marvuglia,
andMcKeogh (2012). On the other hand,methods for wind
power probabilistic forecasting are not so well developed.
Wind power density forecasts are commonly obtained by
superimposing a model for the probability distribution of
prediction errors on a point forecast (typically, the aver-
age or most likely outcome; see Bremnes, 2006; Møller,
Nielsen, & Madsen, 2008; Pinson & Kariniotakis, 2010), or
by post-processing ensemble forecasts from meteorologi-
cal models so that they represent the true predictive den-
sity (Nielsen et al., 2006; Pinson & Madsen, 2009; Taylor,
McSharry, & Buizza, 2009). In the realm of probabilistic
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forecasting, it is customary to distinguish between para-
metric and nonparametric methods. The former presup-
pose a certain standard distribution for the forecast error,
and as a result, the modeling endeavor boils down to es-
timating the parameters that characterize such a distri-
bution (Messner, Zeileis, Broecker, & Mayr, 2013; Pinson,
2012; Thorarinsdottir & Gneiting, 2010; Thorarinsdottir
& Johnson, 2012). In contrast,nonparametric methods do
not assume any pre-specified forecast error distribution
and work directly with the empirical distribution instead
(Bessa, Miranda, Botterud, Zhou, & Wang, 2012; Bremnes,
2004; Messner et al., 2013; Pinson, Nielsen, Møller, Mad-
sen, & Kariniotakis, 2007). Recent work has also focused
on generating realistic sample trajectories of the stochastic
process and producingmulti-horizon ormultivariate prob-
abilistic forecasts. To this end, the most popular approach
is to fit a marginal predictive density for each univariate
output variable (e.g., the wind speed in each time period
of the prediction horizon) – see Lerch and Thorarinsdottir
(2013) for a comparison of different regression-type mod-
els for wind speed – and then combine these marginals
into amultivariate cumulative density using copula theory
(Schefzik, Thorarinsdottir, & Gneiting, 2013).

Forecasts of wind power are improved markedly by
the use of numerical weather predictions (NWPs) of wind
speed. Foley et al. (2012) provide an overview of the dif-
ferent uses of NWPs for wind power forecasting. Specif-
ically, they underline the fact that ensemble forecasts of
wind speed can be used to obtain valuable information
on the reliability of the wind power forecast. The useful-
ness of NWPs of wind speed for wind power forecasting
has also been stressed, for instance, by De Giorgi, Ficarella,
and Tarantino (2011) and Ramirez-Rosado, Fernandez-
Jimenez, Monteiro, Sousa, and Bessa (2009). Taylor et al.
(2009) and Pinson and Madsen (2009) use predictive den-
sities of wind speeds to produce probabilistic forecasts of
wind power. These predictive densities are estimated from
the ensemble forecasts provided by a NWP system.

This paper describes a novel approach to wind speed
probabilistic forecasting based on stochastic differential
equations (SDEs). The proposed SDE model upgrades nu-
merical weather predictions using wind speed data and
provides plausible time-path trajectories of thewind speed
process that are perfectly comparable to the ensemble
forecasts obtained from a NWP system. Furthermore, our
SDE model can generate these trajectories for a specific
wind site swiftly. For these reasons, our SDE model can
contribute significantly to wind power forecasting. More
generally, SDEs offer a powerful and versatile modeling
framework that allows us to issue point forecasts and all
forms of probabilistic forecasts (namely quantiles, den-
sities, and time-path trajectories) consistently using the
same model. Moreover, the parameters characterizing the
SDE can be interpreted intuitively, which makes it much
easier to formulate model extensions on the basis of the
specific physics of the underlying stochastic process or of
observable statistical deficiencies. The proposed model-
ing framework naturally captures the time dependence of
forecast errors and events with zero probability, such as
negative wind speeds, and does not need to assume Gaus-
sian innovations. Seen in a broader perspective, SDEs cover

the large class of stochastic processes with continuous tra-
jectories, and, in fact, many of the discrete time models
used in classical time series theory can be seen as discrete-
time versions of SDEs.

The application of stochastic differential equations to
forecasting, and to wind power forecasting in particular, is
a very recent topic, and consequently, the technical litera-
ture in this regard is scant. However, two studies should be
mentioned here, namely those of Møller, Pinson, andMad-
sen (2013) and Zárate-Miñano, Anghel, andMilano (2013).
SDEs are used fruitfully by Møller et al. (2013) for wind
power forecasting, considering state-dependent diffusions
andwith a numerical weather prediction as external input.
The SDE model proposed by the authors is fitted simulta-
neously to data from 1 to 48 h ahead, which makes it com-
putationally intensive to estimate and limits the amount of
data that can be used for fitting. In contrast, the SDEmodel
proposed in this paper is estimated on one-step-ahead
data, and thus, the approach that we use here resembles
that of Box–Jenkins type models that are fitted using one-
step-ahead information. Furthermore, our model focuses
on wind speed, not wind power, and therefore the chal-
lenges are different. Zárate-Miñano et al. (2013) present
a continuous time model for wind speed, which aims to
simulatewind speed trajectories over very short time hori-
zons. However, it cannot be used for forecasting, as the pa-
rameters are not estimated, no external inputs are allowed,
and the SDE model is limited to a very simple structure. In
addition, the SDE model that Zárate-Miñano et al. (2013)
propose is designed to fit the long-term stationary distri-
bution ofwind speed. The stationary distribution, however,
does not necessarily hold for the short term, as one can see
for the case of the climatological forecast.

The approach to modeling wind speed taken in this pa-
per is similar to the approach to modeling solar irradiance
adopted by Iversen, Morales, Møller, and Madsen (2014),
in that they both rely on SDEs. However, the weather
phenomena considered in these two papers, namely wind
speed and solar irradiance, are remarkably different, and
each has its own challenges. Indeed, the modeling of wind
speed differs substantially from that of solar irradiance in
terms of the physical domain of the underlying process and
its periodic nature. This results in distinct structures for
the drift and diffusion terms. Moreover, in the case of wind
speed, the mere introduction of the NWP as an exogenous
input to the SDE model is not advantageous, as it results
in the simulated process systematically lagging behind the
NWP. This will be shown later on. We solve this issue by
introducing the derivative of the NWP as well. Further-
more, in the present paper, we provide a straightforward
methodology for generating predictive densities and time-
path trajectories of wind speeds that is analogous to the
ensemble forecasts obtained from a NWP system. These
ensemble forecasts are of particular relevance for wind
power forecasting, whereas time-path trajectories and
predictive densities for solar irradiance are still of limited
use, at least comparatively speaking.

The remainder of the paper is organized as follows:
Section 2 provides a short introduction to stochastic differ-
ential equations (SDEs) and the parameter estimation pro-
cedure. Section 3 provides a model for wind speeds based
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on stochastic differential equations. This model is subse-
quently validated on training and test sets in Section 4. Sec-
tion 5 concludes the paper and provides directions for fu-
ture research.

2. Stochastic differential equations

A stochastic differential equation (SDE) is a differential
equation with one or more stochastic terms that results in
a solution that is in itself a stochastic process. SDEs are used
to describe various phenomena that are driven by a large
randomcomponent, and are especially prominent inmath-
ematical finance (Björk, 2009; Mikosch, 1998) and physics
(Adomian, 1988; Van Kampen, 1992). We give a very short
introduction to SDEs here, and refer the interested reader
to Øksendal (2010) for a thorough andmathematically rig-
orous discussion of the topic.

A SDE is commonly stated as

dXt = f (Xt , t)dt + g(Xt , t)dWt , (1)

where Wt is a Wiener process and the functions f (·) and
g(·) are known as the drift and diffusion terms, respec-
tively. However, Eq. (1) is not well defined, as the deriva-
tive ofWt , dWt , does not exist. Thus, Eq. (1) should actually
be seen as a shorthand for the integral equation

Xt = X0 +

 t

0
f (Xs, s)ds +

 t

0
g(Xs, s, )dWs. (2)

Here, we use the Itō interpretation of the second integral.
In contrast to the solution of an ordinary differential

equation, which consists of a single time trajectory that
represents the value of the modeled process at each point
in time into the future, the solution to a SDE is a stochastic
process, which characterizes the uncertainty in the system
dynamics for each future time. For an Itō process given
by the SDE in Eq. (1) with drift f (Xt , t) and diffusion
coefficient g(Xt , t) =

√
2D(Xt , t), the density j(x, t) of the

random variable Xt in state x at time t is the solution to the
partial differential equation (Björk, 2009):

∂

∂t
j(x, t) = −

∂

∂x
[f (x, t)j(x, t)] +

∂2

∂x2
[D(x, t)j(x, t)] , (3)

which is known as the Fokker–Planck equation or the
Kolmogorov forward equation. Hence, given a specific SDE,
the probability density function of the process can be found
by solving a partial differential equation (PDE). In general,
this PDE cannot be solved analytically, but, fortunately, a
wide range of numerical solution approaches do exist.

It can be shown (see the Lévy-Itō decomposition
by Björk, 2009) that, under sufficient regularity conditions,
all stochastic processeswith continuous trajectories can be
written as special cases of SDEs. Therefore, SDEs are a gen-
eral class of stochastic processes. Indeed, many ordinary
time series models can be interpreted as discrete versions
of SDEs.

In practice, it is only possible to observe continuous-
time systems in discrete time. For this reason, one defines
the observation Yk of the process at time tk, which is found
through some measurement equation h(·). We thus have

the following system of equations:

dXt = f (Xt , t)dt + g(Xt , t)dWt (4)
Yk = h(Xtk , tk, ek), (5)

where ek is some measurement error.
The procedure that we use in this paper to estimate

Eqs. (4) and (5) relies on specific forms of g(·) and h(·). In
particular, we require that g(Xt , t) = g(t) and h(Xtk , tk, ek)
= h(Xtk , tk) + ek, where ek ∼ N (0, σ 2). In principle,
even though these two constraints may limit themodeling
capability of our SDE framework considerably, they can ac-
tually be relaxed to a large extent. Indeed, the first con-
dition, which establishes that the diffusion term must
not depend on the current state Xt , can be overcome by
transforming the original SDE into an equivalent one with
non-state-dependent diffusion using Itō calculus and the
so-called Lamperti transform (Iversen et al., 2014; Møller
et al., 2008). The second condition, which requires the ob-
servation error to be additive and Gaussian, can be miti-
gated by transformations of the data (Box & Cox, 1964).

The procedure for estimating the vector θ of the param-
eters defining the SDEmodel in Eqs. (4)–(5) is based on the
extended Kalman filter (see for example Welch & Bishop,
1995). The filter is applied to the equivalent SDE system
that results from the aforementioned transformations. The
first step in the estimation procedure is to find the one-step
predictions of the mean and variance of the observations,
which are defined asYk|k−1 = E [Yk|Yk−1, θ ] (6)

Rk|k−1 = V [Yk|Yk−1, θ ] , (7)

where E [·] and V [·] denote the expectation and variance,
respectively, and Yk−1 = {Y0, . . . , Yk−1}. We use the ex-
tended Kalman filter (Jazwinski, 2007) to determine these
predictions. We can now define the innovation

ϵk = Yk −Yk|k−1, (8)

in order to compute the likelihood. For a system satisfying
the conditions on g(·) and h(·) that we stated above, the
approximated likelihood is given by

L (θ; YN) =

 N
k=1

exp

−

1
2ϵ

⊤

k R−1
k|k−1ϵk


det


Rk|k−1

 √
2π

l

 p(Y0|θ), (9)

where l is the dimension of the sample space, that is, the
dimension of Yk, N is the number of observations, (·)⊤ de-
notes the vector transpose, and p(Y0|θ) is the likelihood of
seeing observation Y0. We cannot compute this likelihood,
because there are no observations previous to Y0. To get
around this issue, we instead optimize the logarithm of the
likelihood function conditional on Y0, which results in

log (L (θ; YN |Y0))

= −
1
2

N
k=1


log(det(Rk|k−1))+ ϵ⊤

k R−1
k|k−1ϵk


− log(2π)

Nl
2
. (10)
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The parameter vector θ enters the log-likelihood func-
tion in Eq. (10) through ϵk and Rk|k−1. This parameter vector
can now be estimated by maximizing Eq. (10), i.e.,

θ̂ = argmax
θ∈Θ

(log (L (θ; YN |Y0))) , (11)

where Θ is the feasible parameter space. A thorough in-
troduction to parameter estimation and filtering is pro-
vided by Jazwinski (2007), and amore detailed description
of the exact implementation of the extended Kalman fil-
ter and the parameter estimation procedure employed
here is given by Kristensen, Madsen, and Jørgensen (2004).
We note that the likelihood function is optimized for the
one-step-ahead residuals. To estimate SDE models using a
multi-horizon approach, we refer the interested reader to
Møller et al. (2013).

3. A SDE model for wind speed

In this section, we present a probabilistic model for
wind speed. This section follows the general model-
building approach presented by Iversen et al. (2014),
which essentially applies general guidelines for system
identification (see, e.g., Ljung, 1999; Madsen, 2008) to
the context of stochastic differential equations. We start
by introducing a basic SDE system that aims to track a
given numerical weather prediction.We then highlight the
shortcomings of this simple SDE model, and use them as a
basis for justifying the different structural components of
the more complex SDE model that we propose.

The data used in this study come from ameteorological
station located in the western part of Denmark, and
include hourly wind-speed measurements, together with
predicted wind speeds based on a numerical weather
predictionmodel from the DanishMeteorological Institute
(Källén, 1996). The numerical weather prediction (NWP)
provides 48-hour forecasts of the wind speed, and is
updated every six hours. The data cover a period of three
years, from 01/01/2009 to 31/12/2011, and are divided
into two periods: a training set of two years for parameter
estimation, and a test set spanning the remaining one year
for evaluating the performance of the proposed SDEmodel.

We use the simple SDE model in Eqs. (12)–(13) below
as a starting point.

dXt = θx(ptµx − Xt)dt + σxdWt (12)
Yk = Xtk + ϵk. (13)

Here, we aim to track the NWP supplied by the DanishMe-
teorological Institute. In Eqs. (12) and (13), wind speed ob-
servations are given by Yk. We let pt denote the numerical
weather prediction at time t . The parameter µx is a local
scaling of the numerical weather prediction, which cor-
rects for the NWP either over- or undershooting on aver-
age. θx ≥ 0 is a time constant that governs how rapidly
themodel returns to the predictedwind speed. Essentially,
this parameter controls the relative contributions of past
observations and the NWP to the future wind speed. In-
deed, a large θx results in a stochastic process that is driven
mainly by the NWP (the process moves rapidly towards
the NWP), while a small θx produces a stochastic process
that is governed predominantly by the past observations of

wind speed (the process moves slowly away from the pre-
vious wind speed value). The parameter σx characterizes
the system noise. The data that we use are average hourly
wind speeds,measured by an anemometer.We include the
stochastic variable ϵk ∼ N (0, σϵ) in the observation equa-
tion to characterize the measurement error of the physical
system.

The SDE model in Eqs. (12)–(13), however simple, suf-
fers from grave deficiencies. First, the model assigns a pos-
itive probability to negative wind speeds, as can be seen
in Fig. 1, which shows the one-step-ahead (i.e., one-hour-
ahead) predictive distribution of the wind speed. This is
clearly unrealistic. We will correct this obvious shortcom-
ing by means of a state-dependent diffusion term.

Furthermore, the point forecast provided by the model
in Eqs. (12)–(13) is shifted in time systematically with
respect to the numerical weather prediction for horizons
longer than one hour (see Fig. 2). We will resolve this issue
by introducing the time derivative of the NWP as an input
to our SDE model.

Finally, the autocorrelation function for the studentized
residuals resulting from themodel in Eqs. (12)–(13), shown
in Fig. 3, reveals structures in thewind speedprocess (e.g., a
daily pattern) that can be explained but are not being
captured by this simple SDE model. Note that the y-axis in
Fig. 3 has been scaled down so as to show the significance
bounds better. We will address this issue by allowing for
both a diurnal variation and a stochastic trend in the SDE
system.

We propose the following SDE model for wind speeds:

dXt =


αx sin


2π
24

t + φx


+ Ut + ρxṗt

 
1 − e−Xt


+ θx(ptµx − Xt)


dt + σxX

βx
t dWx,t (14)

dUt = θu (µu − Ut) dt + σudWu,t (15)

Yk = Xtk + ϵk. (16)

The model in Eqs. (14)–(16) is characterized by the
state-dependent diffusion term σxX

βx
t dWx,t , with the pa-

rameter βx ≥ 0 determining its shape. Furthermore, as
the process Xt tends to zero, so does the diffusion term.
Consequently, within the vicinity of null wind speeds, the
stochastic process Xt is dominated by the drift term, which
will eventually push the process away from zero. Indeed,
under certain regularity conditions, related to the relative
sizes of the diffusion term and the drift term, and given
that pt is always larger than zero, we find that Xt has a
zero probability of taking on negative values. Note that the
term


1 − e−Xt


guarantees that


αx sin

 2π
24 t + φx


+Ut +

ρxṗt

does not force the wind speed process out of the do-

main R+, since

1 − e−Xt


tends to zero as Xt approaches

zero.
In order to remove the time shift between the numer-

ical weather prediction and the point forecast of the SDE
model, the time derivative of pt , i.e., ṗt , is introduced. Sim-
ilarly to µx, ρx is a factor that scales ṗt . It is important to
stress that the model in Eqs. (14)–(16) is still causal, be-
cause ṗt , just like pt , constitutes information that is avail-
able at time t as a by-product of the numerical weather
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Fig. 1. One-step-ahead predictive density from the model specified by Eqs. (12) and (13), approximated by Monte Carlo simulation. Warmer colors
represent a higher probability of seeing this realization. The black dots are the actual wind speed observations. (For the interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. The 24-hour-ahead point predictions obtained from the model defined by Eqs. (12)–(13) are shown in red. The NWP is shown in blue, with the
observations in black. (For the interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 3. The autocorrelation function for the studentized residuals of the SDE model defined by Eqs. (12)–(13).

prediction model. Therefore, ṗt can be used as an input for
predicting the future evolution of the stochastic process Yt .
In practice, ṗt should be seen as the increment of the wind
speed process over the next time period that is forecast by
thenumericalweather predictionmodel, insofar as the SDE
model is specified in terms of increments.

Finally, Ut is a stochastic trend that captures the fact
that periods of increasing (decreasing) wind speed tend
to be followed by more periods where the wind speed is
increasing (decreasing). In this line, µu describes the long-
term trend of Ut , and θu determines how rapidly Ut reverts
to this level. The parameter σu governs the diffusion of
Ut . Eq. (14) includes a diurnal variation component, with
αx governing the amplitude and φx governing the phase.
Both Ut and the diurnal variation are intended to improve
on the NWP point forecast, which explains why they are
introduced in the drift term.

4. Model validation

We first show that the shortcomings in the basic SDE
model in Eqs. (12)–(13) are no longer present in the pro-
posed SDE model (Eqs. (14)–(16)). In this vein, Fig. 4 dis-
plays the predictive densities obtained from the latter.
Note that, except for some minor observation noise, neg-
ative wind speeds are now assigned a zero probability.

Fig. 5 shows the point predictions given by our SDE
model, with the associated 95% prediction intervals. A
comparison of this figure with Fig. 2 makes it clear that the
time-shift problem highlighted in Section 3 is no longer an
issue.

The autocorrelation function of the studentized residu-
als yielded by the proposed SDEmodel is depicted in Fig. 6.
The range on the y-axis has been scaled to (−0.05, 0.20)
so as to illustrate the significance bands better, since they
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Fig. 4. 1-hour-ahead (top) and 24-hour-ahead (bottom) predictive densities of the proposed SDEmodel, withwarmer colors indicating a higher probability
of seeing this realization. The densities are approximated byMonte Carlo simulations. (For the interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

Fig. 5. 1-hour-ahead (top) and 24-hour-ahead (bottom) point predictions from the SDE model (in red), along with 95% prediction intervals (gray shaded
area). These are obtained through Monte Carlo simulations. The blue line is the point prediction of the NWP. (For the interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 6. The ACF of the proposed SDE model.

are quite small, because the data set is large. By comparing
this figure with Fig. 3, one can conclude that the structure
around lag 24 has almost disappeared, even though there
are still some autocorrelations at a few lags that could be
considered as being statistically significant, indicating that,
naturally, the fit is not completely perfect.

On the basis of these results, the proposed SDE model
is deemed satisfactory on the training set. It now remains
only to validate the model on an out-of-sample test set.

Since our aim is to provide a conditional distribution
of wind speeds at a future time, conventional evaluation

methods, such as the mean absolute error (MAE) or root
mean squared error (RMSE), are not appropriate in this
context, as they consider only the deviation from the point
forecast. Instead, we evaluate themodels in terms of likeli-
hoods on the training and test sets, and in terms of the con-
tinuous rank probability score (CRPS) on the test set. We
compute the likelihood as described in Section 2, whereas
the CRPS is calculated according to the definition provided
by Gneiting and Raftery (2007). Both of these scores are
proper scoring rules (Gneiting & Raftery, 2007), meaning
that a better fit of the data will produce a better score.
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In assessing the performance of the proposed SDE
model, we consider a number of benchmarks, namely the
climatological model, where we use the empirical density
of the training set to predict the next observation; the per-
sistence prediction, where thewind speed forecast is given
by the present value; and a family of autoregressive (AR)
models. To be more precise, we consider a standard AR
model and an ARXmodel, with the numerical weather pre-
diction as an exogenous input. This is then extended to
have a truncated Gaussian innovation. Lastly, we consider
an ARX-GARCH model, also with an extension to a trun-
cated Gaussian innovation. These benchmarks are classical
time series models (Box, Jenkins, & Reinsel, 2013; Hamil-
ton, 1994; Madsen, 2008). In particular, AR-GARCH meth-
ods have been used by Tol (1997) for forecasting daily
wind speeds. For shorter horizons, Box–Jenkins type mod-
els have been used for modeling and forecasting wind
speeds by Huang and Chalabi (1995) and Katz and Skaggs
(1981), among others.

The persistance model is defined as:

Yk = Yk−1 + ϵk, ϵk+1 ∼ N (0, σ 2). (17)

Here, we have used a Gaussian innovation. While the per-
sistence forecast does not require any associated distri-
bution of the innovation, this is needed for computing a
likelihood.We choose the innovation to be Gaussian, in or-
der to be in line with the classical AR model setup.

The AR model is specified as:

Yk = ψ0 +

p
i=1

ψiYk−i + ϵk, where ϵk ∼ N (0, σ 2). (18)

The ARX model takes the form:

Yk = ψ0 +

p
i=1

ψiYk−i + φpk + ϵk, ϵk ∼ N (0, σ 2). (19)

For the ARX with the truncated Gaussian innovation,
ϵk follows a Gaussian distribution truncated at −


ψ0 +p

i=1 ψiYk−i+φpk

. Thismeans that the process is confined

to R+.
The ARX-GARCH model is of the form:

Yk = ψ0 +

p
i=1

ψiYk−i + φpk + ϵk, ϵk ∼ N (0, σ 2
k ), (20)

σ 2
k = α0 +

p̃
i=1

αiσ
2
k−i +

q̃
i=1

βiϵ̃k−i ϵ̃k ∼ N (0, σ̃ 2), (21)

where the Gaussian innovation, ϵk ∼ N (0, σ 2
k ), is trun-

cated at −

ψ0 +

p
i=1 ψiYk−i + φpk


, for the variant of

this benchmark with a truncated innovation.
The scores for the SDE model and the benchmarks are

provided in Table 1. Clearly, the SDE model outperforms
the benchmarks on the training and test sets in terms
of both likelihoods and CRPS values. For the climatology
benchmark, the empirical log-likelihood is used, because
it is a non-parametric method, see for instance Bera and
Bilias (2002). The SDE model thus provides significant im-
provements over both simple and complex benchmarks,

Table 1
The log-likelihoods and CRPS values of the proposed SDE model, along
with those of the selected benchmarks. The empirical log-likelihood
is used for the climatology benchmark. The acronym TN stands for
‘‘truncated normal’’ (distribution).

Models Parameters Training set Test set
LL LL CRPS

Climatology – −36346 −19609 1.2577
Persistence 1 −23496 −12023 0.5223
AR 6 −22903 −11764 0.5098
ARX 7 −22087 −11332 0.4847
ARX-TN 8 −21445 −11012 0.4882
ARX-GARCH 9 −21715 −11081 0.4717
ARX-GARCH-TN 10 −21117 −10784 0.4734
SDE Model 11 −20599 −10433 0.4468

Table 2
Parameter estimates for the SDE model.

θ̂x 0.425 α̂x 0.269
µ̂x 0.817 φ̂x −0.191
σ̂x 0.421 θ̂u 0.0185
σ̂ϵ 0.0623 µ̂u −0.0502
β̂x 0.423 σ̂u 0.0439
ρ̂x 0.904

Table 3
The CRPS for the SDE model and the two ARX-GARCH benchmarks. The
non-iterative ARX-GARCH is fitted to each forecast horizon specifically.
The iterative ARX-GARCH model is fitted to 1-hour-ahead data and then
run iteratively until the desired prediction horizon is reached.

Models Horizon
1 h 4 h 12 h 24 h

ARX-GARCH 0.4717 0.6168 0.6339 0.6357
ARX-GARCH-iterative 0.4717 0.6863 0.7464 0.7465
SDE model 0.4468 0.5713 0.6172 0.6236

with only a slight increase in the number of parameters
with respect to the benchmark with the best performance.

The parameter estimates of the fitted SDE model are
collated in Table 2.

The values of these estimates are reasonable. For exam-
ple, µ̂x and ρ̂x in the SDE model are close to 1, indicating
that the wind speed tends toward the numerical weather
prediction, albeit with some bias.

The SDE model can also be used to generate multi-
horizon predictive densities. These predictive densities can
be approximated using Monte Carlo simulations, and are
shown in Fig. 7, where we see that the density spreads out
as the horizon increases. Fig. 7 also includes a single simu-
lated trajectory of thewind speed process (scenario), along
with its actual realization. Scenarios can be simulated eas-
ily from our SDE model using one of the many numeri-
cal approaches provided by Jazwinski (2007) and Øksendal
(2010). Nonetheless, we limit ourselves here to evaluating
the predictive densities of the wind speed, and thus, we do
not go into the realm of verificationmethods for time-path
trajectories. For a more detailed discussion on the treat-
ment and evaluation of time-path trajectories, we refer the
interested reader to Pinson and Girard (2012) as a relevant
practical case among recent developments in multivariate
probabilistic forecast verification (see Table 3).

As was indicated in Section 2, the parameters in the
SDE model are fitted to 1-hour-ahead data. Nevertheless,
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Fig. 7. The multi-step predictive densities of the SDE model for 1–48 hours ahead, obtained via Monte Carlo simulation, with warmer colors indicating
higher probabilities. The blue line is a simulated plausible time-path trajectory (scenario) of the wind speed process, and the black dots are the actual
realized values. (For the interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 8. QQ plot for the proposed SDE model for 1 h ahead (on the left) and 24 h ahead (on the right). For each one, we show the quantiles for the training
set in red and the quantiles for the test set in blue. (For the interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

we also investigate the performance of our SDE model for
prediction horizons of longer than one hour, in case our
model were to be used for multi-horizon forecasting in
future. For this purpose, the predictive densities obtained
from the SDE model for four different lead times are com-
pared with those given by an ARX-GARCH model with pa-
rameters fitted specifically for each lead time and those
provided by an ARX-GARCH model with parameters fitted
to 1-hour-ahead data, which is then run iteratively until
the targeted prediction horizon is reached. The compari-
son is carried out in terms of the CRPS. These ARX-GARCH
models are employed as benchmarks here because they
perform the best among all of the benchmarkmodels listed
in Table 1. Note that the proposed SDE model outper-
forms the two ARX-GARCH models. This is particularly re-
markable because one of the ARX-GARCH models is fitted
expressly to the specific lead time under consideration.
Furthermore, this ARX-GARCH model cannot be used to
generate proper wind speed trajectories, while the pro-
posed SDE model (and the ‘‘iterative’’ ARX-GARCH) can.

To assess how the quantiles implied by the proposed
SDE model match up with the empirical ones, Fig. 8
shows two quantile–quantile plots, corresponding to the
1- and 24-hour-ahead predictions. These quantiles have
been computed for both the training and test sets, by using
Monte Carlo simulationswith 10000 samples for each time
step. It is apparent that the 1-hour-ahead quantiles agree
accurately with the empirical ones, whereas the 24-hour-
ahead predictions underestimate the low quantiles and
overestimate the larger quantiles slightly.

To conclude this section, we would like to mention
that there do exist other modeling approaches that are

designed specifically for multi-horizon forecasting. One
of the most popular is to fit a marginal predictive den-
sity for each specific lead time and then combine them
into a multivariate cumulative density using copula the-
ory (Bessa et al., 2012; Schefzik et al., 2013). Copula-based
methods are able to capture a wide range of distributions
and inter-dependencies. However, they are computation-
ally demanding and require the estimation of a large num-
ber of parameters. Stochastic differential equations can
also be used for multi-horizon forecasting (Møller et al.,
2013). This approach reduces the issue of the large number
of parameters to be estimated, but is still very computa-
tionally intensive and can only handle a limited amount of
data. That being said, we find that our SDE approach, albeit
based on a one-step-ahead estimation procedure, can also
be considered to be a reasonablemethod formulti-horizon
forecasting, given that it relies on relatively few parame-
ters and demands a computational time that is compara-
ble to that of standard time series models, while showing
a better performance.

5. Concluding remarks

A modeling framework based on stochastic differential
equations for describing wind speeds in continuous time
is proposed. We build a model that captures the bounded
nature of the wind speed and its changing variability over
time, and that incorporates numerical weather predictions
and stochastic trends. The model outperforms both sim-
ple and complex benchmarks on both the training and test
sets. The proposedmodeling framework, based on SDEs, al-
lows for an easy formulation of model extensions based on
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the physics of the system or statistical analysis. The differ-
ent outputs of the model include accurate point forecasts,
predictive densities and forecasts for multiple horizons
that capture the interdependence in prediction errors, pre-
diction intervals, and scenarios. Because scenarios can be
generated readily from the proposed SDE model using
standard numerical techniques, and because they preserve
the same distribution as that observed in the data, the sce-
narios generated would be able to replace ensemble fore-
casts, which are used widely as an input to wind power
forecasting.

Further research within the field of modeling energy
systems using stochastic differential equations could be di-
rected at the co-modeling of wind speeds and solar irradi-
ance, as these are the physical phenomena underlying two
of the most rapidly developing renewable energy sources:
wind and solar power. The aggregation of power produc-
tion from larger areaswould also be of great relevance. The
framework of SDEs may also allow for the spatio-temporal
modeling of wind power by using stochastic partial dif-
ferential equations. Another possibly fruitful topic for fu-
ture researchwould be to extend the proposedwind speed
model to predict wind power aswell, possibly by introduc-
ing a dynamic power curve.
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